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PREFACE   TO   THE   FIRST   EDITIOX 

It  is  generally  conceded  that  the  final  aim  of  mathemati- 
cal teaching  should  be  not  only  the  acquisition  of  practical 
knowledge  but  that  training  of  the  student's  mind  which 
gives  a  chstinct  gain  in  mental  power.  In  recognition  of  this 
principle  nearly  all  college  entrance  examinations  in  geometry- 
require  some  original  work,  and  most  textbooks  devote  con- 
siderable space  to  exercises.  Comparatively  Uttle,  however, 
has  been  done  to  introduce  the  student  systematically  to  origi- 
nal geometrical  work.  Xo  teacher  of  physics  or  chemistrv' 
would  ask  a  student  to  discover  a  law  without  so  guiding  his 
work  as  to  enable  him  to  reach  the  desired  result :  many  text- 
books and  teachers  expect  the  pupil  to  invent  geometrical 
proofs  and  to  solve  problems,  entirely  new  to  him.  without 
offering  any  assistance  further  than  a  knowledge  of  the  weU- 
establLshed  theorems  of  all  textbooks.  Some  writers  give  a 
description  of  the  analysis  of  propositions,  which  is  entirely 
logical  and  of  great  advantage  to  a  person  of  some  mathemati- 
cal knowledge,  but  which  Ls  usually  too  abstract  to  be  of  any 
practical  value  to  the  beginner.  In  this  book  the  attempt  is 
made  to  introduce  the  student  systematically  to  the  solution 
of  geometrical  exercises.  In  the  beginning  the  exercises  given 
in  a  certain  group  are  of  similar  kind  and  related  to  the  pre- 
ceding proposition ;  later  some  general  principles  are  devel- 
oped which  are  of  fimdamental  importance  for  original  work, 
as.  for  example,  the  method  of  pro\'ing  the  equaUty  of  lines 
by  means  of  equal  triangles  :  the  method  of  pro\'ing  the  pro- 
portionality of  lines  by  means  of  similar  triangles,  etc. ;   and 
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finally  the  anal^^ses  of  theorems  and  problems  are  introduced, 
but  in  a  more  concrete  form  than  usual. 

The  propositions  are  arranged  with  the  view  to  obtaining 
a  perfect  logical  and  pedagogical  order.  An  unusualh^  large 
number  of  exercises  is  given,  selected  with  care  for  the  pur- 
pose of  securing  increased  mental  power. 

The  general  plan  and  the  preparation  of  the  greater  part 
of  the  book  are  the  work  of  Dr.  Schultze,  while  that  of  Dr. 
Sevenoak  has  been  chiefly  editorial. 

PREFACE   TO   THE   FIRST   REVISED 
EDITION 

The  main  purpose  of  the  revision  of  this  book  has  been  to 
emphasize  still  further  and  to  elaborate  in  greater  detail  the 
principal  aim  of  the  original  edition,  viz.,  to  introduce  the  stu- 
dent systematically  to  original  geometric  work.  To  make  the 
teaching  of  geometry  both  disciplinary  and  informational ;  to 
give  to  the  student  mental  training  instead  of  teaching  him 
mere  facts ;  to  develop  his  power  instead  of  making  him 
memorize,  —  these  are  the  fundamental  aims  of  this  book. 

The  means  employed  for  this  purpose  are  similar  to  those 
used  in  the  first  edition.  Still  greater  emphasis,  however,  has 
been  placed  upon  the  general  methods  which  may  be  used  for 
the  solution  of  original  exercises.  The  grading  and  the  selec- 
tion of  exercises  have  been  carefully  revised.  All  originals 
that  appeared  unfit  or  too  difficult  have  been  eliminated  or 
replaced  by  simpler  and  better  ones.  Topics  of  fundamental 
importance,  e.g.  the  methods  of  demonstrating  the  equality 
of  lines,  are  represented  in  greater  detail  and  illustrated  by 
a  greater  number  of  exercises  than  in  the  first  edition. 

In  addition  to  these  fundamental  tendencies,  a  number  of 
minor  improvements  have  been  introduced,  among  which 
may  be  mentioned : 
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Improved  presentation  of  the  regular  propositio7is.  Many 
proofs  have  been  simplified,  a  more  pedagogic  sequence  of 
the  propositions  of  Book  I  has  been  adopted,  Books  VI  and 
VII  have  been  considerably  simplified,  and  a  number  of  diffi- 
cult theorems  of  minor  importance  have  been  omitted  or 
placed  in  the  appendix. 

Simplification  of  the  so-called  ''incommensurable  case.''  As 
this  is  a  claim  that  is  made  by  most  textbooks,  it  may  be 
received  with  some  degree  of  skepticism,  but  a  repeated  trial 
of  this  new  method  will  reveal  its  simplicity.  For  the  more 
conservative  teacher,  however,  who  dislikes  fundamental 
changes,  the  time-honored  method  is  given  in  the  appendix. 

The  introduction  of  many  applied  problems.  These  problems 
have  been  selected  and  arranged  so  as  to  increase  the  interest 
of  the  student,  without  sacrificing  in  the  least  the  disciplinary 
value  of  the  subject.  Many  such  problems  are  given  in  the 
appendix. 

The  arrangement  of  the  propositions  and  the  terminology  are 
in  accord  ivith  the  best  modern  usage.  Thus,  statements  and 
reasons  have  been  separated  and  placed  in  parallel  vertical 
columns  ;  the  term  '^ congruent"  and  the  corresponding  sym- 
bol are  introduced  and  applied  consistently,  etc. 

Many  of  the  diagrams  have  been  improved.  The  construction 
lines  are  drawn  completely  for  most  problems,  graphical 
modes  are  employed  for  pointing  out  important  facts,  and 
many  diagrams  have  been  otherwise  improved. 

Thanks  are  due  to  Dr.  J.  Kahn  and  Mr.  W.  S.  Schlauch  for 
assistance  in  reading  the  proof  and  for  helpful  suggestions. 

A.  S. 
August  1,  1913. 
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Ix  the  twelve  years  since  the  first  re\Tsion  of  Schultze 
and  Sevenoak's  Geometry'  was  made,  the  progress  of  teach- 
ing and  the  codifWng  of  mathematical  reqiiii-ements  have 
necessitated  some  changes  in  form  and  content.  The  present 
re\'ision  follows  closely  the  first  re^-ision  in  organization, 
but  has  been  completely  rewritten  with  additional  ma- 
terial.    The  noteworthy  points  are  : 

1.  The  text  has  been  made  to  conform  to  the  ^'Report 
of  the  National  Committee  on  ^lathematical  Requirements" 
and  to  the  requirements  of  the  Xe^  York  State  Regents  and 
of  the  College  Entrance  Examination  Board. 

2.  Most  of  the  excellent  exercises  of  the  pre\-ious  edition 
have  been  kept  intact  and  other  exercises,  from  recent  ex- 
amination questions,  have  been  added. 

3.  The  propositions,  especially  in  Books  I  and  11.  have 
been  rather  fully  developed. 

4.  AdcUtions  have  been  made  in  { 1)  propositions.  (2^^  simple 
trigonometric  functions,  (3)  tables.  (4)  short  re^-iew  section 
on  arithmetic  and  algebra.  (5)  a  sketch  of  the  histoiy  of 
geometiy. 

5.  At  the  end  of  the  various  books  and  in  the  appendix, 
the  more  difficult  propositions  have  been  retained  so  as  to 
meet  the  most  exacting  requirements  of  any  college  or  tech- 
nical school. 

The  authors  and  publishers  are  conscious  of  a  great  debt 
of  gratitude  to  many  teachers  who  have  aided  in  this  re^nsion 
by  their  criticisms  and  suggestions.     While  a  full  list  of  such 
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collaborators  is  impossible,  special  thanks  are  due  the  follow- 
ing :  Mr.  Stephen  Emery,  Erasmus  Hall  High  School,  Dr. 
Loring  B.  ]Mullen,  Girls  High  School,  Miss  Josephine  D. 
Wilkin,  Jamaica  High  School,  Mr.  Phihp  R.  Dean,  Evander 
Childs  High  School,  and  Mrs.  Jean  F.  Brown,  Hunter  College 
High  School,  of  New  York  City;  Mr.  Edmund  D.  Searls, 
High  School,  of  New  Bedford,  Massachusetts;  Miss  A. 
Laura  Batt,  High  School,  of  Somerville,  Massachusetts : 
Mr.  Allen  H.  Knapp,  Central  High  School,  and  Mr.  Harry 
B.  Marsh,  Technical  High  School,  of  Springfield,  Massa- 
chusetts ;  and  Aliss  Anna  H.  Andrews,  Public  High  School, 
of  Hartford,  Connecticut. 

E.  S. 
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SUGGESTIONS  TO   STUDENTS 

The  student  should  set  to  work  guided  by  the  following 
suggestions : 

1.  Have   materials  —  pencil,   paper,   ruler,    compasses  — 
ready  for  use. 

2.  Have  a  definite  time  and  place  to  do  your  work. 

3.  Do  your  work  yourself.     Do  it  regularly  and  conscien- 
tiously. 

4.  Frequent!}^   review   important   matters    already   gone 
over  to  fix  them  firmly  in  your  mind. 

.  5.  In  a  notebook  classif}^  your  results,  stating  conditions 
that  make  angles  equal,  lines  parallel,  triangles  equal,  etc. 
Classify  formulas. 

6.    Do  not  merely  skim  through  the  text.     Give  it  thought. 
Read  carefull}^,  and  thoroughly  digest  what  you  do. 


SYMBOLS  AND  ABBREVIATIONS 


+ 

.   plus,  or  added  to. 

alt. .     . 

.     alternate. 

— 

.   minus,  or  diminished  by. 

ax.  .     . 

.     axiom. 

= 

.   equals,  or  is  equivalent  to. 

circum. 

.     circumference. 

= 

.    congruent. 

comp. 

.     complement. 

7^        . 

.   is  not  equal  to. 

con.      . 

.     construction. 

>        . 

.   is  greater  than. 

cor. 

.     corollary. 

<        . 

.   is  less  than. 

corr.     . 

.     corresponding. 

•  ". 

.   therefore,  or  hence. 

def.      . 

.     definition. 

± 

.   perpendicular,  or  is  per- 

ex. .     .     . 

.     exercise. 

pendicular  to. 

ext. 

.     exterior. 

Js 

.   perpendiculars. 

horn.    . 

.     homologous. 

II 

.   parallel,  or  is  parallel  to. 

hy..     . 

.     hypotenuse. 

lis 

.  parallels. 

hyp.     . 

.     hypothesis. 

r^ 

.   is  similar  to,  or  similar. 

iden.    . 

.     .     identity. 

z 

.   angle. 

int. 

.     .     interior. 

A 

.   angles. 

isos. 

.     .     isosceles. 

A 

.   triangle. 

rt.   .     . 

.     .     right. 

A 

.   triangles. 

St.    .      . 

.     .     straight. 

O 

.     .   parallelogram. 

sub.      . 

.     .     substitution. 

ZI7 

.     .   parallelograms. 

sup.      . 

.     .     supplementary,  oi. 

G 

.   circle. 

supplement. 

© 

.   circles. 

^ 

.     .  arc  ;  as  AB,  arc  AB. 

adj. 

.   adjacent. 
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INTRODUCTION 


DEFINITIONS 

1.  A  physical  bodj^,  such  as  a  block  of  wood  or  iron,  occu= 
pies  a  definite  portion  of  space.  The  portion  of  space  occu- 
pied by  a  physical  body  is  called  a  geoineiric  solid  or  a  solid. 


A      —-^^^^^^^^^^^^///^  A 

B  B 

2.  Def.  Solids  are  limited  portions  of  space.  They  have 
three  dimensions  :   length,  breadth,  and  thickness. 

3.  Def.  Surfaces  are  the  boundaries  of  solids  ;  as  ABED 
or  BEFC.     The}'  have  two  dimensions  :   length  and  breadth. 

The  boundary  between  a  window  pane  and  the  air  is  a  surface.  Ob- 
viously such  a  boundary  has  no  thickness. 

4.  Def.  Lines  are  the  boundaries  of  surfaces ;  as  AB, 
AD.     (Figure  of  §  1.)     Lines  have  but  one  dimension  :  length. 

Thus,  the  annexed  black  line  AB  is     f^  B 

not  a  geometric  line,  for  it  has  breadth. 

A  true  geometric  line,  however,  is  represented  by  the  boundary  between 
the  black  and  the  white. 

5.  Def.  Points  are  the  boundaries,  or  the  extremities,  of 
lines.     They  are  without  dimensions,  having  position  only. 

Surfaces  may  be  conceived  as  existing  independently  of  the  solids 
whose  boundaries  they  form.  In  like  manner,  lines  and  points  may 
exist  independently  in  space. 
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6.   Def.     a  geometric  figure  is  a  point,  line,  surface,  or 
solid,  or  any  combination  of  any  or  all  of  these  ;  as  ikf  or  N. 


A  rectilinear  figure  is  a  figure  composed  of  straight  hnes  only. 

7.  Def.     Geometry  is  the  science  that  treats  of  the  prop- 
erties of  geometric  figures. 

8.  The  simplest  line  is  a  straight  line.     It  is  represented 

approximately  by  a  string  stretched  taut  between  two  points ; 

as  AB.     The  word   line   is   frequently    used   to   denote   a 

straight  Hne. 

F 
B 


E 

The  notion  of  a  straight  line  is  such  a  simple  and  fundamental  one 
that  it  is  practically  impossible  to  give  a  good  definition  of  it. 

9.   Def.     A  curved  line  is  a  line  no  portion  of  w^hich  is 
straight ;  as  CD  in  §  8. 

10.  Def.     a  broken  line  is  a  line  composed  of  different 
successive  straight  lines ;  as  ^F  in  §  8. 

No  two  successive  parts  of  a  broken  line  lie  in  the  same  straight  line. 

11.  The  expression,  straight  line,  is  used  to  denote  both  an 
unhmited  straight  hne  and  a  part  of  such  hne. 

A  line  of  definite  length,  also  called  a  seg- 
ment,   or    line-segment,    is  represented  by  a  A B 

line   whose   ends   are  marked;    as  AB.     The 

length  of  this  line  is  also  called  the  distance  C _P 

between  A  and  B. 

A  line  whose  ends  are  not  marked  represents  a  line  of  indefinite 
length;  as  CD. 
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12.   The  direction  of  the  Hne  AB  means  the  direction  from 
A  toward  B;  oi  BA,  the  direction  from  B  toward  A. 

A  B 
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13.  To  produce  the  Une  AB  means  to  prolong  it  through  B ; 
to  produce  BA  means  to  prolong  it  through  A. 

14.  Def.  a  plane  surface,  or  a  plane,  is  a  surface  such 
that  a  straight  Une  joining  any  two  of  its  points  lies  entirely 
in  the  surface. 

^f^ ^F 

15.  Def.     A  plane  figure  is  a  geometric 

figure,  all  of  whose  points  lie  in  the  same 

plane  ;   as  EDFG.  E  ^^ ^  D 

16.  Def.     Plane  Geometry  treats  of  plane  figures  only. 

17.  Def.  Solid  Geometry  treats  of  figures  which  are  not 
plane.     Spherical  Geometry  is  a  surface  geometry. 

18.  When  one  figure  can  be  placed  upon  another  so  that 
every  point  of  each  figure  lies  upon  some  point  of  the  other, 
the  figures  are  said  to  coincide. 

V     19.   Def.     Congruent  figures  are  those  that  can  be  made 
to  coincide. 

For  reasons  that  will  appear  later  congruent  lines  are  frequently  called 
equal  lines.  Similarly,  congruent  angles  are  usually  called  equal  angles. 
(See  note,  p.  205.) 

20.  Proof  by  superposition  is  the  method  of  proving  the 
^.ongruence  of  two  figures  by  making  them  coincide. 

^^  21.   To  bisect  a  line  means  to  divide  it  into  two  equal  parts. 

ADC 
I 1 1 

Thus,  AC  is  bisected  if  AD  =  DC.  We  assume  that  every  line- 
segment  (AC)  has  one  and  only  one  bisector.  This  bisector  is  a  point; 
as  D. 
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Ex.  1.   What  is  the  path  of  a  moving  point? 

Ex.  2,  What  geometric  figure  is,  in  general,  generated  by  a  moving 
line?     By  a  moving  surface? 

Ex.  3.   Can  a  straight  line  move  so  that  its  path  is  not  a  surface  ? 

Ex.  4.  How  does  a  stone  cutter  use  the  straight  edge  to  determine 
whether  a  surface  is  plane  ? 

Ex.  5.   What  kind  of  surface  is  represented  by  each  wall  of  a  room? 

Ex.  6.  What  kind  of  surface  is  represented  by  the  outer  surface 
of  a  gas  pipe? 

angles' 

22.  If  a  straight  line  OA  revolves  about  one  of  its  points  0 
until  the  line  reaches  the  position  OB,  then  the  amount  of 
this  rotation  is  called  the  angle  AOB.  Obviously  the 
amount  of  rotation,  and  hence  the  angle,  does 
not  depend  upon  the  length  of  the  line  which 
rotates. 

The  lines  OA  and  OB  are  called  the  sides  and  

the  point  0  the  vertex  of  the  angle  AOB.  ^  ^ 

We  may  define  an  angle  to  be  the  figure  formed  by  two  rays,  or 
half  lines,  proceeding  from  a  common  point. 

23.  Notation.  If  three  letters  are  used  to  denote  an  angle, 
the  vertex  letter  should  be  read  between  the  others  ;  as  angle 
ABC,  angle  EOF.     A  single  letter  at  the  vertex  denotes  the 


A  0  D  X 


largest  angle  at  this  vertex  (if  there  be  several  at  this  point). 
Thus,  angle  DOF  may  be  read  ''  angle  0,"  angle  ABC  may  be 
read  "  angle  5." 
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Frequently  an  angle  is  also  designated  by  a  number,  or 
italic  letter,  placed  within  it ;   as  angle  1,  angle  2,  angle  7n. 

Angle  FOD  is  the  sum  of  angles  2  and  m.  Angle  2  is  the  difference 
between  angles  FOD  and  m. 

Often  a  curve  is  drawn  to  point  out  more  clearly  which  angle  is  meant ; 
as  angle  2,  and  angle  3.  .\n  arc  placed  close  to  a  number  shows  which 
angle  is  designated.  Thus,  angle  MXP  may  be  read  "  angle  3,"  and 
angle  XXQ  may  be  read  ''  angle  4." 


24.  To  bisect  an  angle  means  to  divide  it 
into  two  equal  parts.  We  assume  every 
angle  has  one  and  only  one  bisector. 

Thus.  BD  bisects  angle  ABC,  if  angle  ABD  = 
angle  DBC.     BD  is  called  the  bisector  of  angle  B. 

\/     25.    Def.     a   straight  angle  is  an 
angle   whose   sides    lie    in    the    same 
straight   line  but  extend  in   opposite    c-< — ■ 
directions  :  as  ABC. 


26.    Def.     A  right  angle  is  an  angle  equal  to  one  haK  a 
straight  angle. 

Thus,  if  OC  bisects  the  straight  angle  AOB,  angle  3  and  angle  4  are 
right  angles. 
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0 
Right  Angles 


Acute  Ar.o-  e 


Obtuse  Ar 


27.    Def.     An  acute  angle  is  an  angle  less  than  a  right 
ansle  ;  as  angle  5. 


28.    Def.     An  obtuse  angle  is  an  angle  greater  than  a  right 
angle,  but  less  than  a  straight  angle ;  as  angle  MXO. 
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29.  Def.  Acute  and  obtuse  angles  are  called  oblique 
angles. 

\/  30.   Def.     Two  lines  are  perpendicular  to  each  other  if 
they  meet  at  right  angles ;  as  ^C  and  BO. 

The  point  of  meeting  (0)  is  the 
foot  of  the  perpendicular. 

;  The  distance  of  a  point  from  a 
line  is  the  length  of  the  perpen- 
dicular from  the  point  to  this  line ; 
as  so.  ^  "  * 

31.  An  angle  is  measured  by  finding  how  many  times  it  contains  a 
certain  unit.  The  usual  unit  is  the  degree,  or  one  ninetieth  (^)  of  a 
right  angle.  A  degree  is  divided  into  sixty  equal  parts  called  minutes, 
and  a  minute  into  sixty  equal  parts  called  seconds.  Degrees,  minutes, 
and  seconds  are  expressed  by  symbols,  as  6°  50'  12".  Read  six  de- 
grees,  fifty  minutes,  and  twelve  seconds.  Other  units  are  the  right  angle 
and  the  straight  angle. 

y     32.   Def.     Adjacent  angles  are  two  angles  that  have  a 
common  vertex,  and  a  common  side  between  them;  as  angles  AOB 

and  BOC. 

,c 

B 


33.  Def.     Two  angles  are  vertical  (or  opposite)  angles 

if  the  sides  of  each  are  prolongations  of  the  sides  of  the  other 
back  through  their  common  vertex ;  as  angles  7  and  8,  or 
angles  9  and  10.        /I  7  r 

34.  Def.  We  can  add  two  angles  by  placing  them  so  that 
they  are  adjacent.  The  angle  formed  by  the  two  sides  not 
common  is  called  their  sum. 


IXTRODl'CTIOX 


'  35.  Def.  Two  angle?  are  com- 
plementary if  their  sum  equals  a 
right  angle. 

Each  is  then  called  the  cornpleirierd  of 
the  other.  Angles  5  and  6.  or  MPX  and 
NPO,  are  complementan.-. 


36.    Two  angles  are  supplementary  if  their  sum  equals  a 
straight  angle  (or  two  right  angles-. 


Each  angle  is  then  called  the  supplement  of  the  other.     Angles  1  and 
2.  or  angles  3  and  4.  are  supplementary. 


Ex.  1.  How  many  degrees  are  in  a  right  angle?  In  a  straight 
angle  ?     In  one  half  a  right  angle  ? 

Ex.  2.  Wliat  is  the  angle  made  by  the  two  hands  of  a  clock  at 
three  o'clock?     At  sLx  o'clock?     At  two  o'clock?     At  five  o'clock? 

Ex.  3.  What  is  the  angle  made  by  the  hands  of  a  clock  at  1  p.m.? 
At  2:30  P.M.?     At  5:30  P.M.? 

Ex.  4.  Over  an  angle  of  how  many  degrees  does  a  spoke  of  a  wheel 
sweep  when  the  wheel  makes  ^  of  a  revolution?  ^  of  a  revolution? 
2  revolutions? 

Ex.  5.  How  large  is  each  angle  at  the  center  if  a  pie  is  di\-ided  into 
5  equal  parts?     6  equal  parts? 

Ex.  6.  T\Tiat  angle  is  formed  by  lines  drawn  north  and  northeast  ? 
Towards  S.  and  S.E.  ?     Towards  X.W.  and  S.W.  ? 

Ex.  7.  Over  what  angle  does  the  large  hand  of  a  watch  sweep  in 
10  min.?    15  min.?   30  min.?    45  min.  ?    1  hr.  ? 

Ex.8.  In  diagram  for  Ex.  9  read  by  three  letters  :  Za.  Z6.  Zc,  Zcf, 
Z(a  +  6),  Zib  +  c  +  d). 
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Ex.  9.    In  diagrams  similar  to  the  one  given  here  find  the  numeiieal 
values  of  the  required  angles : 

(a)  If  Za  =  30°,  and  Zb  =  40°,  find  ZAOC. 

(b)  If  Z6  =  35°,  and  Zc  =  10°,  find  ZBOD. 

(c)  If  Z6  =  40°,  Zc  =  10°,  and  /.  d  =  50°,  find  Z  BOE. 
id)  If  ZAOC  =  60°,  and  Zb  =  40°,  find  Za. 
(e)   If  ZAOD  =  90°,  Za  =  35°, and  Zc  =  10°, find  Zb. 
(J)    If  ZAOE  =  110°,  Za  =  20°,  and  Zd  =  30°,  find 

ZBOD. 

(g)   If  ZAOC  =  60°,  and  Za  =   Zb,  find  Za. 

(h)  If  ZAOD  =  75°,  and  Za  =  Zb  =   Zc,  find  Zc. 

Ex.  10.    In  the  preceding  diagram,   which  angles  are  adjacent  to 
ZBOC?     To  ZCOD'^     To  ZBOD? 

Ex.  11.    In  diagrams  similar  to  the  one  shown,  if  Z  0 

(a)  Which  angle  is  the  complement  of  Za? 

(b)  Which  angle  is  the  complement  of  ZAOC? 

(c)  Which  angle  is  the  complement  of  Z  BOE? 

(d)  If  Zd  =  20°,  find  ZAOD. 

(e)  If  Z6  =  20°,  and  ZCOE  =  55°,  find  Za. 
(J)    If  ZAOC  =  55°,  and  Zd  =  15°,  find  Zc. 
(g)   If  Za  =  Zb  =  Zc  =  Zd,  find  Za. 
Ex.  12.    How  many  degrees  are  in  the  complement  of  30°?     Of  35°? 


Ex.  11 


Of  f  of  a  right  angle  ?     Of  n°  ? 


Of  i  of  a  right  angle?     Of  (10  +  a:)°? 
n 

Ex.  13.    How  many  degrees  are  there  in  an  angle  that  is  twice  its 

complement? 

Ex,  14.    In  diagrams  similar  to  the  annexed  one,  if  FBA  is  a  straight 
line, 

(a)  Which  angle  is  the  supplement  oi  Zp?  ^ 

(6)   Which  angle  is  the  supplement  of  Z  DBF?         E^ 

(c)  W^hich  angle  is  the  supplement  of  Z  A  fiE"?  \    o    /n 

(d)  If  Zp  =  40°,  find  ZABE. 

(e)  If  Zm  =  30°,  and  Zp  =  35°,  find  ZCBE.     F 
(/)    If  ZDBF  =  100°,  and  Zm  =  Zn,  find  Zm. 

,ig)  If  Zp  =  30°,  and  Zm  =  Zn  =  Zo,  find  Zo. 
f  *  (h)  If  ZFBC  =  140°,  and  ZABD  =^  80°,  find  Zn. 

*(i)  If  ZABD  =  80°,  Zn  =  35°,  and  ZCBE  =  85°,  find  Zp. 
Ex.  15.    How  many  degrees  are  in  the  supplement  of  20°?   Of  140°? 
Of  I  of  a  straight  angle?     Of  n  degrees?     Of  (50  -  3  a:)°? 
*Exercises  denoted  by  (*)  are  diflBcult. 


B 
Ex.  14 


c 
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Ex.  16.   How  many  degree^  are  in  an  angle  which  is  three  times  its 

supplement  ? 

Ex.  17.   What  kind  of  angle  is  less  than  its  supplement  ?  Equal  to  its 
supplement  ?     Greater  than  its  supplement  ? 

Ex.  18.    Write  in  algebraic  symbols  : 

(^a)  The  complement  of  n°.     (h)  Three  times  the  complement  of  x®. 
(c)  The  supplement  of  (2  x)".     (d)  Six  times  the  supplement  of  n°. 

Ex.  19.    In  diagrams  similar  to  the  annexed  one  find  the  numerical 

values  of  the  required  angles :  B 

(a)  li  Za  =  SO",    Zh  =  50°,    Zc  =  60^    Zd  =       ,  j 

90°,  and  Ze  =  50°,  find  Zf.  "^ 

ih)   U  Za  =  Zb  =  Zc  =  Zd  =  Ze  =  Z^  find     - 

\  *  (c)  U   ZAOC  =  130°,     Zh  =  .50^     Z  BOD  = 
11(5^  and  Z  DOF  =  140°,  find  Zf.  "   Ex.  19 

(d')  If  Zd  =  90°,  and  Zc  =   Zh  =  Za  =  Zf  =  AC 

Ze,  find  Za. 

Ex.  20.    If  two  lines,  AB  and  CD,  intersect  in  0.  making 
ZAOC  =  60°,  find  the  other  angles. 

Ex.  21.    If  Z  AOC  =  m  degrees,  how  many  degrees  are  in      3 
ZDOB?    In  ZBOC? 

Ex.  22.    If     ZAOB  =   ZCOD  =  c^V.     find     ZAOD 

(a)  if   ZBOC  =  60°.    6.  if  ZBOC  =  rn". 

Ex.  23.   What  relation  exists  between  the  angles  BOC 

and  ADD? 

Ex.  24.    If  AG  is  perpendicular  to  CO.  and  BO  is 
perpencUcular  to  DO,  find  Z^OD,  (a)  if  ZCOB  =  40°. 

(b)  if  ZCOB  =  m°. 

Ex.  25.   What  relation  exists  between  ZAOD  and  ^O 
ZBOC? 

*Ex.  26.    If  ZAOC  =   ZBOD  =  X'^,  and  ZAOD 
=  3  ZBOC,  find  ZBOC. 
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Ex.  27.    Three  lines  meet  in  0  forming  the  six  angles : 
and/. 

(a)  If  Za  =  20°,  and  Z5  =  60°,  find  Zc. 

*  (6)  If  Za  =  15°,  and  Ac  =  95°,  find  Ze. 

*  (c)   If  Z/  =  100°,  and  Zd  =  20°,  find  Z6. 

*  (d)  If  ZAOC  =  85°,  and  ZBOD  =  155°,  find  Ze. 
Ex.  28.    Find  the  angle  formed  by  the  bisectors  of 

the  supplementary  adjacent  angles  AOB  and  BOC, 
(a)  if  ZAOB  =  40°,  (6)  if  ZAOB  =  60°,  (c)  if 
ZOAB  =  m°. 

Ex.  29.  TT^/ia^  ^■s  the  angle  formed  hy  the  bisectors  of  any  two  supple- 
mentary adjacent  angles  ? 

Ex.  30.  Find  the  angle  formed  by  the  bisectors  of  the  complementary 
adjacent  angles  AOB  and  BOC:  (a)  if  ZAOB  =  20°,  (6)  if  ZAOB  = 
30°,  (c)  if  ZAOB  =  m°. 

Ex.  31.  What  is  the  angle  formed  by  the  bisectors  of  any  two  comple- 
mentary adjacent  angles? 

37.  Def.  a  circle  is  a  plane  closed  curve,  having  all  of  its 
points  equally  distant  from  a  fixed  point  (D) ;  as  ABC. 

The  center  (D)  is  the  fixed  point.  A 
radius  is  any  straight  line  from  the  center 
to  a  point  in  the  circle ;  as  DC.  An  arc 
is  any  portion  of  the  circle ;  as  AB.  The 
length  of  the  circle  is  called  the  circum- 
ference. 

The  term  circumference  is  frequently 
used  to  denote  the  curved  line,  and  the 
term  circle  to  denote  the  area.  But  mod- 
ern usage  is  against  this  terminology. 

38.  Instruments  used  in  geometry.  Only  two  instru- 
ments are  permitted  to  be  used  in  plane  geometry,  viz.,  the 
compasses  and  the  straight  edge. 

The  straight  edge  is  employed  for  the  drawing  of  straight  lines,  the 
compasses  for  the  drawing  of  circles  or  arcs  and  the  transfer  of  lines  of 
definite  length  (segments)  from  one  position  to  another.  ^ 

1  A  line  in  a  plane  is  said  to  be  closed  if  it  separates  a  finite  portion  of 
the  plane  from  the  remaining  portion. 
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EXERCISES  IN   GEOMETRIC   DRAWING 

39.  The  following  exercises  are  designed  to  familiarize  the 
student  with  the  use  of  the  instruments  and  to  impress  upon 
him  the  meaning  of  the  fundamental  notions  of  geometn-. 
They  form,  however,  no  logical  part  of  plane  geometr>-,  and 
may  be  omitted  without  affecting  the  course.  They  are 
based  upon  three  constructions,  for  which  no  proofs  are 
given  here.     (Compare  §§  S3  and  S6.j 

I.    To  lay  off  on  XY  a  line  equal  to  AB. 

A                          B 
« 1 


\1 


From  X  as  a  center  with  a  radius  equal  to  AB  draw  an  arc  intersect- 
ing AT  in  Z;    A'Z  is  the  required  line.     (§38.; 

II.    To  bisect  a  given  angle  ABC. 


From  5  as  a  center  with  any  radius  draw  an  arc  meeting  AB  in  D, 
and  AC  in  E.  From  D  and  E  as  centers  with  a  radius  sufficiently  large 
draw  two  arcs  intersecting  in  F.  Then  the  line  BF  is  the  required 
bisector. 

III.  From  a  point  C  in  a  given  straight  line  AB.  to  draiv  a 
line  to  make  an  angle  icith  AB  equal  to  angle  O. 
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From  0  as  a  center,  with  any  radius,  describe  an  arc  cutting  the  sides 
of  Z  0  in  D  and  E.  From  C  as  a  center  with  the  same  radius  describe 
arc  FG,  intersecting  AB  in  F.  From  F  as  a  center  with  a  radius  equal 
to  DE,^  draw  an  arc  intersecting  FG  in  H.  Draw  CH.  Then  Z  BCH 
is  the  required  angle. 


Ex.  1.  Draw  two  points  A  and  B  (indicated  by  small  dots  or  crosses) 
and  construct  a  line  through  A  and  B. 

Ex.  2.  Draw  two  points  A  and  B,  and  construct  a  circle  from  A  as 
a  center  with  a  radius  equal  to  A  B. 

Ex.  3.  Draw  three  points  A,  B,  and  C,  and  construct  a  straight  line 
through  every  pair  of  points. 

Ex.  4.  Draw  two  lines  of  definite  length,  AB  and  CD,  AB  being  the 
longer  line,  and  construct  lines  equal  to  : 

(a)  AB  +  CD  id)  AB  +  2{CD) 

(h)  AB  -  CD  (e)  3(AB)  -  2(CD) 

(c)  2(AB) 

Ex.  5.    Draw  an  acute  angle  and  bisect  it. 

Ex.  6.    Draw  an  obtuse  angle  and  bisect  it. 

Ex.  7.    Construct  a  right  angle  and  hised  it. 

Ex.  8.    Draw  a  straight  angle  and  bisect  it. 

Ex.  9.    Construct  the  sum  of  two  angles. 

Ex.  10.    At  a  given  point  C  in  AB  draw  a  perpendicular  to  AB. 

Ex.  11.    Di\ade  a  given  angle  into  4  equal  parts. 

Ex.  12.    Di\4de  a  given  angle  into  8  equal  parts. 

Ex.  13.    Construct  an  angle  of :  90° ;  of  45°. 

Ex.  14.    Construct  an  angle  of:  22°  30';  of  135°. 

Ex.15.    Construct  an  angle  of :  270°;  of  67°  30'. 

Ex.  16.    Construct  the  supplement  of  a  given  angle  A. 

Ex.  17.    Construct  one  half  the  supplement  of  a  given  angle  A. 

Ex.  18.    Construct  the  complement  of  a  given  acute  angle. 

Ex.  19.    Construct  one  half  the  complement  of  a  given  acute  angle. 

1  Two  letters,  e.g.  DE.  used  as  above,  denote  a  straight  line. 


ih) 

A  +  B 
2 

(0 

2        2 

(J) 

A  _  B 
2        2 

(k)  90  +  1 

(0 

The  com 

plement  of 

B 

4 
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Ex.  20.  Construct  the  supplement  of  the  complement  of  a  given 
acute  angle. 

Ex.  21.  Construct  the  complement  of  the  supplement  of  a  given 
obtuse  angle. 

Ex.  22.    Draw  two  angles  A  and  B,  A  being  the  greater  one,  and  con- 
struct an  angle  equal  to  : 
(a)  A  +  B 

ih)  2  A 

(c)  180°  -  A 

(d)  90°  +  A 

(e)  A  -  B 

(9)   j  +  B 

.  GENERAL   TER:MS 

^    40.    Def.     a  theorem  is  a  statement  the  truth  of  which  is 
to  be  demonstrated  (or  proved). 

Thus  the  statement :  "  If  two  sides  of  a  triangle  are  equal,  the  angles 
opposite  are  equal,''  is  a  theorem.  The  conditional  part  of  the  statement 
is  called  the  hypothesis,  the  assertion  that  is  to  be  proved  is  called  the 
conclusion  Thus  in  the  above  example,  the  hypothesis  is :  "  If  two 
sides  of  a  triangle  are  equal,"  and  the  conclusion  is  :  "  the  angles  opposite 
are  equal."  The  hypothesis  is,  however,  not  always  expHcitly  stated, 
but  is  sometimes  merely  implied. 

41.  Def.  A  problem,  in  general,  is  a  question  to  be 
solved. 

The  problems  of  geometry  are  solved  either  b}'  constructions  or  by 
computations.  Thus  the  problem :  "To  construct  an  angle  of  45°  " 
(Ex.  13,  p.  12)  is  a  problem  of  construction.  "  To  compute  the  angle 
formed  by  the  bisectors  of  a  pair  of  complementary  adjacent  angles  " 
(Ex.  30,  p.  10)  is  a  problem  of  computation. 

42.  Def.  A  proposition  is  a  general  term  for  either  a 
theorem  or  a  problem. 
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/  43.   Def.  An  axiom  is  a  statement  whose  truth  is  assumed. 

Thus,  the  statement :  "If  equals  be  added  to  equals,  the  sums  are 
equal,"  is  an  axiom. 

44.  Def.     A  postulate  is  a  purely  geometric  axiom. 

Formerly  elementary  textbooks  restricted  the  term  -postulate  to 
*  geometric  constructions  whose  possibility  is  admitted  without  further 
demonstration,"  but  modern  usage  favors  the  more  general  definition 
given  above. 

45.  Def.  A  corollary  is  a  theorem  easily  derived  from 
another  theorem. 

AXIOMS   AND   POSTULATES 

,  .     1.    Things  equal  to  the  same  thing,  or  to  equal  things,  are 
equal  to  each  other. 

2.  If  equals  are  added  to  equals,  the  sums  are  equal. 

3.  If  equals  are  subtracted  from  equals,  the  remainders  are 
equal. 

4.  If  equals  are  added  to  uneqiials,  the  su77is  are  unequal  in 
the  same  sense. 

5.  //  equals  are  subtracted  from  unequals,  the  remainders  are 
unequal  in  the  same  sense. 

6.  If  unequals  are  subtracted  from  equals,  the  remainders  are 
unequal  in  the  opposite  sense. 

7.  If  equals  are  multiplied  by  equals,  the  products  are  equal. 
(Important  special  case  :   doubles  of  equals  are  equal.) 

8.  If  equals  are  divided  by  equals,  the  quotients  are  equal. 
(Important  special  case  :   halves  of  equals  are  equal.) 

9.  If  the  first  of  three  quantities  is  greater  than  the  second, 
and  the  second  is  greater  than  the  third,  then  the  first  is  greater 
than  the  third. 

10.  The  whole  is  equal  to  the  sum  of  all  its  parts. 

11.  The  whole  is  greater  than  any  of  its  parts. 

12.  A  quantity  may  be  substituted  for  an  equal  one  in  an 
equation  or  in  an  inequality.     (Briefly  called  "  substitution.' ') 
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13.  One  straight  line  and  only  one  can  he  drawn  through  two 
points  {or  two  points  determine  a  line). 

14.  A  straight  line  is  the  shortest  line  between  two  points. 

15.  All  straight  angles  are  equal. 

16.  Two  intersecting  straight  lines  cannot  both  J^e  parallel 
to  a  third  straight  line. 

17.  A  straight  line  may  he  produced  to  any  required  length. 

18.  A  circle  may  he  drawn  having  any  point  as  center  and 
any  line  as  radius. 

19.  A  geometric  figure  may  he  moved  from  one  position  to 
another  without  change  of  form  or  size. 

The  first  twelve  axioms  are  general  axioms,  the  rest  are  geometric 
axioms  or  postulates. 

A  straight  line  is  fully  determined,  given  a  point  on  this  line  and  given 
the  angle  it  makes  with  a  given  line. 

From  the  thirteenth  axiom  these  truths  obviously  follow : 

(a)  Two  straight  lines  can  intersect  in  only  one  point. 

(6)  Two  lines  of  unlimited  length,  coinciding  in  part,  coincide 
throughout. 

Ex.  1,  Indicate  the  hypothesis  and  the  conclusion  of  each  of  the 
following  statements : 

(a)  If  iron  is  heated,  it  expands. 

(5)   If  two  angles  of  a  triangle  are  equal,  the  opposite  sides  are  equal. 

(c)  Two  triangles  are  congruent  if  the  sides  of  the  one  are  respectively 
equal  to  the  sides  of  the  other. 

(d)  Vertical  angles  are  equal. 
Ex.  2.    If  Zl  =  Z2,  and    Z2  =  Z3,  for  what  reason  i 

does  Zl  =  Z3? 

Ex.  3.   li  AB  =  DF,  and  CB  =  DE,  for  what 
reason  does  AC  =  £^F? 

Ex.  4.    If    GH  =  IK,    for    what  reason 
does  G I  =  HK1 

Ex.  5.   If  GI  =  HK,  for  what  reason  does    ^         H |  ^ 

GH  =  IK1  Exs.  4.5 

^  The  reasons  requested  in  this  and  the  following  exercises  are  axioms. 
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Ex.  6.   If  OB  bisects  ZO,  and   Zl  =  Z4,  why  does 
Z2  =  Z3? 

Ex.7.    If    Zl  =Z4,   and    Z3  =  Z2,  why  does  OB 
bisect  ZO'! 


Ex.  8.    If  Zl  =  Z2,  why  does  ZAOC  =  IBODI 
Ex.  9.    If  ZAOC  =  ZBOD,  why  does  Zl  =  Z2? 


Ex.  10.    If   ZA  =  ZB  and   Z 1  =  Z 2, 
v^hy  does  Z3  =  Z4? 


Ex.  10 


Ex.11.   If    Z  AFC  =  90°,   and    Z  BFZ>  =  90°,   why     p 
does  Zl  =  Z2? 


Ex.  11 


Ex.12.    Ifst.ZABC  =  st.ZA'B'C', 
why  does  Tt.ZDBC  =  rt.  ZD'B'C'1 


ABC  A'       B'      C- 

Ex.  12 


Ex.  13.    If  Zl  +Zb  +Z2  =  180°,   Zl  =  Za,  and  Z2  =  Zc,  why 
does  Za+Zb+Zc  =  180°? 

Ex.14.    It"  Zl  =  Z2,  and  Z2  =  Z3,  whydoes  Zl  =Z3?         / 


Ex.  14 
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LINES   AXD   RECTILIXEAR   FIGURES 
PRELIMINARY   THEOREMS 

46.    .4.//  right  angles  are  equal. 

For  all  straight  angles  are  equal    .\x.  15  .  and  halves  of  equals  are 
cjqual  C\x.  8  . 

\/  47.    At  a  given  point  in  a  given  line  one  and  only 
one  perpendicular  can  he  drawn 
to  the  line. 

For  if  tvro  perpendiculars.  AD  and  AC. 
could  be  drawn  at  -4,  we  should  have  two 
unequal  right  angles  BAD  and  BAC',  which 
j^  impossible    46  .  E  ^  d 

48.  Cornphrnents  of  the  same  angle  or  of  er^ual 
angles  are  euua.1.  (Ax.  3. ) 

49.  Supplements  of  the  same  angle  or  of  equed 
angles  are  erpAaL  (Ax.  3.) 

50.  If    two    adjacent    angles  ^ 
have    their    exteriur   sides    in    a  __ 
straight    line,   they    are    supple-  a  £  : 
mentary.                                                           (Ax.  10.) 

51.  //   two    ad.ja.cent    angles   are   supplementary, 
their  exterior  sides  are  in  the  same  straight  J  inc. 

Their  exterior  sides  form  a  straight  angle  ''36  ,  and  hence  lie  in  a 
straight  line  (25). 

17  .. 
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'  52 .    The  sum  of  all  the  angles 
about  a  point  in  a  plane  is    ^ 
equal  to  two  straight  angles. 


K        H 


ABC 


Ex.  1.    If  ABC  is  a  straight  line,  and  Z3  is  the  supple- 
ment of  Z  2,  why  is  Z  1  =  Z  3  ?  A 


1/2 


D         E 
Ex.  1 

A  A' 


Ex.  2.    If    AB  A.  BC,    A'B'  L  B'C,    and 
Z3=Z4,  prove  Zl  =Z2. 


B  C    B'  C 

Ex.  2 
A 


Ex.  3.    If  AB  L  CD  and  Z 1  =  Z  2,  prove  Z3  =  Z  4. 


C  B  D 

Ex.  3 

B 


Ex.  4.    If  A  ABC  is  a  right  angle  and  ZA  is  /i 

the  complement  of  Zl,  prove  A  A  -  Z2. 


AD  C 

Ex.  4 


Ex.  5.   If  ABC  is  a  St.  Z,  Zl  =  Z2,  and  ^3      ^_i 
and  4  are  rt.  A,  prove  that  Z  5  =  Z  6. 


Ex.  5 


Ex.  6.    \i  AB  and  CD  are  straight  lines  and    C ^ 

A  2  and  6  are  right  angles,  prove  that  Z  3  =  Z  5 


Ex.  6 
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A 


Ex.  7.    If  A  B  is  a  straight  line  and  Z2  =  Z3, 
prove  that  Z  1  =  Z  4. 


Ex.  8.    If  Zl  is  the  supplement  of  Z2  and  Z3 
is  the  supplement  of  Z  2,  why  is  Z 1  =  Z  3  ? 


Ex.  8 


Propositiox  I.     Theorem 
v  53.    Vertical  angles  are  equal. 

A. 


C^  D 

Given  the  vertical  A  1  and  2. 
To  prove  Z  1  =  Z  2. 

Proof 

REASONS 
1.    By  hjnp.  Z 1  and  Z  2  are  ver- 
tical A. 


STATEMENTS 

1.  AOD     and      COB     are 
straight  Hnes. 

2.  Zl  is  the  sup.  of  Z3. 


3.  Z2  is  the  sup.  of   Z3. 

4.  .-.  Zl  =  Z2. 


2.  If  two  adj.  A  have  their  ext. 
sides  in  a  st.  line,  they  are  sup. 

3.  Same  reason  as  2. 

4.  Supplements  of  the  same  Z 
are  equal. 

54.  Every  proof  consists  of  a  number  of  statements,  each 
of  which  is  supported  by  a  definite  reason.  The  only  ad- 
missible reasons  are :  a  previously  proved  proposition ;  an 
axiom ;  a  definition ;  or  the  hj^pothesis. 

[Practical  applications,  pages  281-286.] 
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Exs.  1,  2,  3 


Ex.  1.  Three  straight  lines,  AD,  BE,  and  CF,  meet  in  0,  forming 
the  six  angles :  a,  h,  c,  d,  e,  and  /„ 

(a)  If  Z5  =  20°,  and  Zc  =  60°,  find  ZAOE. 

(b)  If  ZFOB  =  130°,  and  Zc  =  40°,  find  Za. 

(c)  If  ZFOD  =  140°,  and  Zh  =  60°,  find  Za. 

(d)  If  Zf  =  60°,  and  Zb  =  25°,  find  Zd. 

(e)  If  ^  6  and  /  are  complementar j^,  find  Z  d. 

(f)  If  Zf  =  Zh,  and  Zd  =  100°,  find  Z&. 

(g)  If  Za  =  2Zc,  and  Ze  =  60°,  find  Zc. 
(h)  If  Z.40C  =  140°,  and  ZCOE  =  120°,  find  Z  BOD, 

Ex.  2.    In  the  same  diagram  prove  that 

(a)  Zb  +Zc  =  ZAOE. 

(b)  ZFOB  -  Zc  =  Za. 

(c)  ZFOB  -Zf  =  Zd. 

(d)  Zf  -{-Zb  +Zd  =  180°. 

(e)  Z  AOC  +  Z  BOD  +  Z  COE  =  360°. 
(/)  ZAOC +ZCOE -ZEOA  =2Za. 
(g)  If  Z/  =  Ze,  then  Z6  =  Zc. 

1*  Ex.  3.    In  the  same  diagram 

(a)  If  ZAOC  =  150°,  and  ZCOE  =  130°,  find  Za. 

(b)  If  ZFOB  =  140°,  and  Z.40C  =  125°,  find  Zd. 

(c)  If  ZAOE  +ZBOC  =  140°,  and  Zc  =  40°,  find  Ze. 

(d)  If  ZFOB=  ZFOD,  prove  thatZ/  =  Zc. 

55.  Def.  a  polygon  is  a  closed  broken  line.  The  lines 
are  called  the  sides.  The  perimeter  of  a  polygon  is  the  sum 
of  all  its  sides. 

The  angles  formed  by  the  con- 
secutive sides  are  the  angles  of 
the  poh'gon,  and  their  vertices 
are  the  vertices  of  the  polygon. 
An  exterior  angle  is  formed  by 
a  side  and  the  prolongation  of  a 
consecutive  one.  A  diagonal  is 
a  straight  line  joining  two  vertices 
not  on  a  same  side  of  the  polygon. 

1  Exercises  denoted  by  (*)  are  difficult  and  maybe  omitted  in  a  first  reading. 
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Thus  ABODE  is  a  polygon  of  five  sides.  AB  and  BC  are  sides,  Z  A  is 
an  angle,  point  5  is  a  vertex,  and  AC  is  a  diagonal  of  the  polygon.  Z 1 
and  Z  2  are  exterior  angles  of  the  polygon. 

56.    Def.     a  quadrilateral  i?  a  polygon  of  four  sides. 


TRIANGLES  —  PART   I 

57.  A  triangle  is  a  polygon  of  three  sides. 

58.  Triangles  classified  as  to  sides.     A  scalene  triangle 
is  a  triangle  no  two  sides  of  which  are  equal. 

^^    An  isosceles  triangle  is  a  triangle  having  two  equal  sides. 
y   An  equilateral  triangle  is  a  triangle  having  all  of  its  sides 
equal.     It  is  a  special  kind  of  isosceles  triangle. 


Scalene  Equilateral  Isosceles 

59.   Triangles  classified  as  to  angles.     A  right  triangle  is  a 
triangle  in  which  one  angle  is  a  right  angle. 

An  obtuse  triangle  is  a  triangle  in  which  one  angle  is  an 
obtuse  angle. 

An  acute  triangle  is  a  triangle  in  which  all  angles  are  acute. 
-  An  equiangular  triangle  is  a  triangle  in  which  all  angles  are" 
equal. 


Right  Obtuse  Acute  Equiangular 

60.  Def.  The  base  of  a  triangle  is  the  side  on  which  the 
figure  appears  to  stand.  Any  side  may  be  considered  as  a 
base. 
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The  two  equal  sides  of  an  isosceles  triangle  are  sometimes  called  the 
arms  (or  legs) ;  the  third  side  is  called  the  base. 

The  angles  opposite  the  arms  are  the  base  angles  of  an  isosceles 
triangle. 

61.  Def.  The  vertex  angle  of  a  triangle  is  the  angle 
opposite  the  base. 

The  vertex  of  this  angle  is  sometimes  called  "  the  vertex  of  the 
triangle." 

V    62.   Def.     The  hypotenuse  of  a  right  triangle  is  the  side 
opposite  the  right  angle. 

The  sides  including  the  right  angle  are  sometimes  called  the  arms 
(legs)  of  the  right  triangle. 

63.   Def.     An  altitude  of  a  triangle  is  the  perpendicular 
from  any  vertex  to  the  opposite  side  (produced  if  necessary). 
Thus,  A  D  and  CD'  are  altitudes.     Every  triangle  has  three  altitudes. 
A  D' 


64.  Def.  A  median  of  a  triangle  is  the  line  drawn  from 
any  vertex  to  the  mid-point  of  the  opposite  side. 

Thus,  AF  and  C'F'  are  medians.     Every  triangle  has  three  medians. 

65.  Def.  An  angle-bisector  of  a  triangle  is  the  line  drawn 
from  any  vertex  bisecting  the  angle  at  that  vertex  and 
limited  by  the  side  opposite  this  vertex. 

Thus,  AE  and  B'E'  are  angle-bisectors.  Every  triangle  has  three 
angle-bisectors. 

Note.  Students  who  are  familiar  with  the  exercises  on  geometric 
dra-^-ing  (39)  should  construct  exactly  a  number  of  the  diagrams  defined 
above,  as  right  A,  obtuse  A,  medians,  angle-bisectors,  equilateral  A,  etc. 
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66.  Two  triangles  are  congruent  if  two  angles 
and  the  included  side  of  one  are  equal  respectively  to 
two  angles  and  the  included  side  of  the  other 
(a.  s.  a.  =  a.  s.  a.). 


Given  A  ABC  and  A'b'C'  with  AB  =  A'B',  Z.A  =  ZA',  and 
ZB  =  IB'. 
To  prove  A  ABC  ^  AA'b'C'. 


Proof 


STATEMENTS 

1.  Place  AABC  upon 
AA'B'C'  so  that  AB  shall 
coincide  with  its  equal  A'B' . 

2.  Then  BC  will  fall  along 
B'C. 

3. 
4. 


AC  will  fall  along  A'C'. 
C  will  fall  upon  C' , 


5.     /.  AABC  ^  AA'B'C'. 


REASONS 
/Ax.  19. 
^-    \AB  =  A'B',   by   hyp. 


2.  ZB  =  ZB',  byhyp. 

3.  ZA  =  Z  A',  by  hyp. 

4.  Two  St.  lines  can  intersect 
in  only  one  point. 

5.  Figures  are  congruent  if  they 
can  be  made  to  coincide. 


67.  This  method  of  proof  (superposition)  is  employed  in 
fundamental  propositions  only.  The  student  should  place 
some  parts  upon  each  other  whose  equahty  is  known,  and, 
by  successive  steps,  trace  the  position  of  the  rest  of  the  figure. 

Note.  In  order  to  facilitate  the  citing  of  propositions,  the  following 
abbreviation  is  suggested  for  the  above  proposition :  a.  s.  a.  =  a.  s.  a. 
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68.  Def.  Polygons  are  mutually  equiangular  if  their 
angles  are  respectively  equal,  and  mutually  equilateral  if 
their  sides  are  respectively  equal. 

If  two  polygons  are  mutually  equiangular,  lines  or  angles 
similarly  situated  are  called  corresponding  (or  homologous) 
lines  or  angles.  Thus  AB  and  A'B'  (Prop.  II)  are  corre- 
sponding sides ;  C  and  C\  corresponding  angles,  the  medians 
drawn  from  A  and  A'  respectively,  corresponding  medians; 
etc. 


Ex.  1.   Hyp.     Za  =  30°,  Zh  =  30°,  Zc  =  60°, 
Zd  =  60°. 
To  prove      AABC  ^  AA  DC. 

Ex.  2.   Hyp.    Za  =  40°,  Zb  =  40°,  Ze  =  130^ 
Zd  =  50°,  and  ACE  is  a  straight  line. 
To  prove      AABC  ^  AADC. 


Ex.  3.   Hyp.     In  quadrilateral  ABCD,  AC  bisects 


angle  A,  and  AC  bisects  ZC. 

To  prove  AABC  ^  AADC. 


Ex.  4.   Hyp.     BD  bisects  ZB,  EF  ±  BD. 
To  prove  AEBD  ^  AFBD. 

Ex.  5.    Hyp.     /    is    the    mid-point    of    GH, 
KG  ±GH,  HL  ±GH,  KL  is  a  straight  line. 
To  prove        A  KG  I  ^  A  HLL 

Ex.  6.   Hyp.     DB  1.  AC,  ZS  =  Z4c,  and  BDE  is 
a  straight  line. 

To  prove  AABD  ^  ACBD. 

Ex.  7.    Hyp.     DB  ±  AC,   ZADB  is  the  sup.  of 
Z4,  and  BDE  is  a  st.  line.  ^ 

To  provf  AABD  ^  ACBD. 


Ex.3 
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Proposition  III.     Theorem 

69.  Two  triangles  are  congruent  if  two  sides  and  the 
included  angle  of  one  are  equal  respectively  to  two  sides 
and  the  included  angle  of  the  other  {s.  a.  s.  =  s.  a.  s.) 


Given  AABC  and   A'B'C'  with   AB 
and    ZB  =   IB'. 
To  prove  AABC  ^  AA'B'C'. 


A'B\    BC  =  B'C 


Proof 

STATEMENTS 

1.  Place  AABC  upon 
AA'B'C'  so  that  BC  shall  co- 
incide with  its  equal  B'C 

2.  BA  will  fall  along  B'a'. 

3.  The  point  A  wiU  fall 
upon  the  point  A'. 

4.  AC   will   coincide   with 


5.    :.AABC^  A  A' B'C'. 


1. 


REASONS 
A  geom.  fig.  may  be  .  .  . 
(Ax.  19.) 
BC  =  BC\  byh>i). 


2.  ZB  =   ZB\  byh^-p. 

3.  AB  =  A'B\  by  li>TD. 


4.    One  St.  line  and  only  one  can 
be  drawn  through  two  points. 

6.    Figures  are  congruent  if  they 
can  be  made  to  coincide. 


Ex.  1.    Hyp.     Two  lines  AB  and  CD  bisect  each  other  in  E. 
To  prove  jLADE  ^  _CEB.'^ 

^  The  foUowing  set  of  exercises  is  of  fundamental  importai_ce.  No  stu- 
dent should  go  on  with  the  work  until  he  is  able  to  disco-^'er  the  proofs  of 
all  the  simpler  theorems  given  below.  For  additional  work  of  this  kind  see 
Schultze's  Teaching  of  Mathematics. 
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70.  Method  I.  The  equality  of  lines  and  of  angles  is 
usually  proved  by  means  of  congruent  triangles. 

Note  1.  The  equal  lines  will  be  the  corresponding  sides  in  the  con- 
gruent triangles.     Likewise  for  the  equal  angles. 

Note  2.  The  student  is  advised  to  draw  freehand  each  figure 
accompanying  each  exercise. 

Ex.  2.    Hyp.     DC  is  the  perpendicular  bisector  of  AB, 
{i.e.  AC  =  CB  and  DC  ±  AB.) 
To  prove  AD  =  BD. 


Ex.  3.    Tne  bisector  of  the  vertex  angle  of  an  isosceles 
triangle  bise«:ts  the  base. 


Ex.  4.   Hyp.     BF  bisects  Z  DBE. 

BD  =  BE. 
To  prove  ZFDB  =  A  FEB 


Ex.  5.   Hyp.     BD  =  BF,  BC  =  BA,  and  CG  and  AE  are  st.  Unes. 
To  prove  CD  =  AF. 

Ex.  6.   Hyp.     BD  =  BF,  CD  _L  EA,  AF  1.  CG,    C 
and  CG  and  AE  are  st.  lines. 
To  prove  AC  ^  A  A. 

Ex.  7.   Hyp.     BD  =  BF,  A\  =  A2,  and  CG  and        y^ 
AE  are  st.  lines.  £  q 

To  prove  CB  =  AB.  Exs.  5-8 

Ex.  8.    Hyp.     CF  =  AD,  DB  =  FB,  and  CG  and  AE  are  st.  lines. 
To  prove  ZC  =  ZA. 
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Ex.  9.    Hyp.  AD  =  DC,  Zd  =  ^Q,  and  BE  is  a  st.  line. 

To  prove  ZA  =  /.C.                                                  E 

Ex.  10.    Hyp.  Z3  =  Z4,  Zo  =  Z6,  and  BE  is  a 
St.  line. 

To  prove  AD  =  DC. 

Ex.  11.    Hyp.  AB  =  BC,  Z4  =  Z7,  and  AF  and               g^ 

EG  are  st.  lines.  q 

To  prove  AD  =  DC.                                           Exs.  9-ii 

A  D 

/    Ex.  12.   Hyp.  AB  _L  AD,  DC  ±  BCand  Zl  =  Z2. 

To  prove  AB  =  AD. 


Ex.  13.   Hyp.     AD  =  CT,  AB  =  FE",  Z3  =  Z4, 
and  AE  is  a  st.  line. 

To  prove  AB  =  AF. 


2\ 

B 

C 

Ex.  12 

F 

E 

Ex.  14.   Hyp.     AD  =  C£',  AB  =FE,  Z3  =  Z6, 
and  EI  and  HB  are  st.  lines. 
To  prove  BC  =  FD. 

.      Ex.15.    Hyp.       AEDB  =  AFBD,  Z5       ED 
^'^e,  and  CE  and  AF  are  st.  lines. 
To  prove         AD  =  BC. 


Exs.  13,  14 


Ex.  16.    Hyp.      Z3  =  Z4,  Ah  =  AQ,  and 

EC  and  AF  are  st.  lines. 
To  prove  AB  =  DC. 

Ex.  17.   Hyp.     AD  =  BF,  Z 1  =  Z 2, 

Z3  =  Z4,  and  GH  is  a  st.  line. 


Exs.  15,  16 

c 


3       D 


To  prove 


AC  =AE. 


Ex.  18.    Hyp.     AD  =  BF,  Z  5  =  Z 6, 

AC  =  FE,  and  GH  is  a  st.  line. 
To  prove  BC  =  DE. 


2/6 


E 

Exs.  17,  18 
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Ex.  19.   Hyp.     AD  ±EF,CB  ±EF,AD  =  BC,  and  EF  is  a  st.  line. 

To  prove        ZC  =  ZD. 

^  DC 

Ex.  20.    Hyp.     AD  =  CB,  Z5  =  Z6, 

and  EF  is  a  st.  line. 
To  prove        Z  1  =  Z  2. 


Ex.  21.    Hyp.      Z  5  =  Z  6, 
and  EF  is  a  st.  line. 
To  prove       AC  =  DB. 


Zl  =Z2, 


Exs.  19-22 


Ex.  22.    Hyp.  Z5  =Z6,  Z3  =Z4,  and  £'F  is  a  st.  line. 

To  prove  AD  =  BC. 

Ex.  23.    Hyp.  AB  =  AE,  BC  =  ED,  and  AC  and 
AD  are  st.  lines. 

To  prove  CE  =  BD. 

Ex.  24.    Hyp.  AB  =  AE,  Z  1  =  Z 2,  and  AC  and 
AD  are  st.  lines. 

To  prove  CE  =  BD. 

1  Ex.  25.    Hyp.     AC  =  AD,  and  BC  =  ED. 

To  prove  ZC=ZD. 


Exs.  23-25 


Ex.  26.   Hyp.      Zl  =  Z2,  Z3  =  Z4,  and  AE"  and  BZ)  are  st.  lines. 


To  prove  AD  =  BE. 

Ex.  27.   Hyp.  ZDAB  =  ZEBA,     and      Z3 
=  Z4. 

To  prove  AD  =  BE. 

Ex.  28.    Hyp.  Z5  =  Z6,  Zl  =  Z2,  and  AE 
and  DB  are  st.  lines. 

To  prove  AD  =  BE. 


Exs.  2b-29 


Ex.  29.   Hyp.      Z5  =  ZQ,  AD  =  BE,  and  AE  and  BD  are  st.  lines. 
To  prove  Z 1  =  Z  2. 

Ex.  30.   Hyp.     BCD  is  a  st.  line,  AB  =  AC, 
AD  =  AE,  and  Zl  =  Z2. 
To  prove  BD  =  CE. 

Ex.  31.   Hyp.     AB  =  AC,  Zl  =  Z2,  Z3 

=  Z  4,  and  AD  is  a  st.  line. 
To  prove  AD  =  AE. 

^  If  a  line  is  denoted  by  two  letters  only,  as  AC  or  AD,  it  signifies 
t  hat  it  is  a  straight  line. 
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Note.  The  following  exercises  are  more  difficult  because  the  two 
parts  whose  equality  is  to  be  demonstrated  may  be  considered  cor- 
responding parts  of  two  different  pairs  of  triangles,  and  the  student  has 
to  determine  by  trial  which  pair  must  be  used. 


Ex.  32.    Hyp. 
To  prove 

Ex.  33.   Hyp. 
To  prove 


ZA  =  Z  B.  and  Z  3  =  Z  4. 
AD  =  BE. 

AC  =  BC,  and  Z3  =Z4. 
AD  =  BE. 


Ex.  34.    Hyp.      Zl  =  Z2.  and  Z3  =  Z4. 


To  prove 


EC  =  BD. 


*Ex.  35.    Hyp.      Zl  =  Z2.   DB  ±  AC.  and 
CE  _  AD. 

ZD. 


To  prove 


ZC 


Ex.  36.    Hyp.     AB  =  AE. 
To  prove  EC  =  BD. 


Z6. 


Ex5.  .34-36 


Ex.  37.    If  fico  angles  of  a  triangle  are  equal,  the  corresponding  angle- 
bisectors  are  equal. 

Ex.  38.    The  medians  draicn  to  the  arms  of  an  isosceles  triangle  are 
equal. 


Ex.  39.    If  two  exterior  angles  of  a  triangle  are  equal,  the  angle- 
bisectors  of  the  adjacent  interior  angles  are  equal. 


Ex.  40.  Wishing  to  determine  the  distance  across 
a  pond.  AB.  we  place  a  stake  at  a  convenient  station 
C,  and  by  sighting  from  A,  we  locate  A'  in  the  pro- 
longation of  AC.  and  make  CA'  =  AC.  Similarly  we 
produce  BC  to  B '  so  that  CB'  =  BC.  Which  line  must 
we  measure  to  obtain  AB?    Prove  your  statement. 
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3. 

4. 
5. 


6. 


ZA 


ZB. 


REASONS 


Propositiox  IV.     Theorem 

71.    The   base   angles   of  an  isosceles 
triaiigle  are  equal. 

Given  AABC  with  AC  =  EC. 
To  prove  Z  A  =  ZB. 

Proof 

STATEMENTS 

1.  Draw  the  bisector  of 
ZC  and  extend  it  to  meet 
AB  at  D. 

2.  In   AACD  and  BCD, 

AC  =  CB. 

Z\  =  Z2. 

CD  =  CD. 

AACD  ^  ABCD. 


/Every   Z  has  a  bisector. 
\A  line  may  be  extended. 


2.    Hyp. 


3.  By  construction. 

4.  Iden. 

5.  Two  A  are  ^  if  two  sides 
and  the  included  angle  of  one  are 
equal  respectively  to  two  sides 
and  the  included  angle  in  the 
other. 

6.  Corresponding  angles  of  con- 
gruent A  are  equal. 


72.  Cor.  1.     The  bisector  of  the  vertex  angle  of  an  isosceles 
triangle  is  perpendicular  to  the  base  and  bisects  the  base. 

73.  Cor.  2.     An  equilateral  triangle  is  equiangular. 


Ex.  1.   If  AC  =  BC,  and  A^  = 

Ex.  2.  If  AC  =  BC,  and 
Z  DC  A  =  Z  ECB,  then  CD  =  CE. 

Ex.  3.  If  AC  =  BC,  and  Z 1 
=  Z2,  then  AE  =  BD. 

Ex.  4.  If  AC  =  BC,  and  AD 
and  BE  are  angle-bisectors,  then 
AD  =  BE. 


DB,  then  CD  =  CE. 
C 


Exa.  3,  4 


LINES   AND   RECTILINEAR   FIGURES 
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(/ 


A  B 

Exs.  ,5,  6 


Ex.  5.    If  AC  =  BC,  AD  =  BE,  and  DE 

is  a  straight  line,  then  DEC  is  an  isosceles 
triangle. 

Ex.  6.  If  AC  =  BC,  ZACD  =ZBCE, 
and  DE  is  a  straight  line  then  DEC  is  an 
isosceles  triangle. 

*Ex.  7.    If  AC  =  BC,   Zl  =  Z2,  and  CD  and  CE 

are  straight  lines,  then  Z  D  =  Z  E. 

Ex.  8.  If  the  base  of  an  isosceles  triangle  is  tri- 
sected, the  lines  joining  the  points  of  division  with  the 
vertex  are  equal. 

Ex,  9.  If  in  the  sides  of  an  equilateral  AABC,  the 
points  D,  E,  and  F  be  taken  so  that  AD  =  BE  =  CF, 
then  ADFE  is  equilateral. 

Ex.  10.  Lines  drawn  from  the  mid-points  of 
the  arms  of  an  isosceles  triangle  to  the  mid-point 
of  the  base  are  equal. 

Ex.  11.  If  DE  =  EF  =  FD,  and  ZAFD 
=  ZBDE  =  ZCEF,  then  AABC  is  equilateral. 

Note.  The  equality  of  angles  is  sometimes 
proved  by  means  of  Prop.  IV  (compare  §  123). 

Ex.  12.    If  ABC  and  ADC  are  two  isosceles  triangles  on  the  same 
base,  AC,  then  ZBAD  =  ZBCD. 

Ex.  13.    If  in  quadrilateral  ABCD,  AB  =  BC  and  AD  =  DC,  then 
ZA  =  ZC. 

B  B  R  ■         B'    B 


Ex.  14.    If  two  triangles  ABD  and  DBC  have  BD  common,  AB 
BC  and  AD  =  DC,  then  ZA  =  ZC. 

Ex.  15.    If  in  two  triangles  ABD  and  CB'D',  AD  =  CD',  AB 
CB',  and  BD  =  B'D',  then  ZA  =  ZC. 

Hint.     Place  the  A  together,  so  as  to  form  a  quadrilateral. 
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Proposition  V.     Theorem 


74.    Two  triangles  are  congruent  if  three  sides  of 
one  are  equal  respectively  to  three  sides  of  the  other 

(s.  s.  s.  =  s.  s.  S.V 

A  A' 


C     B 


Given  AABC  and  A'B'C,  with    AB  =  A'B\    BC  =  B'C\ 
AC  =  A'C\ 
To  prove  AABC  ^  AA'B'C 

Proof 

STATEMENTS 

1.  Place  AABC  so  that 
BC  shall  coincide  with  B'C' 
and  A  and  A'  lie  on  opposite 
sides  of  B'C\ 

2.  Draw  AA'. 


3.  AAB'A'  is  isosceles. 

4.  .•./!=  Z2. 

5.  AAC'A'  is  isosceles. 

6.  .-.  Z3=Z4. 

7.  .-.  Zl  +Z3  =Z2+Z4. 

8.  Or  ZA  =   /.A\ 

9.  /.  AAB'C'  ^  AA'B'C. 
i.e.      AABC  ^  AA'B'C'. 


REASONS 


I  Axiom  19. 
^-    \BC  =  B'C,  byhyp. 


2.  A  st.   line   may  be   drawn 
between  two  points. 

3.  AB  =  A'B'by  hyp. 

4.  The  base    A  of  an  isos.   A 
are  equal. 

5.  AC  =  A'C'byhyp. 

6.  Same  as  4. 

7.  If  equals  are  added  to  equals, 
the  sums  are  equal. 

8.  Sub. 

9.  s.  a.  s.  =  s.  a.  s. 


LINES    AND    RECTILINEAR    FUTURES 
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Ex.  1.  The  median  to  the  base  of  an  isosceles  triangle  bisects  the 
vertex  angle. 

Ex.  2.  //  the  opposite  sides  of  a  quadrilaleral  are  equal,  the  opposite 
angles  are  equal. 

75.  3.IETH0D  II.  If  the  lines  or  angles  whose  equality  we 
wish  to  demonstrate  are  not  parts  of  congruent  triangles,  we 
try  to  make  them  parts  of  congruent 
triangles  by  drawing  additional  lines. 

Ex.  1.  If  two  circles  whose  centers  are  0 
and  0'  intersect  in  A  and  B,  then  ZAOO'  = 
A  BOO'. 

Ex.  2.  If  two  circles  whose  centers  are  0 
and  0'  intersect  in  A  and  B,  then  Z.OAO'  = 
/.OBO'. 

Ex.3.  liAB  =  CD^m\BC  =  DA, 
then  lABD  =  ZBDC. 

Ex.  4.  n  AE  =  BD.  AD  --=  BE, 
and  AC  and  BC  are  st.  lines,  then 
/.CEB  =  ZCDA. 


B 


Ex.  3 


Ex. 


76.  Method  III.  If  it  is  impossible  to  prove  the  con- 
gruence of  the  required  pair  of  triangles,  prove  first  the 
congruence  of  some  other  pair,  or  pairs,  whose  corresponding 
parts  will  enable  us  to  demonstrate  the  congruence  of  the 
original  pair. 

Ex.  5.  If  the  oppo.site  sides 
of  a  quadrilateral  are  equal, 
and  a  line  be  drawn  through 
the  mid-point  of  a  diagonal, 
terminating  in  two  sides,  this 
line  is  bisected. 

Ex.  6.  If  AG  =  GD,  CG  = 
FG,  and  all  lines  are  straight 
lines,  then  BG  =  GE. 

Ex.  7.  If  AB  =  AC,  AE 
bisects  Z  BAG,  and  AE  is  a  st. 
Une,  then  Z  DBE  =  Z  DCE. 


34 


PLANE  GEOMETRY 


Exs.  8,  9 


Ex.  8.  If  AB  =  CD,  BC  =  DA,  and  Zl  =  Z2,  and  DB  is  a  st. 
line,  then  AE  =  CF. 

Ex.  9.  If  AB  =  CD,  /.?>  =  L\,  and  BF  =  DE, 
then  Z  1  =  Z  2. 

Ex.  10.  Two  triangles  are  congruent  if  two 
sides  and  the  median  to  one  of  the  sides  are  equal 
respectively  to  two  sides  and  the  corresponding 
median  of  the  other. 

Ex.  11.  Two  isosceles  triangles  are  congruent  if  an  arm  and  the  Une 
which  joins  the  mid-points  of  the  arms  of  one  triangle  are  equal  respec- 
tively to  an  arm  and  the  line  which  joins  the  mid-points  of  the  arms  of 
the  other. 

Ex.  12.  7/  the  opposite  sides  of  a  quadrilateral  are  equal,  the  diagonals 
bisect  each  other. 

Ex.  13.  Two  triangles  ABC  and  A'B'C  are  congruent  if  AB  = 
A'B',  LA  =  Z.A',  and  angle-bisector  AD  =  angle-bisector  A'D'. 

Ex.  14.  If  in  quadrilateral  ABCD,  AB  =  BC,  CD  =  DA,  and 
diagonals  AC  and  BD  meet  in  E,  then  AE  =  EC. 

D  D' 

Ex.  15.  If  in  quadrilaterals  ABCD  and 
A'B'C'D',  AB  =  A'B',  BC  =  B'C,  CD 
=  CD',  DA  =  D'A',  and  AC  =  A'C, 
then  BD  =  B'D'. 


*  Ex.  16.  If  on  the  sides  of  an  equilateral  triangle 
ABC,  the  points  D,  E,  F  are  taken,  so  that  AD  =  BE 
=  CF,  and  E,  D,  and  F  are  joined  to  the  opposite  ver- 
tices, then  A  A 'B'C  is  equilateral. 

*  Ex.  17.  If  the  opposite  sides  of  a  polj^gon  of  six 
sides  are  equal,  and  two  of  the  opposite  angles  are 
equal,  then  all  opposite  angles  are  equal. 

*Ex.  18.  If  AB  =  AD,  AC  =  AE,  and  BE  and 
DC  are  st.  lines,  then  ZBAF  =  Z  DAF. 

*  See  footnote  on  page  20. 


Ex.  18 
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C 


*Ex.  19.    If    ZA  =  ZB,    and    AF  =  BE,    then 
AD  =  DB. 


11.  ^Iethod  IV.  To  prove  that  an  angle  is  a  right  angle 
we  usually  demonstrate  that  it  is  equal  to  its  supplementary 
adjacent  angle. 

Ex.  20.  The  diagonals  of  an  equilateral  quadrilateral  are  perpendicular 
to  each  other. 

Ex.  21.  The  median  to  the  base  of  an  isosceles  triangle  is  perpendicular 
to  the  base. 

Ex.  22.  In  quadrilateral  ABCD.  if  AB  =  BC\  and  CD  =  DA.  then 
BD  L  AC.  Q 


Ex.  23.    If    AC  =  BC,    and    AO  =  BO,    then 
CD  ±  AB. 


*Ex.  24.    If  AC  =  BC, 

and  Z  1  =  Z  2. 

then  CD  L  AB. 


78.  A  point  C  is  said  to  be  equidistant  from 
two  other  points  A  and  B  if  AC  =  BC. 

It  is  not  necessary  that  these  two  lines  be  dra\\Ti. 
Thus,  we  may  say  D  is  equidistant  from  A  and  B,  even 
if  DA  and  DB  are  not  drawn.  In  general,  two  letters, 
as  AD,  mean  the  straight  line  connecting  .-1  and  D. 
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Proposition  VI.     Theorem 


79.    Two  points  each  equidistant  from  the  ends  of  a 
line,  determine  the  perpendicular  bisector  of  the  line. 


Given  line  BC  and  points  A  and  E  such  that  AB  —  ACj 
BE  =  EC. 

To  prove  AE  is  the  perpendicular  bisector  of  BC. 


Proof 


STATEMENTS 

1.  AB  =  AC,  BE  =  EC. 

2.  AE  =  AE. 

3.  AABE  ^  AAEC. 

4.  Zl  =  Z2. 

5.  AABC  is  isosceles. 

6.  St.  line  ADE  is  the  _L 
bisector  of  BC. 


REASONS 

1.  Hyp. 

2.  Iden. 

3.  s.  s.  s.  =  s.  s.  s. 

4.  Corr.    zi  of  ^  A  are  =. 

5.  AB  =  AC,   by   hyp. 

6.  The  bisector  of  the  vertex  Z 
of  an  isos.  A  is  ±  to  the  base  and 
bisects  the  base. 


80.   CoR.  Every  point  equidistant  from  the  ends  of  a  line 
lies  in  the  perpendicidar  bisector  of  that  line. 


Ex.     //  the  four   sides   of  a   quadrilaterai   are   equal,    the  diagonals 
bisect  each  other. 


LINES   AND   RECTILINEAR   FIGURES 
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CONSTRUCTIONS 
Propositiox  VII.     Problem 


81.    To  bisect  a  given  straight  line. 


Given  a  straight  line  AB. 
Required  to  bisect  AB. 

Construction.     From  A  and  B  as  centers,  with  equal  radii 
greater  than  ^  AB,  describe  arcs  intersecting  at  C  and  E. 
Draw  CE. 
Then  the  line  CE  bisects  AB  at  D. 


Proof 


STATEMENTS 


1.  C   is   equidistant   from 
A  and  B. 

2.  E  is  equidistant  from 
A  and  B. 

3.  .-.  AD  =  DB. 


REASONS 


1.   Con. 


2.    Con. 


3.  Two  points  each  equidistant 
from  the  ends  of  a  line  determine 
the  perpendicular-bisector  to  that 
line. 


82.   Cor.     By  means  of  the  preceding  construction  we  can 
construct  the  perpendicular  bisector  (CE)  of  a  given  line  (AB). 


Ex.  1.    Divide  a  given  line  into  four  equal  parts. 
Ex.  2.    Construct  the  three  medians  of  a  tnangle. 
Ex.  3.   Construct  the  three  perpendicular  bisectors  of  the  three  sides 
of  a  triangle. 
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Proposition  VIII.     Problem 
83.    To  bisect  a  given  angle. 


Given  /.CAB. 

Required  to  bisect  Z  CAB. 

Construction.  With  A  as  a  center  and  any  radius,  as  .45, 
describe  an  arc  cutting  the  sides  of  the  Z  A  at  j5  and  C. 

From  B  and  C  as  centers,  with  equal  radii  greater  than  one 
half  the  distance  'from  B  to  C,  describe  two  arcs  intersecting 
at  D.     Draw  AD. 

AD  is  the  required  bisector. 

Hint.  Prove  AD  is  the  bisector  by  first  drawing  BD  and  DC  and 
then  proving  two  A  are  congruent. 

84.  It  is  advisable  to  draw  the  hnes  of  construction  either  very  thin 
or  dotted,  while  the  given  and  required  lines  are  represented  by  heavy 
full  lines.  In  complex  constructions  the  resulting  lines  may  be  drasvn  in 
red  or  in  blue. 


Ex.  1.  To  divide  a  given  angle  into  four  eqaal  parts. 

Ex.  2.  To  bisect  a  straight  angle. 

Ex.  3.  Construct  an  angle  of  90°,  of  45°. 

Ex.  4.  Construct  an  angle  of  22°  30'. 

Ex.  5.  Construct  an  angle  of  67°  30'. 

Ex.  6.  Construct  one  half  the  supplement  of  a  given  angle. 

Ex.  7.  Construct  the  angle-bisectors  of  a  given  triangle. 
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Propositiox  IX.     Problem 

85.    At  a  given  point  in  a  given  streiight  line,  to 
erect  a  perpendicular  to  that  line. 


Given  point  0  in  line  AB. 

Required  the  perpendicular  to  the  line  AB  at  0. 

Construction.  From  0  as  a  center  with  any  radius  OC.  de- 
scribe an  arc  intersecting  AB  in  C  and  D. 

From  C  and  D  as  centers  with  equal  radii  greater  than  OC, 
describe  two  arcs  intersecting  at  E. 

Draw  OE. 

OE  is  the  required  perpendicular. 

Note  1.  Draw  CE  and  DE.  Prove  two  A  are  congruent.  Then 
show  that  OE  is  perpendicular  to  AB  at  0.  See  prop.  7,  p.  37  for  model 
for  proof. 

Note  2.  "VMienever  a  pupQ  has  carried  out  a  construction,  he  should 
prove  the  correctness  of  his  construction. 


Ex.  1.  Construct  the  complement  of  a  given  acute  angle. 

Ex.  2.  Construct  the  supplement  of  the  complement  of  a  given  acute 
angle. 

Ex.  3.  Construct  one  half  the  complement  of  a  given  acute  angle. 

Ex.  4.  Construct  a  right  triangle  given  the  arms  equal  to  1"  and 
li"  respectively. 

Ex.  5.  Construct  a  square  having  a  side  equal  to  li". 

Ex.  6.  Construct  a  square  given    its   perimeter  equal  to   a   given 
line. 
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Proposition  X.     Problem 


86.    Through  a  given  point  on  a  straight  line  to 
draw  a  line  making  a  given  angle  with  the  given  line. 


Given  point  C  in  line  AB  and  Z  0. 

Required  an  Z  at  C  =  ZO. 

Construction.  From  O  as  a  center  with  any  radius, 
describe  an  arc  cutting  the  sides  of  ZO  in  D  and  E. 

From  C  as  a  center,  with  the  same  radius,  describe  arc  FG, 
intersecting  CB  in  F.  From  F  as  a  center,  with  a  radius  equal 
to  DE,  draw  an  arc  intersecting  arc  FG  in  H.     Draw  CH. 

ZHCF  is  the  required  angle. 

Hint.     Prove  this  proposition  by  showing  the  two  A  are  congruent. 
Note.     Two  letters,  e.g.  DE,  used  as  above,  denote  a  straight  Hne. 


Ex.  1.    Construct  an  angle  equal  to  twice  a  given  angle. 

Ex.  2.    Construct  an  angle  equal  to  twice  the  supplement  of  a  given 
angle. 

Ex.  3.    Given  a  triangle  ABC.     Construct  another  triangle  A'B'C'y 

D 


having  A'B'  =  AB,  /.A'  =  ZA,  and  Z  B'  =  Z  B. 
What  is  the  relation  oi  A  ABC  and  A'B'C'1 


Ex.  4.  Given  a  polygon  of  five  sides  (pentagon) 
ABCDE.  Construct  a  pentagon  having  four  of  its 
sides  equal  respectively  to  AB,  BC,  CD,  and  DE, 
and  the  included  angles  respectively  equal  to  AB, 
C,  and  D. 


LliMES   AND    RECTILINEAR   FIGURES 
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87.    From  a  point  without  a  straight  line,  to  let  fall 
a  perpendicular  upon  that  line. 


><c 


Given  a  straight  line  BC,  and  a  point  A  without  the  line. 

Required  a  perpendicular  from  the  point  A  to  the  line  BC. 

Construction.  From  A  as  a  center,  with  a  radius  suffi- 
ciently great,  describe  an  arc  cutting  BC  in  C'  and  D'. 

From  D'  and  C'  as  centers,  with  equal  radii  greater  than 
J  D'C',  describe  two  arcs  intersecting  at  0. 

Draw  AO  intersecting  BC  in  D. 

AD  m  the  required  perpendicular. 

[The  proof  is  left  to  the  'student.     Use  §  79.] 

Note.  We  can  infer  from  this  proposition  that  froui  a  point  withmd 
a  line  one  perpendicular  can  he  drawn  to  the  given,  line. 


Ex.  1.    Construct  the  three  altitudes  of  an  acute  triangle. 

Ex.  2.  Construct  the  three  altitudes  of  an  obtuse  triangle;  of  a  right 
triangle. 

Ex.  3.  From  your  construction  of  the  three  altitudes  of  a  triangle, 
what  can  you  say  about  these  three  hues  ? 

Ex.  4.  About  what  other  Hues  in  a  triangle  can  you  say  the  same 
thing? 

Ex.  5.  Construct  a  right  triangle  given  hypotenuse  and  an  angle  of  45^ 


42 


PLANE   GEOMETRY 


Proposition  XII.     Theorem 

88.   An  exterior  angle  of  a  triangle  is  greater  than 
either  remote  interior  angle. 


REASONS 

r  Every  line    has    a  bisector. 
!  A    st.    line    can    be    drawn 
between  two  points. 
[a  line  may  be  extended. 


Given  AABC  and  the  ext.  ZCBD. 
To  prove  Z  CBD  >  Z  C  or  ZA 

Proof 

STATEMENTS 

1.  Let  E  be  the  mid-point 
of  BC.     Draw  AE  and  pro-         i.  ^ 
duce  it  its  own  length  to  F 
Draw  FB. 

2.  In  A  ACE  and  FBE,  2.   Con. 

AE  =  EF. 

3.  EC  =  BE. 

4.  ZCEA  =   ZFEB. 

5.  AACE  ^  AFBE. 

6.  ZEBF  =  ZC. 

7.  ZCBD  >  ZEBF. 

8.  Hence  ZCBD  >  ZC. 

Note.     By  joining  the  mid-point  of  AB  to  C,  etc.,  it  follows  that 
ZABG  >  ZA,  ZABG  =  ZCBD, 
.'.ZCBD  >  ZA. 


3. 

Con. 

4. 

Vertical  A 

are  equal. 

5. 

s.  a.  s.  =  s. 

a. 

s. 

6. 

Corr.  parts 

of 

^  A  are 

=  . 

7. 

The  whole 

is 

greater 

than 

any 

of  its  parts. 

8. 

Sub. 

LINES  AND   RECTILINEAR   FIGURES 
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Ex.  1.    If    AD    is    a   st.    line,    prove   that 

(a)  Zl  >/2,  (6)  Zl  >ZZ),  (c)  Z1>Z3. 


Ex.  2.  If  DB  is  a  st.  line,  prove  that  (a)  Z  2  >  Z 1, 
(6)  Z3  >Z1. 

Ex.  3.  In  the  diagram  for  Proposition  XII, 
prove:  (a)  ZFBD>  ZF,  (6)  ZBEA  >ZACE, 
(c)   ZC^A  >  ZGBD,  id)   ZCBD  >  ZCEF. 


Ex.  2 


89.  Def.  a  transversal  is  a  line  that  intersects  two  (or 
more)  other  lines.  The  various  angles  formed  by  two  lines 
and  a  transversal  are  named  as  follows  : 

1,  2,  7,  8  are  exterior  angles. 

3,  4,  5,  6  are  interior  angles. 

1  and  8,  2  and  7  are  alternate  ex- 
terior angles. 

3  and  6,  4  and  5  are  alternate  in- 
terior angles. 

1  and  5,  2  and  6,  3  and  7,  4  and  8  are 
corresponding  angles. 

PARALLEL   LINES 

90.  Def.  Two  lines  are  parallel  if  they  lie  in  the  same 
plane  and  do  not  meet,  however 

far  produced  (in  each  direction). 

Thus,   AB    and    CD    represent    two 
parallel  lines.  C D 

91.  Axiom  16.  Two  intersecting  lines  cannot  both  he 
parallel  to  a  third  straight  line. 

Note.  We  assume  that  two  unlimited  straight  lines  in  the  same 
plane  either  intersect  or  are  parallel. 
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92.   Theorem.     Two  straight  lines  which  are  parallel  to  a 
third  straight  line  are  parallel  to  each  other, 

for  if  the  two  lines  should  meet,  we  should  have  two  intersecting 
straight  lines  parallel  to  a  third  straight  line,  which  contradicts  Axiom  16. 


Ex.  1.  In  the  diagrams  given  above,  tell  what  kind  of  angles  the 
following  are :  1  and  2,  3  and  4,  5  and  6,  7  and  8,  9  and  10,  11  and  12, 
13  and  14,  14  and  15,  16  and  17,  18  and  19,  18  and  20. 

Ex.  2.    If  ^B  and  BC  are  st.  lines,  is  it  pos-        A  -^i -^B 

sible  that 

(a)    Za  =  60°,  and  Zb  =  50°? 

(6)    Za  =  60°,  and  Zh  =  70°?  q 

(c)    Za  =  60°,  and  Zb  =  60°? 

Ex.  3.  Is  it  possible  that  the  prolongations  of  AB  and  CD  (i.e. 
toward  the  right)  meet  if 

(a)  Za  =  60°,  and  Zb  =  50°? 
(6)  Za  =  60°,  and  Zb  =  70°? 
(c)    Za  =  60°,  and  Zb  =  60°?  A :-y B 

Ex.  4.    Do    the    prolongations  of    BA   and    DC 
{i.e.  toward  the  left)  meet  if 

(a)  Za  =  60°,  Zb  =  70°? 
(6)  Za  =  60°,  Zb  =  50°? 
(c)    Za  =  60°,  Zb  =  60°? 

Ex.  5.   Can  the  lines  produced  meet  at  all  if 

(a)    Za  =  50°,  and  Z6  =  50°? 
(6)    Za  =  60°,  and  Zb  =  60°? 


Exs.  3-5 
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Proposition*  XIII.     Theorem 

93.    Tiro  lines  are  paralld  if  a  transversal  to  these 
lines  makes  a  pair  of  alternate  interior  angles  equal} 


Given  AC  and  DF.    intersected    by   BE   so   that    /..-±dE 

/.  BEF. 

To  prove  AC  11  DP. 


STATEMENTS 

AC     DF  or  AC  not 


2.  If  AC  and  DF  are  not 
parallel,  they  meet  at  a  pt. 
G,  forming  A  EBG. 

3.  AABE>  ABEG. 

4.  This   is   impossible. 

5.  .-.  AC  ii  DF. 


Proof 

REASONS 

]jF  .  i-    Only   two   suppositions   are 

admissible.     Sect.  91.  Note. 
2.    Def.  of  nonparallel  lines. 


3.  Ext.   Z  of  a  /!>  either  re- 
mote interior  angle. 

4.  Byh>T)..  AABE  =  A  BEG. 

5.  The   other   supposition  has 
been  proved  false. 


94.  AIethod  V.  To  demonstrate  that  t\vo  lines  are 
parallel,  prove  the  equality  of  a  pair  of  alternate  interior 
angles. 

1  In  this  proof  we  make  a  wrong  assumption,  viz..  that  two  lines  meet  if 
the  alt.  int.  A  are  equal.  The  diagram  which  illustrates  this  wrong  assump- 
tion must  necessarily  be  inaccurate,  and  hence  the  two  angles  are  not  exactly 
equal.  Similarly,  all  proofs  which  require  the  investigation  of  a  wrong  as- 
sumption (the  so-called  indirect  proofs)  are  illustrated  by  inaccurate  draw- 
ings, and  it  is  illogical  to  attempt  to  make  these  dra^ving5  exact. 
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Ex.  1.    Prove  that  AB  and  CD  are  parallel  if 
(a)    Ac  =  70°,     Z/  =  70°. 
(&)    Zc  =  60°,     Ze  =  120°. 

(c)  Za  =  110°,   Z/  =  70°. 

(d)  Zh  =  60°,     Z/  =  60°. 

(e)  Za  =  120°,  Zg  =  60°. 

Ex.  2.    Prove  that  AB  \\  CD,  if  Z6  =  Zf. 

Ex.  3.    Prove  that  AB  \\  CD,  if  Za  =  Zh. 

Ex.  4.    Prove  that  AB  \\  CD,  if  Zh  =  Zg. 

Ex.5.    If     Z1=Z2,    and     Z3=Z4,     prove     that      ^ 
AB\\DE.  C ^^A 

Ex.  6.    If    ZA  =  Z  D,    and    Z  3  =  Z  4,    prove    that 
AC  11  DF. 


Ex.  7.    If    BA  ±  AD,    ED  ±  AD,    and    Z3  =Z4, 
prove  that  AC  \\  DF. 


Ex3.  5-< 


Ex.  8.    If  AB  and  CD  bisect  each  other  in  E,  prove  that  AC  \\  DB. 

A p 

Ex.  9.    If  AB  =  DC,  and  Z3  =  Z4,  prove  that        /^""^x  7 

AD  II  BC.  /  \J 


B  C 

Ex.  10.    If  AB  =  DC,  and  AD  =  BC,  prove  that  Exs.  9,  lo 

AB  II  DC. 


Ex.  11.    If  AB  =  CD,  EC  =  BF,  Zl  = 

Z 2,  and  AD  is  a  st.  line,  then  AE  J!  DF.         A 


Ex.  12.   If  AE  =  DF,   AB  =  CD,   and 
EC  =  BF,  then  EC  jl  BF. 


Exs.  11-13 


Ex.  13.    If  AB  =  CD,   ZABF  =  ZDCE,   EC  =  BF,  and  AD  is 
straight  line,  then  AE  \\  DF. 
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/  Proposition  XIV.     Theorem 

V95.    Two  lines  are  parallel  if  a  transversal  to  these 
lines  makes  a  pair  of  eorresponding  angles  equal. 


Given  AB  and  CD.  intersected  bv  EF  so  that  Z  1  =  Z2. 


To 

prove 

.11? 

CD. 

Proof 

STATEMENTS 

REASONS 

X. 

Zl  =   Z2. 

1.    Hyp. 

2. 

Zl  =   Z3. 

2.    Vert.   A  are  =. 

3. 

Z2  =   Z3. 

3.  Things  =  to  the  same  thing 
are  =  to  each  other. 

4. 

.-.  AB    ;   CD. 

4.  Two  Hnes  are  „  if  a  pair  of 
alt.  int.   A  are  =. 

96.    Cor.    //  two  Jifies  are  perpendicular  to  a   third  line, 
they  are  parallel. 


Ex.  1.    In  the  diagram  for  Ex.  1.  p.  46.  if   Za  =  2  Zh,  and   Z/ 

60=,  then  AB     CD.  ' 

D  E 

Ex.2.  It  ZA=  70\  ZABD  =  ^0'-.  ZDBE 
=  50°,  and  AC  is  a  straight  hne.  prove  that 
AD  '  BE. 

Ex.  3.    If  BE  bisects   ZDBC.    ZABD  = 
30^    ZA  =  75=,  and  AC  is  a  straight  line,    A 
then  AD     BE.  ^^--  -"^ 

Ex.  4.    If  AB  =  BD  s^nd  ZD  =  ZEBC,  then  AD     BE. 
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Proposition  XV.     Theorem 

97.  Two  lilies  are  "parallel  if  a  transversal  to  these 
lines  makes  a  pair  of  interior  angles  on  the  same  side 
of  the  transversal  supplementary. 


Given  AB  and  CD,  intersected  by  EF  so  that  Z  1  and  Z  2 
are  supplementary. 

To  prove  AB  \\  CD. 


Proof 


STATEMENTS 

1.  Zl  is  the  sup.  of  Z2. 

2.  Z3is  the  sup.  of  Z2. 

3.  Zl  =  Z3. 

4.  /.  AB  II  CD. 


reasons 


1.  Hyp. 

2.  If  two  adj.  A  have  their  ext. 
sides  in  a  st.  line,  they  are  sup. 

3.  Supplements  of  the  same  Z 
are  equal. 

4.  Lines  are  ||  if  a  pair  of  alt. 
int.  A  are  equal. 


98.   Method  VI.     Sometimes  lines  are  demonstrated  to 
be  parallel  by  proving  that : 

{a)  Two  corresponding  angles  are  equal,  or 
(6)  Two  interior  angles  on  the  same  side  of  a  transversal 
are  supplementary. 
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Ex.  1.    If  Af  =  BE.  AB  =  CD.   LA  =  Z2.  and  AD  is  a  st.  line, 
prove  that  CF  I  DE. 


Ex.  1 


Ex  2.    If  BE  bisects   AB,  CE  bisects   ZC,  and   Zl  -r  Z2  =  90% 

then  BA     CD. 


Ex.  3.    li  AB  =  ED  and   Z  D  is  the  supplement  of  ZABE.  then 

AD     BE. 


I      I 


4 


Ex.  3 


Ex.  4 


Ex.4.    U    AA- /B -AC  -  LD  =  o-A^'-.     A  A  =^ 
AD.  then  AD     BC . 


*Ex.  5.    If  Zl  =Z 


Z3.  then  EF     GH 


99.  To  construct  figures  whose  parts  bear  certain  relar- 
tions  to  each  other,  we  employ  the  same  methods  as  for 
pro\'ing  these  relations.  Thus,  to  draw  a  line  parallel  to 
another,  we  may  construct  a  pair  of  equal  alt.  int.  A  ; 
to  make  an  Z  eq^al  to  another  Z  we  use  a  construc- 
tion (86)  which  really  involves  the  constructwn  of  con- 
gruent A.  etc. 
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Proposition  XVI.     Problem 


100.    Through  a  given  point  to  draw  a  parallel  to 
a  given  line. 

Cj 


Given  line  AB  and  point  0. 
Required  the  line  through  0  \\  AB. 

Construction.     Through  0  draw  DC,  intersecting  AB  in  D. 

At  0  construct  ZCOB'  =  ZODB.  (86) 

A'B  is  the  required  line. 

Hint.     What  are  the  means  of  proving  that  two  lines  are  parallel? 

Note.  If  previous  constructions  are  emploj^ed  in  a  problem,  the 
details  of  such  construction  should  not  be  stated.  Thus,  in  the  preceding 
problem  it  would  be  awkward  and  illogical  to  describe  the  method  of 
making  ZCOB'  =  ZODB. 

The  beginner,  however,  should  draw  all  such  details.  In  other  words 
the  construction  should  be  carried  out  exactly  by  means  of  ruler  and 
compasses. 


Ex.  1.    Through  a  given  point  to  draw  a  line  parallel  to  a  given  Hne, 
by  means  of  equal  alt.  int.  A. 

Ex.  2.    Through  a  given  point  to  draw  a  line  parallel  to  a  given 
line  by  means  of  Ex.  8,  p.  46. 
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Proposition  XVII.     Theorem 

101.  Two  lines  are  not  parallel  if  a  transversal  to 
these  lines  makes  a  pair  of  alternate  interior  angles 
unequal. 


Given  AB  and  CD  cut  bj-  a  transversal,  so  that 

Z1>Z2. 
To  prove  AB  is  not  ||  CD. 


Proof 


STATEMENTS 

1.  Draw  EF  so  that 

ZFEG  =  Z2. 

2.  EF  II  CD. 

3.  .*.  AB  is  not  II  CD. 


REASONS 

1.  To  draw  a  line  to  make  a 
given  Z  with  a  given  line. 

2.  Two  lines  are   |I  if  a  trans- 
versal makes  the  alt.  int.  A  equal. 

3.  Two  intersecting  lines  can- 
not both  be  i!  to  a  third  line. 


102.    Cor.     Two  lines   respectively   perpen- 
dicular to  two  intersecting  lines  are  not  parallel. 

HixT.     Prove  Z  1  >  Z  2. 


103.  A  proposition  is  the  converse  of  another  when  the 
hypothesis  and  the  conclusion  of  the  one  are  respectively  the 
conclusion  and  the  hypothesis  of  the  other. 
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Proposition  XVIII.     Theorem 

104.    //  two  parallels  are  cut  by  a  transversal,  the 
alternate  interior  angles  are  equal, 

[Converse  of  Prop.  XIII.] 

A  E  B 


Given  parallel  lines  AB  and  CD,  and  the  alt.  int.  A  1  and  2. 
To  prove  Zl  =  Z2. 


Proof 


STATEMENTS 

1.  Either  Zl  =Z2, 
or  Zl  F^  Z2. 

2.  Suppose  that  Z  1  5^  Z  2, 

then  AB  is  not  jl  to  CD. 

3.  But  this  is  impossible. 

4.  .-.   Zl  =Z2. 


REASONS 


1.  Only  two  suppositions  are 
admissible. 

2.  Two  lines  are  not  1|  if  a 
transversal  to  these  lines  makes  a 
pair  of  alt.  int.   A  unequal. 

3.  AB  il  CD,  by  hyp. 

4.  The  other  supposition  has 
been  proved  false- 


105.    CoR.     7/  a  transversal  is  perpendicular  to  one  of  two 
parallel  lines,  it  is  perpendicular  to  the  other  also. 


Ex.  1.   Two  II  lines  AB  and  CD  are  cut  by  a 
transversal. 

(a)  If  Zc  =  70°,  find  Zf. 

(b)  If  Zc  =  80°,  find  Ze. 

(c)  If  Zc  =  75°,  find  Zg. 
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Ex.  2.    If  AB  „  CD,  and 

(a)    /La  =  \\0\  find   //. 
(6)    Z5  =  80%  find  /(?• 
(cj    Z/2  =  100=,  find  Z6. 

Ex.  3.    If  AB  :  CD,  prove  that 

(a)    /La  =  Z.e.  (d)    Zc  is  the  sup.  of -Ze. 

(6)    Z6  =  Z/.  (e)    Zg  is  the  sup.  of  Zd. 
(c)    Za  =Z/^^.  . 
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Ex.  4.  If  .4  D  =  BC,  and  .-1 D     BC.  then  Z  3  =  Z  4. 
Ex.  5.  If  .4  B  ,  CD,  and  A  D    BC,  then  Z  B  =  Z  D. 


B        C 

Exs.  4,  5 


Propositiox  XIX.     Theorem 

106.   //  two  parallel  lines  are  cut  by  a  trarisversal 
the  corresponding  angles  are  equal. 
[Converse  of  Prop.  XIV.] 


Given  parallel  lines  AB  and  CD  and  the  corr.  A  1  and  2. 
To  prove  Zl  =  Z2. 

Proof 


STATEMENTS 

REASONS 

1. 

2. 
3. 

Zl    =    Z3. 

Z2  =   Z3. 
.-.    Zl  =  Z2. 

1.  Vertical  A  are  equal. 

2.  Alt.   int.    A  of    .    lines  arr 
equal. 

3.  Things   equal   to   the   same 
thing  are  equal  to  each  other. 
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Ex.  1.    If 

prove  that 

(a) 
(h) 
ic) 


AB  II  CD  and  EF  \\  GH, 

Zl  =Z3. 
Z4  =Z5. 
Z2  =Z7. 


Ex.  2.   If  AB  II  CD,  and  EH  is  sl  st.  line,  find  the  numerical  value  of 

(a)  Zd,  if  Zg  =  80°. 

(6)  Za,  if  Z/i  =  60°. 

(c)  ZFGi7,  if  Z6  =  60°,  and  Zc  =  70". 

(d)  Zb,if  ZFGH  =  140°,  and  Zc  =  80°. 

(e)  Zf,  if  Z&  =  65°,  and  Zc  =  70°. 
(/)  Zh,  if  Zf  =  50°,  and  Zc  =  70°. 
(g)  Z  HGF,  if  Ze  =  55°,  and  Zc  =  75°. 

Ex.  3.    If  AB  II  CD,  prove  that 

(a)  ZFGH  =Zb-\-Zc. 

(h)  Zf  =  180°  -Zh  -Zc. 

(c)  ZC^iy  =Zf  +  Zc. 

(d)  Zh  +Zf  +  ZC  =  180°. 


Ex.  4.    Prove  that  the  sum  of  the  three  angles  of 
AABC  equals  180°. 


E*.  4 


Ex.  5.   If  ACD  is  an  ext.  angle  of  A  ABC,  then 
ZACD  =  ZA  +ZB. 


Ex.  6.    If  AD  is  a  st.  line,  AB  =  CD, 
AF  II  BE,  and  CF  \\  DE,  then  DE  =  CF. 


Ex.  7.   If  AB  =  CD,  CF  =  DE,  CF 

and  AD  is  a  st.  line,  then  AF  =  BE. 


DE, 
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Proposition  XX.     Theorem 

107.  //  two  parallel  lines  are  cut  by  a  transver- 
sal, the  interior  angles  on  the  same  side  of  the  trans- 
versal are  supplementary. 

[Converse  of  Prop.  XV.] 


Given  AB  ||  CD,  and  the  int.  Al  and  2,  lying  on  the  same 
side  of  a  transversal. 

To  prove  Z 1  is  the  sup.  of  Z  2. 


Proof 


STATEMENTS 

1.  AB  II  CD. 

2.  Zl  =  Z3. 

3.  ZSissup.  of  Z2. 

4.  .*.  Z  1  is  sup.  of  Z  2. 


REASONS 

1.  By  hyp. 

2.  Alt.  int.  .^of  lis  are  =. 

3.  If  two  adj.  A  have  their 
exterior  sides  in  a  st.  Hne,  they 
are  sup. 

4.  Sub. 


Ex.1.   KABllCAand^DllBC, 
prove 

(a)    Z  2  is  the  sup.  of  Z  D. 
(6)    I A  =AC. 

Ex.  2.   If    ED  II  AB,    AC  =  CD, 

and  EB  and  A D  are  st.  lines,  A  ABC   A 
^  ACDE. 


Ex.  1 
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Ex.  3.    If  the  opposite  sides  of  a  quadrilateral  are 
parallel,  they  are  also  equal. 


Ex.  4.    If  two   sides  of   a  quadrilateral   are  equal    ^  B 

and  parallel,  the  other  two  sides  are  equal  and  parallel.  Exs.  3,  4 


Ex.  5.  If  AB  =  ED,  BC  \\  FE,  AF  \\  DC,  and 
AD  is  a  St.  hne,  AAEF  must  be  congruent  to 
A  BCD. 

Ex.  6.  If  AB  =  ED,  BC  =  FE,  BC  \\  FE,  and 
AD  is  a  St.  line,  AF  must  equal  CD. 


Ex.  7.    If  AB  !|  CD,  AD  \\  BC,  AE  =  FC,  and 
AC  in  a  st.  line,  then  DE  \\  BF.     (Apply  Ex.  3.) 


Ex.  7 


B 


Ex.  8.    The  bisectors  of  a  pair  of  corresponding  angles  formed  by 
parallel  lines  are  parallel. 

Ex.  9.    In  the  diagram  below,  if  Z  1  =  Z  2,  then  Z  3  =  Z  4. 

A  B 

3 


Ex.  9 

*Ex.  10.    If  in  the  diagram  above,  AB  \\  CD,  prove  that    Zl  = 

Z2+Z3. 

FED 


*  Ex.  11.     If  in  the  diagram,  AC  \\  FD, 
AF  il  CD,  and  FB  \\  EC,  prove  that 

AAFB^AECD. 
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Proposition  XXI.     Theorem 

108.  Two  angles  whose  corresponding  sides  are 
parallel  and  extend  in  the  same  direction  from  their 
vertices  are  equal,         /A 


Given  IB  and  AB'  with  AB  j|  A'B'  and  BC  \\  B'&. 
To  prove  AB  =  AB'. 


Proof 

STATEMENTS 

1.  AB  11  A'B'  and  BC  \\  B'C'. 

2.  Produce,  if  necessary, 
BC  and  B'A'  until  they  meet 
at  D. 

3.  AB  =  A3  and  AB'  = 
AS. 

4.  .-.  AB  =   AB'. 


REASONS 

1.  Hyp. 

2.  Two  intersecting  lines  can- 
not both  be  II  to  a  third  st.  line. 

3.  Alt.  int.   ^  of  II  lines  are  =. 


4.    Things  =  to  the  same  thing 
are  =  to  each  other. 


109.    Cor.     Angles  whose  corresponding  sides  are  parallel 
are  either  equal  or  supplementary. 

Thus,  in  the  diagram  opposite,  if  the  correspond- 
ing sides  are  parallel,  A  1  and  3  equal  ZA,  and  A2  /    /A 
and  4  are  sup.  oi  ZA.                                                                q/i 

Note.     Two  A  are  equal  if  their  sides  are  paral- 
lel right  side  to  right  side  and  left  side  to  left  side. 
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TRIANGLES  —  PART   H 

/  Proposition  XXII.     Theorem 

110.    The  sum  of  the  angles  of  a  triangle  is  equal  to 
a  straight  angle. 

D ,-^_ E 


Given  AABC. 

To  prove         Z A  +  Z5  +  ZC  =  a  st.  Z 


Proof 


STATEMENTS 

1.  Through  A  draw  DE  \\ 
BC. 

2.  Zl  =  ZB. 

3.  Z2=ZC. 

4.  ZA  +Z1  +Z2   =    a 
St.  Z. 

5.  .-.  ZA  -\-ZB  +ZC  =  a 
St.  Z. 


REASONS 

1.  Through  a  given  pt.  to  draw 
a  line  ||  to  a  given  Hne. 

2.  Alt.  int.  A  of  ||  lines  are  =. 

3.  Alt.  int.   A  of  ||  lines  are  =. 

4.  The  whole  equals  the  sum 
of  its  parts. 

5.  Sub. 


111.  Cor.  1.  In  a  triangle  there  can  be  at  most  one  obtuse 
angle  or  one  right  angle. 

112.  Cor.  2.  The  acute  angles  of  a  right  triangle  are  com- 
plementary. 

113.  Cor.  3.  If  two  triangles  have  two  angles  of  the  one 
equal  respectively  to  two  angles  of  the  other,  the  third  angles  are 
equal. 
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114.  Cor.  4.  Two  triangles  are  congruent  if  two  ayigles  and 
the  side  opposite  one  of  them  are  equal  respectively  to  two  angles 
and  the  corresponding  side  of  the  other  (s.  a.  a.  =  s.  a.  a.). 

115.  Cor.  5.     Each  angle  of  an  equiangular  triangle  is  60^. 

116.  Cor.  6.  Two  right  triangles  are  corigruent,  if  the 
hypotenuse  and  an  acute  angle  of  one  triangle  are  equal  to  the 
hypotenuse  and  an  acute  angle  of  the  other  triangle. 

HixT.     Use  Cor.  4. 

117.  Cor.  7.  Two  right  triangles  are  congruent,  if  an  arm 
and  an  acute  angle  of  one  triangle  are  equal  to  an  arm  and  the 
corresponding  acute  angle  of  the  other  triangle. 

118.  Cor.  8.  From  a  point  without  a  line  there  can  be  only 
one  perpendicular  to  that  line. 

A 


B  P  D  C 

Given  point  A  outside  line  BC.  AD  ±  BC,  AP  any  other  line 
from  A  to  BC. 


To  prove 


.-IP  is  not  ±  to  BC. 
Proof 


STATEMENTS 

1.  At  least  one  ±  AD  can 
be  drawn  to  BC. 

2.  Zl  is  art.  Z. 

3.  Z2  is  an  acute  Z  . 

4.  .-.  AP  is  not  ±  BC. 


REASONS 

1.  From  a  pt.  without  a  line, 
to  let  fall  a  ±  to  that  Une  (Prop. 
XI). 

2.  Def.  of  ±. 

3.  A  right  A  has  two  acute  A. 

4.  A  P  does  not  form  rt.  A  with 
BC. 
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Ex.  1.  Find  the  value  of 

(a)  ZA,  if  ZB  =  60°,  and  ZC  =  50°. 

(6)  ZB,  if  /.A  =  7n°,  and  /LC  =  n°. 

(c)  Z3,  if  ZA  =  50°,  and  ZB  =  70°. 

(d)  Z4,  if  Z2  =  110°,  and  ZA  =  60°. 

(e)  Zl,  if  Z4  =  40°,  and  ZS  =  70°. 
(/)  Z3,  if  Z2  =  140°,  and  Zl  =  120°. 
(g)  ZA  -^ZB,ii  ZC  =  m°.  Ex.  i 

Ex.  2.    If  C  is  the  vertex  angle  of  isosceles  triangle  ABC,  find 
(a)    ZA,ii  ZC  =  40°.  (c)    ZC,  if  Z  A  =  40°. 

(6)    ZB,  if  ZC  =  m°.  (d)    ZC,  if  ZB  =  7i°. 

Ex.  3.    How  many  degrees  are  there  in  each  angle  of  an   isosceles 
right  triangle  ? 

Ex.  4.    If  two  angles  of  a  triangle  are  60°  and  40°  respectively, 
what  is  the  angle  formed  b}^  the  bisectors  of  these  angles  ? 

Ex.  5.    If  two  angles  of  a  triangle  are  given,  construct  the  third. 

Ex.  6.    If  a  base  angle  of  an  isosceles  triangle  is  given,  construct 
the  vertex  angle. 

Ex.  7.    If  the  vertex  angle  of  an  isosceles  triangle  is  given,  construct 
a  base  angle. 

Ex.  8.    Construct  angles  of  60° ;  30° ;   120° ;   75°. 

Ex.  9.    The  bisectors  of  two  interior  angles  on  the  same  side  of  a 
transversal  to  two  parallel  lines  are  perpendicular  to  each  other. 

Ex.  10.    If  CB  and  DE  are  drawn  respectively  perpendicular  upon 
the  sides  of  angle  A,  prove  ZACB  =  Z  ADE. 

Ex.  11.    If  CD  is  the  altitude  upon  the  hypotenuse  of  right  triangle 
ABC,  prove  ZACD  =  ZB. 

Ex.  12.    If  CD  and  AE  are  altitudes  of  triangle  ABC,  prove  Z  BCD 
=  ZBAE. 

Ex.  13.    Find  the  sum  of  the  four  angles  of  a  quadrilateral. 
Ex.  14.    If  two  angles  of  a  triangle  are  equal,  the  bisector  of  the 
third  angle  divides  the  figure  into  two  congruent  triangles. 

Ex.  15.    The  altitudes  upon  the  arms  of  an  isosceles  triangle  are 
equal. 

Ex.  16.    The  lines  dra\\Ti  from  the  m.id-point  of  the  base  of  an  isosceles 
triangle  perpendicular  to  the  arms  are  equal. 
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Proposition  XXIII.     Theorem 

119.    //  tico  angles  have   their  sides   respectively 
perpendicular,  they  are  either  equal  or  supplementary. 


Given  A  CAD  and  FEE  with  AD  ±  BE,  AC  _L  BE, 

To  prove  ZCAD  =  ZFBE    and     ZCAD  suppl.   to    ZFBI. 

Proof 


STATEMENTS 

1.  Extend  BE  to  G,  BE  to 
U,  and  BI  to  J. 

2.  ABGH    and    AJH    are 
right  ^ . 

«    ,' ZdZ)   is   comp.     Zl. 
1  ZFS^   is    comp.     Zl. 

4.  .'.    ZCAZ)  =  ZFBE. 
Also, 

5.  ZFBE  is  sup.   ZF57. 

6.  /.  ZC-ID  sup.   ZFBI. 


REASONS 

1.  A  line  may  be  extended. 

2.  Js  form  right  A. 

3.  The  acute    ^  of  a  right  A 
are  complementary  A. 

4.  Compl.  of  the  same  Z  are  =. 

5.  Two  A  are  sup.  if  their  ext. 
sides  lie  in  the  same  st.  line. 

6.  Sub. 


Note.     Two   A  whose  sides  are  ±  right  to  right  and  left  to  Ipft, 
are  equal. 
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Proposition  XXIV.     Theorem 

120.    An  exterior  angle  of  a  triangle  is  equal  to  the 
sum  of  its  two  remote  interior  angles. 


B  C 

Given  the  ext.  ZACD  of  AABC. 
To  prove  Z  ACD  =  Z.A+  AB. 

Proof 

STATEMENTS 

Draw  CE  \\  BA. 


1. 

2. 

3. 

4. 

5. 
6. 


Zl  =   ZA. 

Z2  =   ZB. 

Zl  +Z2  =  ZA  +  ZB. 


ZACD 
ZACD 


=  Z1+Z2. 
=  ZA-}-ZB. 


1. 

line 
2. 

3, 

4, 


REASONS 
Through   a   pt.    to   draw- 


to  a  given  line. 
Alt.  int.   A  of  II  lines  are  =. 
Corr.    A  of  |!  lines  are  =. 
If   =  be  added  to    =  their 
sums  are  equal. 

5.  Whole   =  sum  of  its  parts. 

6.  Things    =    same   thing   are 
=  to  each  other. 


Ex.  1.  Given  two  angles  of  a  triangle,  construct  an  angle  equal  to 
the  remote  exterior  angle. 

Ex.  2.  Given  an  exterior  angle  and  a  remote  interior  angle  of  a 
triangle.     Construct  an  angle  equal  to  the  other  remote  interior  angle. 

Ex.  3.  If  two  angles  of  a  triangle  are  equal,  the  bisector  of  the 
remote  exterior  angle  is  parallel  to  the  opposite  side  of  the  triangle. 

Ex.  4.  If  at  each  vertex  of  a  triangle,  one  exterior  angle  is  drawTi, 
the  sum  of  the  three  angles  is  equal  to  four  right  angles. 

Ex.  5.  The  sum  of  two  exterior  angles  of  a  triangle  diminished  by 
the  third  interior  angle  is  equal  to  two  right  angles. 

*  Ex.  6.  If  the  sum  of  two  exterior  angles  of  a  triangle  is  equal  to 
three  right  angles,  the  triangle  is  a  right  one. 
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Propositiox  XXV.     Theorem 

121.    //  two  angles  of  a  triangle  are  equaL  the  sides 
opposite  these  angles  are  equal.     [Converse  of  Prop.  IV.] 

c 


A 

3            B 

Given  A  ABC,  with 

ZA 

=  ZB. 

To  prove 

AC 

=  BC. 

Proof 

STATEMENTS 

REASONS 

1.    Draw    the    bisector 

of 

1.    Every  Z  has  a  bisector 

ZC  and  extend  it   to 

meet 

AB  at  D. 

2.          ZA  =  ZB. 

2.    Hyp. 

3.          Zl  =  Z2. 

3.    Cons. 

4.           CD  =  CD. 

4.    Iden. 

5.    AACD^ABCD. 

5.    s.  a.  a.  =  s.  a.  a. 

6.      .-.  AC  =  BC. 

6.    Corr.  sides  of  =  i.  are 

122.  Cor.     Ati  equiangular  triangle  is  also  equilateral. 

123.  Method  VIL  Propositions  IV  and  XXV  are  oc- 
casionally used  to  prove  the  equaUty  of  lines  or  the  equaUty 
of  angles.     (Compare  note  on  p.  .31.) 


Ex.  1.  If  the  vertex  angle  of  an  isosceles  triangle  is  60^,  the  triungle 
is  equilateral. 

Ex.  2.  The  bisectors  of  the  base  angles  of  an  isosceles  triangle, 
together  with  the  base,  form  an  isosceles  triangle. 
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Proposition  XXVI.     Theorem 

124.  Two  right  triangles  are  congruent  if  the 
hypotenuse  and  an  arm  of  the  one  are  respectively 
equal  to  the  hypotenuse  and  an  arm  of  the  other. 
Qiy.  arm  =  hy.  arm.) 


Given  AABC  and  A'B'C',  with  AB  =  A'B\  AC  =  A'C',  and 
the  rt.  ziCand  C' . 


To  prove 


AABC  ^  /\A'B'C'. 
Proof 


STATEMENTS 

1.  Place  AA'B'C'  so  that 
A'C'  coincides  with  AC,  and 
that  B  and  B'  fall  on  opposite 
sides  of  AC. 

2.  ABC  A  and  B'CA  are 
rt.  A. 

3.  ABCB'  is  a  St.  Z. 

4.  BC  and  CB'  form  a  st. 
line  BCB'. 

5.  BC5'A  is  a  A,  with 
AB  =  .45'. 

6.  AB  =  AB\ 

7.  .-.   AA5C  ^  AA'5'C'. 


REASONS 

f  Axiom  19. 

\Also,  AC  =  A'C,  by  hyp. 


2.  Hyp. 

3.  A  St.  Z  =  sum  of  2  right  A. 

4.  Def.  St.  Z. 

5.  AB  =  A'B',  by  hyp. 

6.  The  base  A  of  an  isos.    A 
Te  =. 

7.  (116) 
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125.    Every  point  in  the  perpendicular-bisector  of  a 
line  is  equidistant  from  the  extremities  of  that  line. 


A  D  3 

Given  PD.  the  perpendicular-bisector  of  AB.   and  C  any 
point  in  PD. 

To  prove  CA  =  CB. 


Proof 


STATEMENTS 

1. 

AD  =  DB. 

2. 

PD  _  AB. 

3. 

Zl  =Z2. 

4. 

DC  =  DC. 

5. 

A  A  DC  ^  _BDC 

6. 

:.  CA  =  CB. 

AB- 


REAS0^•5 

1.  By  hyp..    PD   bisect. 

2.  Hyp. 
|_kformrt.   A. 
\Ri^t  A  are  =. 

4.  IdeiL 

5.  5.  a.  5.  =  5.  a.  s. 

6.  Corr.  sides  oi  ^  ±  are  =. 


XoTii,     The  eonvprse  theorem  is  the  corollary  on  p.  36. 


Ex.  1.  In  a  given  line  AB  find  a  point  equidistant  firom  twt>  given 
points  P  and  Q. 

Ex.  2.  In  a  given  circle  find  a  point  equidistant  from  two  given 
points. 

Ex.  3.    Find  a  point  equidistant  from  three  gwen  points. 

Ex.  4.  Given  three  fixed  points  A,  B.  and  C.  Required  to  con- 
struct a  point  X,  so  that  AX  =  BX,  and  CX  =  ^ inch. 
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Proposition  XXVIII.     Theorem 


126.    Every  point  in  the  bisector  of  an  angle  is  equi- 
distant from  the  sides  of  the  angle. 

,B 


Given  AD  the  bisector  of  ZBAC,  and  0  any  point  in  AD 
and  OP  ±  AB,  OP'  _L  AC. 

To  prove  0  is  equidistant  from  AB  and  AC  {i.e.  OP  =  OP'), 

Proof 

STATEMENTS 

1.  Zl    =  Z2. 

2.  OP±AB,  OP'±AC. 

3.  AAPO    and    AP'O    are 
rt.  A. 

4.  AO  =  AO. 

5.  AAPO  ^  AAP'O. 

6.  /.  OP  =  OP'. 

127.    Cor.     Every  point  equidistant  from  the  sides  of  an 
angle  is  in  the  bisector  of  that  angle. 
[Converse  to  Prop.  XXVIII.] 

Hint.  Student  should  write  out  carefully  the  proof  of  this  corollary. 
Prove  AAPO  and  AP'O  are  congruent  and  consequently  Z  1  =  Z2. 

Ex.  1.  In  a  given  line  AB  to  find  a  point  equidistant  from  the  sides 
of  the  given  Z  DEF. 

Ex.  2.  In  a  given  circle  find  a  point  equidistant  from  two  given 
lines. 

Ex.  3.     Find  a  point  equidistant  from  three  given  lines. 


REASONS 

1.  By  hyp.,  AD  bis.  ZBAC. 

2.  Hyp. 

3.  -is  form  rt.   A. 

4.  Iden. 

5.  Hy.  Z  acute  =  hy.  Z  acute. 

6.  Corr.  sides  of  =  A  are  = . 
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UNEQUAL   LINES   AND   UNEQUAL   ANGLES 
Proposition  XXIX.     Theorem 

128.    The  sum  of  two  sides  of  a  triangle  is  greater 
than  the  third  side.  A 


Given  AACB. 

To  prove  AB  -\-  AC  >  BC. 

Hint.     See  Axiom  14. 


Ex.  1.    Is  it  possible  to  draw  a  triangle  whose  sides  are 

(a)  4  in.,  5  in.,  10  in.?  (b)   8  in.,  19  in.,  12  in.? 

(c)    4  ft.,  12  ft.,  8  ft.?  (d)  6  in.,  2  in.,  5  in.? 

A  F 


Ex.  2.    Prove     that     the     perimeter    of     polygon     g 
ABCDEF  >  perimeter  of  A  ACE. 


Ex.  3.  If  in  A  ABC,  AC  =  BC,  and  a  point  D  in  the  prolongation 
of  AC  be  connected  with  B,  then  DA  >  DB. 

Ex.  4.  If  in  the  side  BC  of  A  ABC  any  point  D  be  taken,  then 
AB  +  BC  >  AD  +  DC. 

Ex.  5.  If  from  any  point  E  in  AABC,  EB  and  EC  are  drawn,  then 
AB  +  AC  >  EB  +  EC. 

Hint.     Produce  BE  until  it  meets  AC  in  D. 

Ex.  6.  The  difference  of  any  two  sides  of  a  triangle  is  less  than  the 
third  side. 
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Proposition  XXX.     Theorem 


129.  If  two  sides  of  a  triangle  are  unequal,  the 
angles  opposite  are  unequal,  and  the  greater  angle  is 
opposite  the  greater  side. 


B 

E 

C 

Given  AABC  with 

AC  >  AB. 

To  prove 

ZB  >  AC. 

Proof 

STATEMENTS 

REASONS 

1.   Draw  the  angle-bisec- 

1.   Every    Z    has   a   bisector. 

tor  AE. 

2.    On  AC  lay  off  AD  = 
AB. 

2.    A  line  may  be  laid  off  on 
another  line. 

3.    Draw  DE. 

3.    Ax.  13. 

4.              AB  =  AD. 

4.    Con. 

5.               AE  =  AE. 

5.    Iden. 

6.              Zl  =Z2. 

6.    Con. 

7.       AABE  ^  AADE 

7.   s.  a.  s.  =  s.  a.  s. 

8.            Z5=Z3. 

8.    Corr.    A  of  congruent    A 

9.             Z3>ZC. 

are  =. 
9.    (88). 

10.        .*.    ZB  >  AC. 

10.   Sub. 

Ex.  1.    If  one  arm  AC  of  an  isosceles  triangle  ABC  is  produced  to 
D,  then  Z  ABD  >  Z  ADB. 

Ex.  2.    In  AABC,  AB  >  AC,  and  ZA  =  60°.     Which  is  the  great- 
est angle  of  the  triangle? 
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Proposition  XXXI.     Theorem 

130.  //  two  angles  of  a  triangle  are  unequaL  the 
sides  opposite  are  unequal,  and  the  greater  side  is 
opposite  the  greater  angle. 

[Converse  of  Prop.  XXX.] 


Given  A  ABC,  with 
To  prove 

STATEMENTS 

1.   Either  h  <  c,  or  h 


Proof 


c. 


or  h>c. 

2.  If  6<c.  then  ZB<ZC. 

3.  This  is  impossible. 

4.  If   5  =  c,   then    ZB  = 
LC. 

5.  This  is  impossible. 

6.  .-.  5  >  c. 


REASONS 
3     5  appositions 


1.  Only 
po5.sible. 

2.  In  a  A,  the  greater   Z  lies 
opp.  the  greater  side. 

3.  Byh\-p.,  ZB  >  AC. 

4.  The  base    A  of  an  isos.   A 
are  equal. 

5.  By  hyp.,  ZB  >  Z.C. 

6.  The  other  two  suppositions 
are  false. 


131.  Cor.  The  perpendicular  is  the  shortest  line  that  can 
he  drawn  from  a  point  to  a  given  line.     (118) 

Note.  The  method  used  in  the  above  proof  is  known  as  the  indirect 
method.  Instead  of  showing  that  a  certain  conclusion  is  true,  we  ex- 
amine a/Z  conclusions  which  contradict  the  one  to  be  proved,  and  dem- 
onstrate that  these  are  false.  Thus,  in  order  to  demonstrate  a  =  6,  we 
simply  prove  that  the  statement  a  9^  h  is  false.  Or  to  prove  m  >  n,  we 
disprove  the  only  contradictor^- conclusions,  viz.  rn  =  n,  and  m  <  n. 
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Ex.  1.  Which  is  the  greatest  side  of  a  right  triangle  ?  Of  an  obtiise 
triangle  f 

Ex.  2.  If  two  angles  of  a  trian^'le  are  50°  and  60°  respectively, 
which  is  the  greater  of  the  two  opposite  sides  ?  Which  is  the  greatest- 
side  of  the  triangle  ?     Which  is  the  shortest  ? 

Ex.  3.  If  in  AABC,  AB  >  AC  and  Z  B  =  60°,  which  is  the  greatest 
side  of  the  triangle?   Which  is  the  smallest? 

Ex.  4.  If  in  AABC,  AB  >  AC,  and  Z  A  =  60°,  which  is  the  great- 
est side  of  the  triangle? 

Ex.  5.  If  Z  A  of  AABC  equals  two  thirds  of  a  right  angle,  and  the 
exterior  angle  DBC  equals  110°,  which  is  the  greatest  side  of  the  tri- 
angle? Wliich  is  the  shortest? 

A 


Ex.  5  Ex. 

Ex.  6.    If  in  AABC,  AB  =  AC,  prove  that  DC  >  DB. 

Ex.  7.    In  A  ABC,  AC  >  BC.     If  the  bisectors  of  angles  A  and 
B  meet  in  D,  prove  AD  >  BD. 

C 


Ex.  8.    AC  >  BC,  AD  A.  AC,  and  DB  ±  BC. 
Prove  BD>  AD.  A 


Ex.  9.    Prove  Prop.  XXXI  directly. 
Hint.     At  B  draw  Z  CBD  =  AC. 


Ex.  8 


Ex.  10.    The  sum  of  the  altitudes  of  a  triangle  is  less  than  the  perim- 
eter of  the  triangle. 


UNEQUAL  LINES   AND    UNEQUAL   ANGLES 
Proposition  XXXII.     Theorem 
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132.  If  two  triangles  have  two  sides  of  the  one  equal 
respectively  to  two  sides  of  the  other,  but  the  included 
angle  of  the  first  greater  than  the  included  angle  of  the 
second,  then  the  third  side  of  the  first  is  greater  than 
the  third  side  of  the  second. 


Given  A  ABC  and  A'B'C'  with 

AB  =  A'B',  AC  =  A'C',   ZA  >   ZA\ 
To  prove  BC  >  B'C'. 


Proof 

STATEMENTS 

REASONS 

1. 

Apply  AA'B'C'  to  AABC 

1.    By  hyp.,  AB  =  A'B*  and 

so  that  A'B'  coincides  with  AB. 

Ax.  19. 

2. 

A'C'  will  fall  between  AB 

2.    By   hyp.,     ZA>A\ 

and  AC  as  AC'. 

3.   Draw  AD  bisecting  Z  CAC' 
to  meet  BC  in  D,  and  draw  DC'. 

2   r  Every  Z  has  a  bisector 
"  \  To  draw  a  st.  line. 

4. 

AC'  =  AC. 

4.   Hyp. 

5. 

L\  =  Z2. 

5.    Con. 

6. 

AD  =  AD. 

6.    Iden. 

7. 

AC  AD  ^  ACAD. 

7.    s.  a.  s.  =  s.  a.  3. 

8. 

DC'  =  DC. 

8.   Why? 

9. 

BD  -\-  DC'  >  BC'. 

9.    (128). 

10. 

BD  -\-  DO  BC'. 

10.   Sub. 

11. 

.'.  BC  >  BC'  or  B'C'. 

11.   Sub. 
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Ex.  1.    If  0  and  0'  are  two  equal 
circles,  and 

ZA'O'B'  >  Z.AOB, 
then  A'B'  >  AB. 


Ex.  2.    If  in  triangle  ACS  the  median  AD 
makes  ZADB  an  acute  Z,  prove 
(a)  ^C  >  AB. 
(6)  ZB  >  Z  C. 

Ex.  3.  If  in  A  ABC,  ZA  =  Z  B,  and  a  point 
D  in  AB  be  taken  so  that  ZACD  >ZDCB, 
then  AD  >  Z)B. 


Ex.  4.    Evenj  point  not  in  the  per- 
pendicular  bisector  of  a  line  is   un- 
equally distant  from   the  ends   of  the      A 
line. 

Hint.     Apply  Prop.  XXXII. 


Ex.  1 


Ex.  5.    AD    is    the    bisector 
Z  BAG  and  AB  =  AG.     Prove  , 
PG  >  PB. 


of 


Ex.  6.  A  ABC  and  AA'B'C  are 
isosceles  A  with  bases  BG  and  B'G'. 
If  AB  =  A'G'  and  ZB>  ZB',  which 
A  has  the  greater  base  ? 

Ex.  7.    Prove  Prop.  XXXII  when    b 
point  C  falls  inside  A  ABC. 


Ex.8.   InABCA,  AC  XBC  and  AD  =  BC. 
Prove  AB  >  DG. 


Ex.  8 
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Propositiox  XXXIII.     Theorem 
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133.  //  two  triangles  have  two  sides  of  the  one  equal 
respectively  to  two  sides  of  the  other,  but  the  third  side 
of  the  first  greater  than  the  third  side  of  the  second, 
then  the  included  angle  of  the  first  is  greater  than  the 
included  angle  of  the  second. 

[Converse  of  Prop.  XXX 1 1.] 


Given  /kABC  and  A'B'C\  with  h  =  h\  c  -  c\  and  a  >  a' . 

To  prove  Z.A  >  ZA\ 


STATEMENTS 

1.  Either    ZA  <  Za'.    or 
ZA  =  ZA\  or  ZA  >  Za'. 

2.  If      ZA  <ZA\      then 
a  <  a' . 


3.  This  is  impossible. 

4.  If  ZA=  ZA',  then 

/\ABC  ^  /\A'B'C'. 

5.  fl  =  a' . 

6.  This  is  impossible. 

7.  /.    ZA>  ZA'. 


Only 
e. 


REASONS 

3     suppositioiLs 


2.  If  two  A  have  2  sides  of  the 
one  equal  respectively  to  2  sides 
of  the  other,  but  the  mcluded  Z 
of  the  first  >  the  included  Z  of 
the  %cond,  then  the  3d  side  of 
the  first  >  3d  side  of  the  second. 

3.  <2  >  c.\  by  hyp. 

4.  s.  a,  5.  =  3.  a.  s. 


5.  Corr.  sides,  etc. 

6.  a^  a\  by  hyp. 

7.  The  other  two  suppositioiis 
have  been  proved  false. 


74 


PLANE   GEOMETRY 


Ex.  1.  If  in  A  ABC,  having  AC  >  BC,  the 
median  CE  is  drawn,  then  Z  A  EC  is  an  obtuse 
angle. 

Ex.2.  Given  A  ABC,  having  ZA  =ZB. 
If  the  point  D  in  AB  be  taken  so  that 
AD  >  DB,  then  ZACD  >  ZDCB. 


134.  Method  VIIL  Inequality  of  lines  is  generally 
proved  by  means  of  Props.  XXIX,  XXXI,  XXXII.  If  it  is 
impossible  to  discover  any  relation  of  the  angles,  Prop.  XXIX 
is  used ;  if  the  two  lines  are  parts  of  the  same  triangle,  and 
the  opposite  angles  can  be  proved  unequal.  Prop.  XXXI  is 
used ;  but  if  the  sides  or  angles  are  parts  of  different  tri- 
angles, Prop.  XXXII  is  used.  In  some  cases  several  methods 
will  lead  to  the  desired  result. 

The  inequality  of  angles  is  proved  in  a  similar  manner  by 
Props.  XII,  XXX,  and  XXXIII. 


Ex.  3.  If  AD  and  BC  in- 
tersect in  E,  prove  AD  +  BC 
>AB  +  CD.  (Which  of  the 
three  propositions  must  be 
used?) 

Ex.  4.  If  AC,  a  side  of 
an  equilateral  triangle,  is  pro- 
duced to  D,  and  BD  is  joined, 
then  AD  >  BD  >  AB. 

Ex.  5.    If  AB  =  AC,  prove  that 

(a)  BD  >  DC.  (c)   AF  >  AB. 

(6)   BE  >  EC.  id)  AB  >  AH. 

Ex.  6.  The  sum  of  the  diagonals  of  any  quad- 
rilateral is  less  than  the  perimeter,  but  greater 
than  the  semiperimeter  of  the  quadrilateral. 

*Ex.  7.  If  in  A  ABC,  having  AB  <  BC,  BD, 
the  bisector  of  angle  B,  is  drawn,  meeting  AC  in 
D,  then  AD  <  DC. 

*  Ex.  8.    If  in  A  ABC,  having  AC  >  BC,  the  median 
then  any  point  E  in  (^^D  is  nearer  to  B  than  to  A. 


drawn, 
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Proposition  XXXIV.     Theorem 

135.  //,  from  a  point  in  a  perpendicular  to  a 
given  line,  two  oblique  lines  are  drawn  to  the  line, 
the  one  cutting  off  the  greater  distance  from  the  foot  of 
the  perpendicular  is  the  longer  line. 

p 


AC  H  F  D 

Given  line  AB,  point  P,  PF  _L  AB,  CF  >  FD. 
To  prove  PC  >  PD. 

Proof 


STATEMENTS 

1.  On  FC  lay  off  FH  =  FD. 

2.  Draw  HP. 


3. 

4. 

5. 

6. 
7. 


Ex.  1. 
Ex.  2. 


PH  =  PD. 

L2  =Z1. 

Z2  >Z3. 

Zl  >Z3. 
/.  PC  >  PD. 


REASONS 

1.  To  lay  off  a  given  length  on 
a  line. 

2.  A  st.  line  can  be  drawn  be- 
tween two  pts. 

3.  Every  pt.  in  the  X  bisector 
of  a  line  is  equidistant  from  the 
ends  of  the  line. 

4.  If  two  sides  of  a  A  are  =, 
the  A  opp.  are  =. 

5.  An  ext.  Z  of  ?.  A>  either 
remote  int.  Z . 

6.  Sub. 

7.  If  two  A  of  Si  A  are  un- 
equal, opp.  the  greater  side  lies 
the  greater  Z . 


State  and  prove  the  converse  of  Prop.  XXXIV. 

Prove  that  from  a  given  point  outside  a  given  line  only  two 


equal  oblique  lines  can  he  drawn  to  the  given  line. 
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QUADRILATERALS 
136.    Def.     a  quadrilateral  is  a  polygon  of  four  sides. 

A  trapezoid  is  a  quadrilateral  having  two,  and  only  two, 
sides  parallel. 

A  parallelogram  is  a  quadrilateral  having  its  opposite  sides 
parallel. 


Quadrilateral 


Trapezoid 


Parallelogram 


137.   Def.     A  rectangle  is  a  parallelogram  whose  angles 
are  right  angles. 

A  square  is  an  equilateral  rectangle. 

A  rhombus  is  an  equilateral  parallelogram. 


Rectanp^le 


Square 


Rhombus 


138.  Def.  An  isosceles  trapezoid  is  a  trapezoid  whose 
nonparallel  sides  are  equal.  The  parallel  sides  of  a  trapezoid 
are  called  its  bases,  and  are  distinguished  as  upper  and 
lower. 

The  median  of  a  trapezoid  is  the  line  joining  the  mid-points  of  the 
nonparallel  sides. 

A  diagonal  of  a  quadrilateral  is  a  straight  hne  joining 
opposite  vertices.  The  altitude  of  a  parallelogram  or  trape- 
zoid is  the  perpendicular  distance  between  the  two  bases. 
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Proposition  XXXV.     Theorem 

139.    The  opposite  sides  and  the  opposite  angles  of 
a  parallelogram  are  equal. 


\.- 

'    \ 

Given  OABCD.          ^ 

c 

To  prove     AD  =  BC,  AB  = 

CD,  ZA  =  ZC,  ZB  =  ZD. 

Proof 

STATEMENTS 

REASONS 

1.   Draw5Z). 

1.    A  st.  line  can  be  drawn  be- 

tween two  pts. 

2.    AD  II  BC,  AB  II  DC. 

2.    The  opp.  sides  of  a  O  are  II . 

3.    Zl  =Z4,  Z3  =Z2. 

3.   Alt.  int.  A  of  H  lines  are  =. 

4.               BD  =  BD. 

4.    Iden. 

5.         AABD  ^  A5DC. 

5.   a.  s.  a.  =  a.  s.  a. 

6.                AD  =  BC. 

6.    Corr.  parts  of  ^  A  are  =. 

AB  =  CD. 

LA  =  ZC. 

7.    In  like  manner  by  draw- 

7.   Steps  similar  to  1-6. 

ing  AC,  we  can  prove  ZB  = 

ID. 

140.  Cor.  1.  A  diagonal  divides  a  parallelogram  into  two 
congruent  triangles. 

141.  Cor.  2.     Parallels  included  between  parallels  are  equal. 

142.  Cor.  3.     Parallel  lines  are  everywhere  equidistant. 

Ex.  1.    The  diagonals  of  a  rectangle  are  equal. 

Ex.  2.  If  the  diagonals  of  a  parallelogram  are  equal,  the  figure  is  a 
rectangle. 

Ex.  3.  The  perpendiculars  to  a  diagonal  of  a  parallelogram  from  the 
opposite  vertices  are  equal. 
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Peopositiox  XXXVI.     Theorem 

143.    If  the  opposite  sides  of  a  quadrilateral  are 
equal,  the  figure  is  a  parallelogram. 

[Converse  of  Prop.  35.] 

A  D 


B  C 

Given  quadrilateral  ABCD  with 

AB  =  CD,  AD  =  EC. 
To  prove  ABCD  is  a  O. 


STATEMENTS 

1.  Draw  AC. 

2.  AB  =  CD,  AD  =  BC. 

3.  AC  =  AC. 

4.  A  ABC  ^  AACD. 

5.  Zl  =  Z4,  Z3  =Z2, 

6.  AB  11  CD,  BC  II  AD. 

7.  /.  A5CD  is  a  O. 


Proof 

REASONS 

1.  A    St.    line    can    be    drawn 
between  two  points. 

2.  Hyp. 

3.  Iden. 

4.  s.  s.  s.  =  s.  s.  s. 

5.  Corr.     A    of    congruent    A 
are  =. 

6.  If  a  pair  of  alt.  int.  A  are  = , 
the  lines  are  |i. 

7.  Tis  opp.  sides  are   parallel. 


Ex.  1.  If  ABCD  is  a  parallelogram.  AE 
=  CG,  and  BF  =  DH,  then  EFGH  is  a  paral- 
lelogram. 

Ex.  2.  The  lines  joining  the  mid-points  of 
the  sides  of  a  parallelogram,  taken  in  order, 
form  a  parallelogram. 
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Proposition  XXXVII.     Theorzm 

144.    //  tivo  sides  of  a  quadrilateral  are  equal  and 
parallel,  the  figure  is  a  parallelogram. 


B 

C 

Oiven  quadrilateral  ABCD  with 

AD  11  BC, 

AZ>  =  BC. 

To 

prove                       ABCD 

\S  Q.   O. 

Pt^ 

oof 

STATE  ME  JfTS 

RE.\5055 

1. 

Draw  AC. 

1.    .\a.  13. 

2. 

AD       BC. 

2.    Hyp. 

3. 

Z2  =Z3. 

3.   .\lt,  int.  A  oil  liiies  are  =. 

4. 

AD  =  BC. 

4,  H:.-p. 

5. 

AC  =  AC. 

5.    Lien. 

6. 

AADC  ^  AABC. 

6.    =.  a,  5.  =  5.  a.  s. 

7. 

Z4  =  Zl. 

7.    Corr.   A  oi  ^  ±  are  =. 

8. 

BA       CD. 

8.     93). 

9. 

.'.  ABCD  is  a  O. 

9 .    Bott  pairs  of  opp.  ades  are  |- 

Ex. 

1.    If  on  opposite  sides  of  - 

1 B    r  -                  _7ams  ABCD  and 

BEI 

^  are  drawn,  then  CDFE  is 

r.^lieiogram. 

Ex.  2.    If  two  opposite  sides  of  „  :  .-r..„Tlogram  are  iHodaced  by  the 
same  length  in  opposite  directions  and  their  ends  joined  to  the  nearest 

vertices,  another  parallelogram  is  formed. 

145.    Method  IX.     Lines  may  be  shown  to  be  parallel  by 
proving  them  to  be  opposite  sides  of  a  paiaUelogram. 


Ex.  3.  If  two  opposite  sides  of  a  parallelogram  are  divided  into 
^hree  equal  parts,  and  the  respective  points  of  division  are  joined.  th<» 
.lines  are  parallel 
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Proposition  XXXVIII.     Theorem 


146.    The  diagonals  of  a  parallelogram  bisect  each 
other. 


Given  O  ABCD  having  diagonals  AC  and  BD. 
To  prove  AO  =  OC,  BO  =  OD. 


Proof 

STATEMENTS 

REASONS 

1. 

AD  II  BC,  AB  11  DC. 

1. 

B}'  hj'p.,  the  fig.  is  a  O. 

2. 

L\  =Z4,  Z2  =Z3. 

2. 

Alt.  int.   A  of  jl  lines  are 

3. 

AD  =  BC. 

3. 

0pp.  sides  of  O  are  =. 

4. 

AAOD  ^  ABOC. 

4. 

a.  s.  a.  =  a,  s.  a. 

5. 

.'.  AO  =  OC,  BO  =  OD. 

5. 

Corr.  sides  of  =  A  are 

Ex.  1.    7/  the  diagonals  of  a  quadrilateral  bisect  each  other,  the  figure 
is  a  ^parallelogram.     [Converse  to  Prop.  38.] 

Ex.  2.    The  diagonals  of  a  rhombus  are  -perpendicular  to  each  other. 

Ex,  3.    If  the  diagonals  of  a  parallelogram  are  perpendicular  to  each 
other,  the  figure  is  a  rhombus. 

Ex.  4.    If  each  half  of  the  diagonals  of  a  parallelogram  is  bisected 
and  the  mid-points  are  joined  in  order,  another  parallelogram  is  formed. 

Ex.  5.    If  a  diagonal  bisects  an  angle  of  a  parallelogram,  the  figure- 
is  a  rhombus. 

Ex.  6.    If  the  ends  of  two  diameters  of  a  circle  be  joined  in  succes- 
sion, a  rectangle  is  formed. 
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Proposition  XXXIX.     Theorem 

147.  Two  parallelograms  are  congruent  if  two 
sides  and  the  included  angle  of  one  are  equal,  re- 
spectively, to  two  sides  and  the  included  angle  of  the 
other. 


B 


A' 


B' 


Given  m  ABCD  and  A'B'C'D'  with  AB  =  A'B',  AD  =  A'D', 
ZA  =  AA', 
To  prove 


Proof 


STATEMENTS 

1.  Place  OABCD  upon 
A'b'C'D\  so  that  AB  coin- 
cides with  A'B'. 

2.  Then  AD  falls  along 
A'D'. 

3.  D  coincides  with  D'. 

4.  BC  falls  along  B'C'. 

5.  C  must  he  in  B'C'  or  in 
j5'C'  produced. 

6.  Similarly,  C  must  lie 
in  D^C'  or  in  D'C'  produced. 

7.  Hence  C  coincides  with 
C',  and  OABCD  coincides 
with  nA'B'C'D'. 

8.  .-.  OABCD^OA'B'C'D'. 


REASONS 

^     r  Axiom  19. 

\  By  hyp.,  AB  =  A'B' 

2.  By  hyp.,  ZA  =  ZA'. 

3.  By  hyp.,  AD  -^  A'D'. 

4.  Axiom  16. 

5.  Step  4. 

6.  Axiom  16. 

7.  Axiom  13  a. 


8.    Figures  are  =  if  they  can 
be  made  to  coincide. 
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Proposition  XL.     Theorem 

148.  //  three  or  more  parallels  intercept  equal 
segments  on  one  transversal,  they  intercept  equal 
segments  on  every  transversal. 


Given  AB  \\  CD  \\  EF  \\  GH,  and  AC  =  CE  =  EG. 

To  prove                BD  =  DF  =  FF 

Proof 

STATEMENTS 

REASONS 

1.    Draw  BO,  DP,  and  FR  \\  AG. 

1.    (100). 

2.    BO  II  DP  11  FR. 

2.    Lines    |1   to   the  same 

1  Zl  =Z2  =Z3. 
1  Z4  =Z5  =Z6. 

line  are  ||  to  each  other. 
3.    Corr.  A  of  i|  lines  are  = . 

4.    BO  =  AC,  DP  =  CE,  FR  =  EG. 

4.    (141). 

5.    AC  =  CE  =  EG. 

5.    Hyp. 

6.    BO  =  DP  =  FR. 

6.    Ax.  1. 

7.    A  BOD  ^  A  DPF  ^  A  FRH. 

7.   s.  a.  a.  =  s.  a.  a. 

8.     .-.  BD  =  DF  =  FH. 

8.    Corr.    sides   of    ^    A 

are  =. 

149.  Cor.  1.  The  line  parallel  to  one  side  of  a  triangle, 
bisecting  another  side,  bisects  the  third  side. 

150.  Cor.  2.  The  line  that  bisects  a  nonparallel  side  of  a 
trapezoid  and  is  parallel  to  the  bases  bisects  the  other  non- 
parallel  side. 
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Proposition  XLI.     Problem 

151.    To  divide  a  given  line  into  any  number  of 
equal  parts. 


c 

Given  line  AB. 

Required  to  divide  AB  into  n  equal  parts. 

Construction.     From  A  draw  any  line  AC. 

On  AC  lay  off  any  segment,  as  AD,  n  times  in  succession,  as 
AD,  DE,  etc.  Join  the  last  point  of  division,  G,  with  B,  and 
through  the  other  points  of  division  draw  l!s  to  GB. 

Note.     Proof:  Through  A  draw  ||  to  GB,  then  apply  Prop.  40. 

Ex.     Divide  a  line  into  three  equal  parts.     Into  five  equal  parts. 

152.  Method  X.  To  prove  that  a  line  is  twice  as  large  as 
another,  we  usually  double  the  smaller  and  prove  that  its 
double  equals  the  greater,  or  sometimes  we  bisect  the 
greater  and  prove  that  its  half  equals  the  smaller.  The 
same  relation  between  angles  is  proved  in  a  similar  way. 


Ex.  1.  If  two  angles  of  a  triangle  are  30°  and  60°  respectively,  the 
side  opix>site  the  angle  of  30°  is  one  half  the  side  included  by  the  two 
angles. 

Ex.  2.  In  triangle  ABC,  if  through  the  mid-point  D  of  AC  a  line 
DE  is  drawn  parallel  to  AB,  and  E  lies  in  CB,  then  DE  is  one  half  AB. 

Ex.  3.  The  angle  formed  by  the  base  of  an  isosceles  triangle  and 
the  altitude  upon  one  arm  is  one  half  the  vertical  angle. 


84 


PLANE   GEOMETRY 


Proposition  XLII.     Theorem 

153.  A  line  which  joins  the  mid-points  of  two  sides 
of  a  triangle  is  parallel  to  the  third  side  and  equal  to 
half  of  it.  A 


B                         M 

C 

Given  AABC  with  AD  =  DB,  AE 

=  EC. 

To  prove             DE  ||  BC,  and  DE 

=  iBC. 

Proof 

STATEMENTS 

REASONS 

1.    Draw  DK  \\  BC. 

1. 

(100). 

2.    DK     bisects     AC     (i.e. 

2. 

Prop.  40,  Cor.  1. 

passes  through  point  E). 

3.   DE  coincides  with  DK. 

3. 

Ax.  13. 

4.     .-.  DE  11  BC. 

4. 

It  is  the  same  line  as  DK. 

5.   Draw  EM  ||  AB. 

5. 

Same  as  1. 

6.        BM  =  MC, 

6. 

Same  as  2. 

7.          DE  =  BM. 

7. 

Prop.  35,  Cor.  2. 

8.     .-.  DE  =i  (BC). 

8. 

By  6,  7,  DE  =  BM,  which 

is  one  haH  of  BC. 

Ex.  1.  If  the  mid-points  of  the  three  sides  of  a  triangle  are  joined, 
four  congruent  triangles  are  formed, 

Ex.  2.  A  line  joining  the  mid-points  of  two  adjacent  sides  of  a 
quadrilateral  is  equal  and  parallel  to  the  line  joining  the  mid-points  of 
the  other  two. 
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Ex.  3.    The  median  of  a  trapezoid  is  parallel  to  the  bases,  and  equal 
to  half  the  sum  of  the  bases. 

A  B 


S.--^' 


Given  trapezoid  A  BCD  with  median  MN. 

\MN\\DC\\  AB. 


XL 

'^^"^"                     \MN  = 

i(AB  +  DC). 
Proof 

STATEMENTS 

REASONS 

1. 

Dra^MKWDC.    Itis||toAB. 

1.    \\Tiy? 

2. 

MK  passes  through  A'. 

2.    Prop.  40. 

3. 

MN  \\  DC,  also  H  AB. 

3.   WTiy? 

4. 

Draw  diag.  BD. 

4.   WTiy? 

5. 

S  is  mid-point  of  DB. 

5.   Prop.  40,  Cor.  1 

6. 

MS  =  ^AB,SN  ^\DC 

6.    Prop.  42. 

7. 

MN  =  ^{AB  +  DC). 

7.   T^Tiv? 

Ex.  4.  If  the  mid-points  of  the  arms  of  an  isosceles  triangle  are 
joined  to  the  mid-points  of  the  base,  a  rhombus  is  formed. 

154.  Def.  An  equiangular  polygon  is  a  polygon  having 
all  of  its  angles  equal.  An  equilateral  polygon  is  a  polygon 
having  all  of  its  sides  equal. 

A  polygon  of  five  sides  is  called  a  pentagon;  six  sides,  a 
hexagon ;  seven  sides,  a  heptagon ;  eight  sides,  an  octagon ; 
ten  sides,  a  decagon ;  twelve  sides,  a  dodecagon. 

155.  Polygons  that  are  mutually  equiangular  and  equilateral 
are  congruent,  for  they  can  he  made  to  coincide. 

Ex.  5.  Draw  tw^o  mutually  equiangular  quadrilaterals  that  are  not 
mutualh'  equilateral. 

Ex.  6.  Draw  two  mutually  equilateral  quadrilaterals  that  are  not 
mutually  equiangular. 
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Proposition  XLIII.     Theorem 

156.    The  sum  of  all  the  angles  of  a  polygon  of  n 
sides  is  equal  to  (n— 2)  straight  angles. 


A  B 

Given  ABODE  •••,  a  polygon  of  n  sides. 
To  prove      ZA+ZB+/:c+ZD+"- 

Proof 

STATEMENTS 

1.  Connect    any    point    within,    as    0, 
with   all   the  vertices. 

2.  71 A  are  formed. 

3.  Sum  of   A  of  poly.  =  sum   all   base 
A  of  all  A. 

4.  Sum  of  all  A  oi  A  =  n  st.  A . 

5.  Sum  of  vertex  A  of  A  =  2  st.  A . 

6.  Sum  of  base  ^  of  A  =  (^  —  2)  st.  ^i  . 

7.  .'.  Sum  all  A  of  poly.  =  (/i  —  2)  st.  A  . 

i.e.  A  A  +ZB  +ZC  +  •••  =  {n  -  2)  st.  A. 
157.   CoR 


=  {n- 

-2)  St.  A. 

REASONS 

1. 

Why? 

2. 

poly 
3. 

Each  side  of 
gon  is  a  base. 
Ax.  10. 

4. 

Why? 

5. 
6. 

7. 

Why? 
Why? 

Why? 

n  —  2 
equals  of  a  straight  at 


Each  angle  of  an  equiangular  polygon  of  n  sides 
e. 


Ex.  1.  How  many  sides  has  a  polygon  the  sum  of  -whose  angles  is 
1000  St.  A  ?   200  rt.  ^  ?   24  rt.  A  ?   720°  ? 

Ex.  2.  How  many  degrees  are  in  each  angle  of  an  equiangular 
quadrilateral?     Pentagon?     Hexagon?     Decagon? 
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Proposition  XLIV.     Theorem 

158.  //  the  sides  of  any  polygon  he  successively 
produced,  forming  one  exterior  angle  at  each  vertex, 
the  sum  of  these  angles  is  equal  to  two  straight  angles. 


Given  ABODE,  a  polygon  of  //  side>.  with  thn  ext.  A  a.  h, 
c,  etc. 

To  prove      Za  ~  ^h -\- Zc -^  -■■  =  2  ^t.  A  . 

Proof.    AA—  Aa  =  1<1.  A.  ZB  —  Zh  =  1>X.  A,  etc.  (50) 

:.{AA^AB-\-  •••)  +  (Za+Z5+  ■■•)  =  ?i  >i.A.  (Ax.  2.) 

But  i[AA-^AB^  •••")  =  !/?-2;  st.Z.         156' 

.-.  Za+Z5+Zf^  ■••  =  2st.  Z.  (Ax.  3.'^ 

159.  Cor.  Each  exterior  angle  of  an  equiangular  polygon 
of  n  sides  equals  the  -  part  of  a  sf.  A  . 


Ex.  1.    How  many  degrees  are  in  each  exterior  angle  of  an  equi- 
angular polygon  of  10  sides  ?    Of  9  sides?    Of  36  sides''    Of  72  sides"? 

Ex.  2.    How  many  sides  has  a  polygon  each  of  whose  exterior  angles 
equals  30°?   One  right  angle?   60°?   4.5=? 

Ex.  3.    How  many  sides  has  a  polygon  each  of  whose  interior  angles 
equals  160°-?    179°?    135°?   f  rt.   Z?^ 

Ex.  4.    How  many  sides  has  an  equiangular  polygon,  three  of  whose 
exterior  angles  are  together  equal  to  90'?   |  of  a  right  Z  ? 

Ex.  5.    How  many  sides  has  a  polygon,  the  sum  of  whose  interior 
angles  equals  twice  the  sum  of  its  exterior  angles? 
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Proposition  XLV.     Theorem 

160.  The  bisectors  of  the  angles  of  a  triangle  meet 
in  a  point  which  is  equidistant  from  the  sides  of  the 
triangle.  a 


B  y 

Given  A  ABC,  and  AD,  BE,  and  CF,  the  bisectors  oi  A  A,B, 
and  C  respectively. 

To  prove     (a)  AD,  BE,  and  CF  meet  in  a  point,  as  0. 
(h)  0  is  equidistant  from  AB,  BC,  and  CA. 
Proof.     Since  AD  and  BE  cannot  be  ||,  they  meet  in  a 
point,  as  0.  (107) 

From  0  draw  OX,  OY,  and  OZ  respectively  ±  AB,  BC,  and  CA, 

OX  =  OZ.  (126) 

OX  =  OY.  (126) 

.-.  OZ  =  OY.  (Ax.  1.) 

.*.  0  lies  in  CF  or  its  prolongation.  (127) 

.'.  AD,  BE,  and  CF  meet  in  point  0,  and  0  is  equidistant 

from  AB,  BC,  and  CA. 

161.    Def.     Three  or  more  lines  are  concurrent  if  they 
meet  in  a  common  point. 


Ex.  1.  Find  hy  a  construction  a  point  equidistant  from  the  three  sides 
of  a  triangle. 

Ex.  2.  Prove  that  the  bisectors  of  two  exterior  angles  and  the  bisec- 
tor of  the  third  interior  angle  of  a  triangle  meet  in  a  point. 

Ex.  3.  Construct  a  point  equidistant  from  the  sides  AB,  BC,  and 
CD  of  parallelogram  A  BCD. 
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Proposition  XLVL     Theorem 

162.  The  perpendicular  bisectors  of  the  sides  of  a 
triangle  meet  in  a  point  which  is  equidistant  from  the 
vertices  of  the  triangle. 

A 


Given  AABC.  and    DG,  EH,  and    FI  the  perpendicular- 
bisectors  of  AB,  BC,  and  CA  respectively. 

To  prove  (a.)  DG.  EH,  and  FI  meet  in  a  common  point. 
(5)  The  point  of  intersection  is  equidistant  from  A,  B,  and  C. 

Proof.     DG  and  EH  intersect  at  a  point,  as  0.  (102) 

OA  =  OB  and  OB  =  OC.  (125) 

.-.  OA  =  OC.  (Ax.  1.) 

.-.  0  Ues  in  the  ±  bisector  of  AC.  (80) 

Or  DG.  EH,  and  FI  meet  in  0 :   and  0  is  equidistant  from 

A.  B.  and  C  since  OA  =  OB  =  OC. 


Ex.  1.  Construct  a  point  0  equidistant  from  three  vertices  of  a 
quadrilateral. 

Ex.  2.  Construct  a  circle  which  passes  through  the  three  vertices  of  a 
given  triangle. 

Ex.  3.  Prove  that  only  one  circle  can  be  passed  through  the  three 
vertices  of  a  triangle. 

Rx.  4.  Prove  that  the  center  of  the  circle  about  an  equilateral  A 
lies  in  each  of  it-s  Z  bisectors. 
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Proposition  XLVII.     Theorem 


163.    The  three  altitudes  of  a  triangle  (produced  if 
necessary)  meet  in  a  point. 


Given  AABC  and  the  altitudes  AD,  BE,  and  CF. 
To  prove  AD,  BE,  and  CF  meet  in  a  common  point. 

Proof.     Through   the   vertices   of   ABC,   draw  B'C'  \\  BC, 

A'C  II  AC,  and  A'B'  \\  AB.  (Why?) 

Since  AD  _L  BC,  (Hj'p.) 

AD  ±  B'C'.  (105) 

But  ABCB'  and  ACBC'  are  parallelograms.  (136) 

/.  AB'  =  BC,  and  AC'  =  BC.  (139) 

.-.  AB'  =  AC'.  (Ax.  1.) 

Or  AD  is  the  J_  bisector  of  B'C\ 

In  hke  manner  it  follows  that 

BE  is  the  ±  bisector  of  A'C\ 
and  CF  is  the  ±  bisector  of  A^B'. 

.*.  AD,  BE.  and  CF  meet  in  a  point  {i.e.  are  concurrent).  (162) 
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Proposition  XLVIII.     Theorem 

161.  The  medicuis  of  a  triangle  intersect  in  a  point 
v'hich  is  two  thirds  of  the  distance  from  a  vertex  to  the 
mid-point  of  the  opposite  side. 


Given  A  ABC  with  medians  AE,  CD,  BH. 

To  prove     AE.  CD,  and  BH  meet  in  a  point  0, 

and  AO  =  I  AE,  CO  =  %  CD,  BO  =  ^  BH. 

Proof 

STATEMENTS 

1.  Let  CG  =  GO  and  OF  =  FA. 

2.  Draw  ED.  DF.  FG.  and  GE. 

3.  ED  =  ^  CA  and  ED     CA. 

4.  GF  =  i  CA  and  GF     CA. 

5.  ED  =  GF  and  ED     GF. 

6.  EGFD  is  a  parallelogram. 

7.  OE  =  OFsLudOD  =  OG. 

8.  Hence  OE  =  OF  =  FA  and 
OD  =  OG  =  CG. 

9.  40=1  A^,  and  CO  =1  CD. 
10.   Likewise        BH        passes 

through  0  and  BO  ■■=  ^  BH. 


REASONS 

1. 

>S1, 

2. 

Why? 

3. 

(153) 

4. 

(153) 

6. 

Why? 

6. 

(144) 

7. 

''146) 

8. 

TMiy? 

9. 

^Tiy? 

0. 

Steps  (1-9) 
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Proposition  XLIX.     Theorem 


165.  //  one  acute  angle  of  a  right  triangle  I'o^  double 
the  other,  the  hypotenuse  is  double  the  shorter  side 
(arm) .  a  b 


A  C 

Given  right  AABC,  right  Z  at  C,  and  ZA  =  2  Z  5. 
To  prove  AB  =  2  AC. 

Proof 

STATEMENTS 

1.  ZA  =  2ZB,  ZC  =  90°. 

2.  ZA+ZB  =  90°. 

3.  .-.     ZA  =  60°,     ZB  =  30°. 

4.  Draw  CM  making  Z  1  =  Z  A  =  60° 

5.  Z3  =  60°. 

6.  Z2  =  30°. 

7.  AM  =  AC  =  MC. 

8.  MB  =  MC. 

9.  /.  AB  =  AM  +  MB  =  2  AC. 


REASONS 

1. 

Hyp. 

2. 

Why? 

3. 

Why? 

4. 

Why? 

5. 

Why? 

6. 

Why? 

7. 

Why? 

8. 

Why? 

9. 

Why? 

Ex.  1.  If  in  triangle  ABC,  ZA  ^  60°,  ZB  =  30°,  andAB  =  12 
inches,  find  the  length  of  AC. 

Ex.  2.  If  in  triangle  ABC,  AB  =  10  inches,  ZA  =  60°,  ZC  =  90^ 
and  CD  is  the  altitude  upon  AB,  find  the  length  of  AD. 

Ex.  3.  The  base  angles  A  and  5  of  isosceles  triangle  ABC  equal 
15°,  and  BC  =  S  inches.     Find  the  length  of  the  altitude  AD. 

Ex.  4.  In  quadrilateral  ABCD,  AB  =  BC  =  6  inches,  ZA  =  120°, 
Z  B  =  60°,  and  Z  C  =  150°.     Find  the  length  of  AD. 

Ex.  5.  DC,  the  upper  base  of  trapezoid  ABCD,  equals  14  inches, 
and  AB  =  BC.     Find  the  length  of  AB,  if  Z  A  =  90°,  and  Z  B  =  60°. 
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ANALYSIS    OF    THEOREMS 

166.  The  demonstration  of  a  theorem  is  most  frequently 
discovered  by  the  so-called  analytic  method.  An  analysis 
considers  the  various  "  means  "  by  which  a  conclusion  can  be 
proved,  and  thereby  reduces  the  original  proposition  to 
another,  simpler  one.  This  reduction  is  continued  until  a 
known  fact  is  obtained.  A  concrete  example  will  explain 
the  true  character  of  this  method. 

167.  Theorem.  The  bisectors  of  a  pair  of  opposite  angles 
of  an  oblique  parallelogram  are  parallel. 

D  F  C 


A  E  3 

Given  DE  and  BF,  the  bisectors  of  two  angles  of  the  obhque 
parallelogram  ABCD. 

To  prove  DE     BF. 

Analysis.     1.    The  means  for  proving  that  two  lines  are 
parallel  are : 

(a)  A  parallelogram. 

(6)  Equal  alternate  interior  angles. 

(c)  Corresponding  angles. 

(d)  Supplementary  interior  angles,  etc. 

Let  us  select  any  one  of  these  methods,  e.g.  1  (a),  i.e. 
to  prove  EBFD  is  a  parallelogram. 

2.    The  means  for  proving  that  a  quadrilateral  is  a  O  are : 

(a)  Opposite  sides  are  equal. 

(h)  Two  opposite  sides  are  equal  and  parallel,  etc. 
Again  we  select  any  one.  e.g.  2  (a),  i.e. 
to  prove  ED  =  BF.  EB  =  DF. 
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3.   The  means  for  proving  the  equahty  of  hnes  is  usually  a 
pair  of  congruent  triangles,  i.e. 
to  prove  AAED  ^  ABCF. 

D  F  C 


A  E  B 

4.  The  congruence  of  the  two  triangles  is  easily  established. 
Hence  we  obtain  the  following  demonstration  : 

Proof.                                AD  =  BC.  (139) 

ZA  =  ZC.  (139) 

ZADE  =  ZFBC.  (Ax.  8.) 

.-.  AADE  ^  AFBC.  (a.  s.  a.  =  a.  s.  a.) 

.°.ED  =  BF,  and  AE  =  EC.  (corr.  parts,  etc.) 

But                                      AB  =  DC.  (139) 

.'.DF  =  EB.  (Ax.  3.) 

.-.  DEBF  is  a  O.  (143) 

.'.EDllBF.  (136) 

The  above  demonstration  is  not  the  only  one,  nor  the 
shortest  one.  Each  of  the  possibilities  indicated  under  1  (a), 
1  (b),  1  (c),  1  {d),2  (a),  2(6),  will  furnish  one  or  more  proofs. 


Ex.  1.  Prove  the  above  proposition  by  means  of  2  (6). 
Ex.  2.  Prove  the  above  proposition  by  means  of  1  (b). 
Ex.  3.   Prove  the  above  proposition  by  means  of  1  (c). 

168.  When  in  an  analysis  new  hnes  or  angles  are  drawn, 
the  student  should  —  before  proceeding  with  the  regular 
analysis  —  determine  whether  thereby  any  new  equalities  of 
lines  or  of  angles  are  produced. 
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169.  Method  XI.  Geometrical  propositions  may  be 
demonstrated  by  algebraical  computation. 

At  this  stage  of  the  work,  the  above  method  may  be  em- 
ployed to  estabhsh  relations  between  two  or  more  angles.  In 
case  of  two  angles,  express  the  value  of  one  in  algebraic  form 
{e.g.  m^)  and  from  this  try  to  derive  the  value  of  the  other. 

If  a  relation  between  three  or  more  angles  has  to  be  demon- 
strated, express  the  values  of  all  of  them  excepting  one  by 
algebraic  symbols  (as  m°,  n°.  p°,  etc.).  and  try  to  discover  the 
value  of  the  remaining  angle.  After  some  practice  the 
s>Tnbols  which  designate  the  angle,  as  /.A  or  ZB,  may  be 
used  to  express  their  value. 

If  the  student  is  unable  to  find  the  value  of  the  last  angle  when  aU 
others  are  given  in  algebraic  form,  he  should,  at  first  attack  the  problem 
for  numerical  values  of  these  angles  and  then  tr\-  to  solve  the  general 
problem. 

Ex.  Given  /LABC.  and  point  D  in  AC.  so  that  AD  =  AB. 

Prove  ZDBC  =  i '  Z  S  -  ZC,'. 

Proof.     Let  ZB  =  m\  and  AC  =  n°. 

Then  ZA  =  1S0=  -  m=  -  n\ 

But  Z.15L> -ZBDA  =  1S0=  -Z.4. 

i.e.  ZABD  ^ZBDA  =  1S0=  -  >  ISO"  -  m=  -  n') 

But 


But 


or 


=  70.'   —  n". 

ZABD 

=   ZADB. 

ZABD 

=   m=  ^  n°. 

ZABD 

2    2 

ZDBC 

=ZB -ZABD 

=  --(f-^ 

_  m°       n- 
2    ^ 

_  ZB        ZC 
2     2 

ZDBC 

=  k  ZB  -  ZC). 

96 


PLANE   GEOMETRY 


Ex.  1.    An  exterior  angle  formed  by  the  prolongation  of  the  base  of 
an  isosceles  triangle  equals  90°  increased  by  one  half  the  vertex  angle. 

p 

Ex.  2.  The  sum  of  the  two  exterior  angles  of  a 
right  triangle  which  are  formed  by  the  prolonga- 
tions of  the  hypotenuse  equals  270°. 

Ex.  3.  If  in  the  base  AC  of  an  isosceles  A  ABC, 
two  points  D  and  E  be  taken  such  that 

AE  =  ABa^ndCD  =  EC, 
prove  Z  DBE  =  ZA. 

Ex.  4.   If  AD  =  AC  =  CB,  and  DB  and 
EB  are  st.  lines,  then  7 

ZEAD  =  SZB.  Ex.4 

Ex.  5.    If  the  arm  CA  of  isosceles  triangle  ABC  be  produced  so 
that  AD  equals  the  base  AB,  then 
ZC  =  180°  -  4ZD. 

Ex.  6.    If  the  base  AB  of  isosceles  triangle  ABC 
is  produced  to  D,  and  CD  is  drawn,  then 
ZBCD  =  ZA  -  ZD. 

Ex.  7.  If  in  isosceles  triangle  ABC,  one  end  B  of 
the  base  AB  is,  connected  with  a  point  D  in  the 
opposite  arm,  then 

ZA  =  ^{ZCDB  -^  ZCBD). 


Ex.  5 


Ex.  8.    If  the  side  AC  of  triangle  ABC  is  produced  to  D  so  that 
CD  =  CB,  then 

Z  ABD  =  90°  +  i(  Z  ABC  -  Z  A). 

Ex.  9.  If  AD  is  the  altitude  and  AE  the  bi- 
sector of  the  angle  B AC  of  the  triangle  ABC, 
prove 

ZDAE  =  ^{ZB  -ZC). 

Ex.  10.  The  sum  of  three  angles  of  a  quad- 
rilateral, diminished  by  the  fourth  exterior  angle, 
is  equal  to  a  straight  angle. 

170.    In  proving  an  exercise,  try  to  get  as  neat  and  as  short 
a  proof  as  possible. 
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MISCELLANEOUS   EXERCISES 

Ex.  1.  What  is  the  angle  between  the  hands  of  a  clock  at  12  min. 
pastil?    At  6:30?    At  8:  45? 

Ex.  2.  The  vertex  angle  of  an  isosceles  triangle  is  18°  44'.  How 
many  degrees  are  there  in  each  base  angle  ? 

Ex.  3.  An  exterior  Z  of  an  equiangular  polygon  equals  one  fifth  of  a 
right  angle.     Find  the  number  of  sides  of  the  polygon. 

Ex.  4.  Prove :  The  line  perpendicular  to  an  arm  of  a  right  triangle 
at  its  middle  point  passes  through  the  mid-point  oj  the  hypotenuse. 

Ex.  5.  Prove :  In  any  right  triangle  the  median  to  the  hypotenuse  is 
one  half  the  hypotenuse.     (Use  Ex.  4.) 

Ex.  6.  In  AABC,  ZA  =  60°,  ZB  >  ZC.  TMiich  is  the  greatest 
side? 

Ex.  7.  Construct  a  quadrilateral  three  of  whose  angles  are  150°, 
90°,  and  60°. 

Ex.  8.  What  are  some  of  the  special  properties  of  an  isosceles 
triangle  ?    Equilateral  triangle  ?    Rhombus  ?    Rectangle  ?    Square  ? 

Ex.  9.  Construct  AABC,  given  AB  =  3",  ZA  =  60°,  ZB  =  45°. 
Then  construct  the  altitude  from  A  to  BC,  the  median  from  5  to  AC, 
and  the  bisector  of  Z  C. 

Ex.  10.  WTiat  are  the  different  tests  by  which  to  determine  the 
congruence  of  triangles?  The  equality  of  angles?  The  equality  of 
lines  ?     The  parallelism  of  lines  ?     The  perpendicularity  of  lines  ? 

Ex.  11.  WTiat  are  the  different  tests  for  determining  the  inequality 
of  two  Unes?    Of  two  angles? 

Ex.  12.  The  bisectors  of  two  supplementary  adjacent  angles  are  per- 
pendicular to  each  other. 

Ex.  13.  If  the  bisectors  of  two  adjacent  angles  are  perpendicular  to 
each  other,  the  exterior  sides  of  these  angles  form  a  straight  line. 
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Ex.  14.    The  bisectors  of  vertical  angles  are  in  a  straight  line. 


Ex.  15.   If  Z  A  +  ZC  +  Z D  =  180°,  then  ABC 
is  a  straight  line. 


Ex.16.    If  Z1  +  Z2  +  Z5  =  Z3  +  Z4  +  ZD, 
then  A  EC  is  a  straight  line. 


Ex.  IG 

Ex.  17.  The  altitude  upon  the  hypotenuse  of  a  right  triangle  divides 
the  figure  into  two  triangles  which  are  mutually  equiangular. 

Ex.  18.  If  through  any  point  D  on  the  bisector 
of  an  angle  A,  a  parallel  be  drawn  to  one  of  the 
sides  to  meet  the  other  side  in  B,  then  AB  =  BD. 

Ex.  19.  If  from  a  point  in  the  oisector  of  an 
angle,  lines  are  drawn  parallel  to  the  sides  of  the 
angle,  a  rhombus  is  formed. 

Ex.  20.  If  the  vertex  angles  of  two  isosceles  triangles  are  supple- 
mentary, the  base  angles  are  complementary. 

Ex.  21.  If  an  arm  of  an  isosceles  triangle  is  produced  by  its  own 
length  through  the  vertex,  and  the  end  of  the  prolongation  is  joined  to 
the  nearest  end  of  the  base,  the  line  joining  is  perpendicular  to  the  base. 

Ex.  22.    Corresponding  medians  of  congruent  triangles  are  equal. 

Ex.  23.    Corresponding  altitudes  of  congruent  triangles  are  equal. 

Ex.  24.    Corresponding  angle-bisectors  of  congruent  triangles  are  equal. 

Ex.  25.  Two  isosceles  triangles  are  congruent  if  the  vertex  angle  and 
the  altitude  upon  an  arm  of  the  one  are  respectively  equal  to  the  ver- 
tex angle  and  the  corresponding  altitude  of  the  other. 

Ex.  28.    If  in  the  pentagon  ABCDE, 

AB  =  BC,  AE  =  CD,  and  ZA  =  ZC, 
then  BE  =  BD,  and  AE  =  ZD. 

Ex.  27.  Two  equilateral  triangles  are  congruent  if  the  altitude  of  one 
.equals  the  altitude  of  the  other. 
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Ex.  28.  If  the  opposite  sides  of  a  hexagon  are  paral- 
lel, and  two  of  the  opposite  sides  are  equal,  all  opposite 
sides  are  equal. 

Ex.  29.  If  from  the  ends  of  the  base  BC  of  an  isos- 
celes triangle  ABC,  equal  parts,  BD  and  CE,  be  laid 
off  on  one  arm  and  the  prolongation  of  the  other,  the 
line  joining  D  and  E  is  bisected  by  the  base. 

Ex.  30.  If  two  lines  are  intersected  by  a  transversal, 
and  the  bisectors  of  the  interior  angles  on  the  same 
side  of  the  transversal  afe  perpendicular  to  each  other, 
these  lines  are  parallel.  Ex.  29 

Ex.  31.    If  the  opposite  angles  of  a  quadrilateral  are 
equal,  the  figure  is  a  parallelogram. 

Ex.32.    li  AB\\  ED,  Zl +Z2  +  Z3  =  AH.  A. 

Ex.  33.    State  and  prove  the  converse  of  the  pre- 
ceding proposition. 

Ex.  34.    Find  the  number  of  diagonals  in  a  poly- 
gon of  5  sides ;   of  8  sides ;  of  10  sides ;  of  n  sides. 

Ex.  35.  How  many  sides  has  a  polygon,  the  sum  of  whose  interior 
angles  equals  three  times  the  sum  of  the  exterior  angles'^  {i.e.  one 
ext.  Z  at  each  vertex.) 

Ex.  36.  How  many  sides  has  a  polygon  the  surrx  of  whose  interior 
angles  is  equal  to  the  sum  of  the  exterior  angles? 

Ex.  37.  How  many  sides  has  a  polygon,  the  sum  of  whose  interior 
angles  is  equal  to  three  times  the  sum  of  the  angles  of  a  hexagon  ? 

Ex.  38.  How  many  sides  has  an  equiangular  polygon  whose  ex- 
terior angle  equals  the  interior  angle  of  an  equilateral  triangle  ? 

Ex.  39.  If  the  upper  base  of  an  isosceles  trapezoid  is  equal  to  one 
of  the  arms,  the  diagonals  bisect  the  angles  at  the  lower  base. 

Ex.  40.  If  a  perpendicular  be  dropped  from  the  vertex  to  the  base 
of  a  triangle,  each  segment  of  the  base  will  be  shorter  than  the  adjacent 
side  of  the  triangle. 

Ex.  41.  If  the  vertices  of  a  triangle  lie  in  the  sides  of  another  tri- 
angle, the  perimeter  of  the  first  is  less  than  the  perimeter  of  the  second. 

Ex.  42.  The  perpendiculars  from  two  vertices  of  a  triangle  upon 
the  median  drawn  from  the  third  vertex  are  equal. 
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Ex.  43.  The  lines  joining  the  mid-points  of  the  sides  of  a  rectangle, 
taken  in  order,  form  a  rhombus. 

Ex.  44.  The  lines  joining  the  mid-points  of  opposite  sides  of  any 
quadrilateral,  taken  in  order,  form  a  parallelogram. 

*  Ex.  45.  The  mid-points  of  two  opposite  sides  of  a  quadrilateral 
and  the  mid-points  of  the  diagonals  determine  the  ver-  D 
tices  of  a  parallelogram. 

Ex.  46.    A  line  from  the  vertex  of  an  isosceles  triangle  ^ 

to  any  point  in  the  base  is  shorter  than  either  arm. 

Ex.  47.    If  in  the  triangle  ABC,AB  >  AC,  and  -D  is 
a  point  in  the  prolongation  of  BA,  then  DB  >  DC.  ex.  47 

Ex.  48.    Lines  joining  the  mid-points  of  two  opposite  sides  of  a 
parallelogram  to  the  ends  of  a  diagonal  trisect  the 
other  diagonal. 

*  Ex.  49.  If  a  point  D  in  a  side  BC  of  triangle  ABC 
is  joined  to  A,  and  AC  =  BC,  AB  =  AD  =  DC, 
then  ZC  =  36". 

*  Ex.  50.  If  any  point  E  in  the  median  CE 
is  joined  to  A  and  B  and  ZB  >  ZA,  prove 
that  Z2  >  Zl. 

Ex.  51.  From  a  given  point  without  a  line, 
to  draw  a  line  forming  with  the  given  line  an 
angle  equal  to  half  a  right  angle. 

Ex.  52.    From  a  given  point  without  a  line, 
to  draw  a  line  forming  with  the  given  line  an  angle  of   60°.     How 
many  such  lines  can  be  drawn? 

Ex.  53.  From  a  given  point  without  a  line  to  draw  a  line,  making  a 
given  angle  with  the  given  line. 

Ex.  54.  Construct  a  line  terminating  in  the  sides  of  a  given  angle 
and  equal  and  parallel  to  a  given  line, 

Ex.  55.    The  diagonals  of  an  isosceles  trapezoid  are  equal. 

*  Ex.  56.  If  the  diagonals  of  a  trapezoid  are  equal,  the  trapezoid  is 
isosceles. 


MISCELLANEOUS  EXERCLSES 
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Ex.  57 


171.    [Method  XII.     In  order  to  prove  that  the  sum  of  two 
lines,  a  and  b,  equals  a  third  line,  c.  either 

(a)  Construct  the  sum  of  a  and  b,  and  prove  the  Hne  so 
obtained  is  equal  to  c,  or 

(6)  La}^  off  a  (or  h)  on  c,  and  prove  that  the 
line  representing  the  difference  equals  h  (or  a). 

Ex.  67.  The  sum  of  the  perpendiculars  dropped  from 
any  point  in  the  base  of  an  isosceles  triangle  to  the  arms 
is  equal  to  the  altitude  upon  one  of  the  arms. 

Ex.  58.   In  AABC,  if 

AE  =  BF 

and  AC  \l  EG  \\  FH, 

prove  that       EG  +  F H  =  AC. 

Ex.  59.    If  through  a  point  D  in  the  base 
AS  of  isosceles   triangle    ABC,   parallels   are 
dra-^-n  to  the  arms  meeting  the  arms  in  E  and  F  respectively,  then 
DF  +  DE  =  AC. 

B 
Ex.  60.  The  sum  of  the  three  perpen- 
diculars dropped  from  any  point  within 
an  equilateral  triangle  upon  the  sides  is 
constant,  and  equal  to  the  altitude  of  the 
triangle.     fEx.  57.) 

*  Ex.  61.  If  the  altitude  BD  of  AABC 
is  intersected  by  another  altitude  in  G, 
and  EH  and  HF  are  perpendicular- 
bisectors,  prove 

BG  =  2(HE),  and  AG  =  2(  HF). 

Ex.  62.  The  line  joining  the  point  of  intersec- 
tion of  the  altitudes  of  a  triangle  and  the  point 
of  intersection  of  the  three  perpendicular-bisectors 
cuts  off  one  third  of  the  corresponding  median. 

(Ex.  61.)  Ex.  62 


*  Ex.  63.    The  points  of  intersection  of  the  altitudes,  medians,  and 
perpendicular-bisectors  of  a  triangle  lie  in  a  straight  Une. 
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THE   CIRCLE  —  CONSTRUCTIONS 

172.  Def.  a  circle  is  a  plane  closed  curve,  having  aU  its 
points  equally  distant  from  a  fixed  point  in  the  plane,  as 
.4BC(37). 

-  173.  Def.  The  fixed  point  (D)  is  the  center.  The 
length  of  the  circle  is  called  the  circumference.  An  arc  is 
any  portion  of  the  circle,  as  AB. 
A  semicircle  is  half  of  the  circle.  A 
minor  arc  is  an  arc  less  than  a  semi- 
circle ;  a  major  arc  is  an  arc  greater 
than  a  semicircle. 

The  word  arc  taken  alone  generally  sig- 
nifies a  minor  arc. 

174.    Def.     A  radius  is  a  hne  join-  C 

ing  the  center  to  any  point  in  the  circle,  as  DC.  A  diameter 
is  a  straight  line  through  the  center  terminated  at  each  end 
by  the  circle,  as  EF. 


Tangent 


175.  Def.  A  chord  is  a 
straight  line  joining  any  two 
points  in  the  circle,  as  GH.  A 
secant  is  a  straight  line  that 
intersects  the  circle  in  two  points, 
as  IK.  A  tangent  is  a  straight 
line  that  touches  the  circle  at 
one  point  only,  and  does  not 
intersect  it  if  produced,  as  MN. 
the  point  of  contact  or  point  of  tangency. 
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This  point  (L)  is  called 
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176.  Def.  a  central  angle  is  an  angle  formed  by  two 
radii,  as  Z  EDC. 

An  angle  is  said  to  intercept  any  arc  that  is  cut  off  by  its  sides,  and 
this  arc  is  said  to  subtend  the  angle.  A  chord  that  joins  the  ends  of  an 
arc  is  said  to  subtend  this  arc  :   thus  chord  GH  subtends  the  arc  GH. 

177.  Def.  Circles  ha^Tng  the  same  center  are  called  con- 
centric circles. 

PRELIMI^\\JIY    THEOREMS 

178.  All  radii  of  the  sa/ne  circle  are  equal.       By  definition.) 

179.  A  point  is  within  a  circle  if  its  distance  from  the  center 
is  less  than  a  radius.  A  point  is  on  {or  in)  the  circle  if  its 
distance  from  the  center  is  equal  to  a  radius.  A  point  is 
without  a  circle  if  its  distance  from  the  center  is  greater  than  a 
radius. 

180.  Two  circles  are  equal  if  their  radii  are  equal,  i  Prove 
by  superposition.) 

181.  All  diameters  of  the  same  or  of  equal  circles  a  >  '_.,:.'. 

-^    182.    A  diameter  bisects  the  circle.     'Prove  by  superposi- 
tion.) 

Note  :  1.  Diameters  are  central  chords.  All  other  chords  are  non- 
central  chords. 

2.    A  circle  is  determined  bv  its  center  and  a  radius. 


Ex.  1.    Construct  a  circle  with  center  A  and  radius  equal  to  r. 
Ex.  2.    Construct  a  central  angle  of  90=,  60=,  45%  30=. 
Ex.  3     Pr :  ve  :     Every  diameter  bisects  the  circle. 
Ex.  4.    Prove :     A  circle  cannot  have  two  centers. 
Ex.  5.    Construct  two  concentric  circles,  then  construct  a  circle  con- 
centric to  the  first  two  circles  and  niidwav  between  them. 
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Proposition  I.     Theorem 


183.  In  the  same  circle  or  in  equal  circles ,  equal 
central  angles  have  equal  arcs;  and,  conversely,  equal 
arcs  have  equal  central  angles. 


I.    Given  in  equal  (D,  0  and  0',  ZO  =  ZO'. 
To  prove  AB  =  a'b\ 

Proof 


STATEMENTS 

1.  Place  circle  0  on  its 
equal  circle  O'  so  that  OB 
coincides  with  O'B' . 

2.  OA  falls  along  O'a'. 

3.  A  coincides  with  A'. 

4.  AB  coincides  with  A'B'. 


5.         .*.  AB  =  A'B' 
II.     Conversely. 


REASONS 

By  hyp.,  the  (D  are 
Axiom  19. 


2.  By  hyp.,  ZO  =  ZO'. 

3.  Radii  of  =   ©  are  = . 


(D  are  = . 


4.  Radii  of 

5.  (19). 

Given    in    equal     (D,    0    and    0', 


To  prove 


ZO  =  ZO'. 


1.  Statement  (1)  above. 

2.  BA  falls  along  B^'. 

3.  Point  A  falls  on  A'. 

4.  OA  coincides  with  O'A'. 

5.  .-.    ZO  =  ZO'. 


1.  By  hyp.,  the  (D  are  =. 

2.  Equal  (D  have  =  radii. 

3.  By  hyp.,  AB  =  aTb'. 

4.  Two  pts.  det.  a  line. 

5.  (19). 
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184.  Cor.  In  the  same  or  in  equal  circles,  the  greater  of 
two  7inequal  central  angles  intercepts  the  greater  arc,  and  con- 
versely.    Hint.    By  superposition. 

[Practical  applications,  pages  287-290.] 

185.  Method  XIII.  The  equality  of  arcs  in  the  same 
circle  or  equal  circles  can  be  demonstrated  by  the  equality 
of  their  central  angles. 


Ex.  1.  If  AB  and  CD  are  diameters  of  the  same  circle,  arc  AC  = 
arc  BD. 

Ex.  2.    If  A  B  is  a  diameter,  OD  a  radius,  AC 

a  chord,  and  LBOD  =  2ZA,  then  BD  =  BC.        y^ 

Ex.  3.    If  a  diameter  AB  bisects  the  angle  A, 
which  is  formed  by  two  chords  AC  and  AD,  then        X,^^  J/o 

BC  =  BD.  Ex.  2 

Ex.  4.  If  from  a  point  A  in  a  circle  a  chord  AB  and  a  diameter 
AC  are  drawn,  a  radius  parallel  to  AB  bisects  BC. 

Ex.  5.  If  through  a  point  equidistant  from  two  points  in  a  circle 
a  radius  is  drawn,  the  arc  between  the  two  points  is  bisected. 

Ex.  6.  If  the  perpendiculars  drawn  from  a  point  in  the  circle  upon 
two  radii  are  equal,  the  point  bisects  the  arc  intercepted  by  the  two 
radii. 

Ex.  7.    Divide  a  circle  into  four  equal  parts ;  into  8 ;  into  6. 

186.  A  circle  may  be  divided  into  360  equal  parts  called 
degrees.  A  degree  may  be  subdivided  into  60  equal  parts 
called  minutes,  and  similarly  a  minute  may  be  divided  into 
60  seconds. 

An  angle  is  measured  hy  an  arc,  if  both  angle  and  arc  have  the  same 
number  of  degrees. 


Ex.  8.    Prove  that  a  central  angle  is  measured  by  its  intercepted  arc 
if  the  central  angle  equals:   (a)  90°;   (6)  30°;    (c)  1°. 
Ex.  9.    Construct  an  arc  of  (a)  45°,  (6)  60°,  (c)  150°. 
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Proposition  II.     Theorem 

187.  In  the  same  circle,  or  in  equal  circles ,  equal 
arcs  have  equal  chords;  and,  conversely,  equal  chords 
have  equal  arcs. 


I.    Given  in  equal  (D,  0  and  O',  AB  =  A'B'. 
To  prove  AB  =  A'B'. 

Proof 


STATEMENTS 

1.    Draw  OA,  OB,  O'A',  0'B\ 


2.  AB  =  A'B' 

3.  AAOB  =  AA'O'B'. 


4.  AO  =  A'O',    BO  =  B'O 

5.  AABO  ^  AA'B'O'. 

6.  .-.  AB  =  A'B', 


REASONS 


1.   Ax.  13. 


2.  Hyp. 

3.  In  equal  (D,  equal  arcs  have 
equal  central  A. 

4.  Radii  of  equal  ©  are  = . 

5.  s.  a.  s.  =  s.  a.  s. 

6.  Corr.  sides  of  congruent  A 
are  =. 

II.    Conversely.     Given  in  equal  (D,  0  and  O',  AB  =  A'B'. 

To  prove  AB  =  A'B'. 

1.  Draw  OA,  OB,  O'A',  O'B'. 

2.  AB  =  A'B'. 

3.  AO  =  A'O',    BO  =  B'O'. 

4.  AABO  ^AA'B'O'. 

5.  ZAOB  =  ZA'O'B'. 


AB 


A'B'. 


1.  A  st.  line  etc. 

2.  Hyp. 

3.  Radii  of  =   ©  are  =. 

4.  s.  s.  s.  =  s.  s.  s. 

5.  Corr.  z^  of  =  A  are  =. 

6.  In    =  ©,   equal  central    A 
have  =  arcs. 


THE    CIRCLE  —  COXSTRUCTIOXS 
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188.  Def.  a  polygon  is  inscribed 
in  a  circle,  if  all  its  vertices  are  in 
the  circle,  as  ABCDE.  The  circle  is 
then  said  to  be  circumscribed  about 
the  polygon. 

The  center  of  the  circumscribed  circle  is 
called  the  circumcenter  of  the  polygon. 


189.  IMethod  XIV.  The  equality  of  arcs,  in  the  same 
circle  or  equal  circles,  may  also  be  demonstrated  by  the 
equality  of  their  chords,  and  vice  versa. 


Ex.  1.  If  ZBAC  =  ABAC  and  AB  =  AD,  then 
BC-  =  CD. 

Ex.  2.  n  ZBAC  =  ZDAC  and  ZCBA  =  ZCDA 
(not  drawn  in  the  figure; ,  then  CB  =  CD. 

Ex.  3.  If  /lABC  is  inscribed  in  a  circle  and  ZA 
=  Z  5,  prove  that  AC  =  BC. 

Ex.  4.    If  two  chords  bisect  each  other,  the  arcs  intercepted  by  the 
sides  of  a  pair  of  vertical  angles  are  equal. 

Ex.  5.    If  two  chords  bisect  each  other,  they  are  diameters 

Ex.  6.  If  chords  AB,  BC.  CD,  DE 
are  equal,  then  chords  AC.  BD,  CE 
are  equal. 

Ex.  7.  If  AB  =  CD,  then  BC  = 
AD. 

Ex.  8.  If  two  intersecting  chords, 
AD  and  BC,  are  equal,  then  AB  = 
CD. 


Exs. 


Ex.  9.    The   diagonals  of  an  equilateral  pentagon  inscribed  in  a 
circle  are  equal. 

Ex.  10.    The  radii  drawn  to  the  vertices  of  an  inscribed  equilateral 
hexagon  divide  the  figure  into  six  coDgruent  equilateral  triansdes. 
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PLANE   GEOMETRY 
Proposition  III.     Theorem 


190.    The  diameter  perpendicular  to  a  chord  bisects 
the  chord  and  the  arcs  of  the  chord. 


Given  in  O  O,  the  diam.  FD  ±  AB. 

To  prove        AE  =  EB,  AD  =  DB,  AF  =  FB. 


Proof 

STATEMENTS 

1.  Draw  OA,  OB. 

2.  OELAB. 

3.  Zl  =Z2  =  rt.  Z. 

4.  OA  =  OB. 

5.  OE  =  OE. 

6.  ^i.AAOE^vi.ABOE. 

7.  /.  AE  =EB,  Z3=  Z4. 

8.  /.  AD  =  DB. 

9.  DAF  =  DBF. 
10.     /.  AF  =  FB. 


REASONS 

1.  Ax.  13. 

2.  Hyp. 

3.  Js  form  right  A. 

4.  Radii  of  a  ©are  = . 

5.  Iden. 

6.  hy.  a.  =  h}-.  a. 

7.  Corr.  pts.  of  =  A  are  =. 

8.  Equal  cent.  A  have  =  arcs. 

9.  A  diameter  bisects  the  G. 
10.  Equals  from  equals,  rem.  = . 


191.    Cor.     The  perpendicular-hi sector  of  a  chord  passes 
through  the  center  of  the  circle. 


Ex.    If  in  circle  0,  AB 
AADO^AAEO. 


AC,  OD±AB,  and  OE  ±  AC,  prove  that 
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Propo.-?itiox  IV.     Problem 
192.    To  cir  cum  scribe  a  circle  about  a  given  triangle. 


Given  A-45C. 

Required  to  circumscril^e  a  cii'cle  about  ^ABC. 

Construction.  Draw  the  perpendicular-bisectors  of  the 
sides  AC  and  AB.  They  will  intersect  at  some  point 
E.  '  ■>2'  102) 

From  r  as  a  center,  with  a  radiii?  equal  to  EA.  describe  a 
circle  ABC. 

ABC  is  the  required  cii'cle. 

Proof.     E  is  equidistant  from  A.  B.  and  C.  162) 

.*.  A  circle  drawn  from  E  as  a  center  vrixh.  a  rachus  equal 
to  EA  will  pass  through  A,  B,  and  C. 

193.  C  je.  1.  Three  points  not  in  a  straight  line  determine 
a  circle. 

194.  Cor.  2.  .-1  circle  cannot  he  draitn  through  three 
points  which  lie  in  the  same  straight  line. 

195.  Cor.  3.  A  straight  line  cannot  intersect  a  circle  in 
more  than  two  points. 

196.  Cor.  4.      Two  circles  cannot  meet  in  more  than   two 

points.  

Ex.  1.    To  find  the  center  of  a  given  circle. 
Ex.  2.    To  bisect  a  given  arc. 


no 
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Proposition  V.     Theorem 


197.  In  the  same  circle,  or  in  equal  circles,  equal 
chords  are  equally  distant  from  the  center;  and,  con- 
versely, chords  equally  distant  from  the  center  are 
equal. 


I.    Given  in  0  ABCD,  AB  =  CD,  OE  ±  AB,  OH  ±  CD. 
To  prove  OE  =  OH. 

Proof 


STATEMENTS 

1.  Draw  OB  and  OC. 

2.  AB  =  CD,        OE  ±  AB, 
OH  ±  DC. 

3.  E  and  H  are  mid-pts.  of 
the  chords. 

4.  EB  =  HC. 

5.  OB  =  OC. 

6.  ZBEO    =    ZOHC    =    a 
rt.  Z. 

7.  Rt.  AOEB  ^  rt.  AOHC. 

8.  .-.  OE  =  OH. 


REASONS 

1.  A  st.  line  may  be  dra^Ti  be- 
tween two  pts. 

2.  Hyp. 

3.  Dia.    _L    chord    bisects   the 
chord. 

4.  Halves  of  equals  are   = 

5.  Radii  of  a  O  are  =. 

6.  Js  form  rt.  A. 

7.  hy.  a  =  hy.  a. 

8.  Corr.  sides  of  ^  A  are  = 


Ex.  1.  The  perpendiculars  from  the  center  to  the  sides  of  an  inscribed 
equilateral  polygon  are  equal. 

Ex.  2.  Prove  proposition  V  by  drawing  AO  and  DO  and  then  by 
proving  AAOB  ^  ADOC. 

Hint.     See  p.  98,  Ex.  23. 
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ill 


II.    Conversely.     Given  in  O  ABCD, 

UE  =  OH,  OE  ±  AB,  OH  ±  CD. 

To  prove  AB  =  CD. 


1.  Draw  OB  and  OC. 

2.  OB  =  OC. 

3.  OE  =  OH.  OE±AB.  OH 
LCD. 

4.  ZBEO  =  ZOHC  =  Tt./: 

5.  Rt.AOEB  ^Tt.AOHC. 

6.  EB  =  HC. 

7.  But  E  and  H  are  mid- 
pts.  of  the  chords. 

8.  .-.  AB  =  CD. 


1.  Ax.  13. 

2.  Radii  same  0  are  =. 

3.  Hyp. 

4.  ±  form  rt.  A. 

5.  hy.  a.  =  hy.  a. 

6.  Corr.  sides  =  ±  are 

7.  Prop.  m. 

8.  Whv? 


198.  ^Method  XA'.  The  equality  of  fv.'o  chords  in  the 
same  circle,  or  in  equal  circles,  is  usually  estabhshed  by 
means  of  equal  distances  from  the  center  or  equal  subtended 
arcs. 


Ex.    1.    If  through  any  point  in  a  radius  two  chords  are  drawn  mak- 
ing equal  angles  with  the  radius,  these  chords  are  equaL 

Ex.  2.    A  Hne  joining  the  point  of  intersection  of  two  equal  chords 
to  the  center  bisects  the  angle  formed  by  the  chords. 

Ex.  3.    In  a  given  circle,  to  draw  a  chord  equal  and  parallel  to  a 

given  chord. 

Ex.  4.    In  a  given  circle,  to  draw  a  chord  equal  to  a  given  chord, 
and  parallel  to  a  given  Une. 

Ex.  5.    At  the  ends  of  a  diameter,  chords  are  drawn  making  equal 
angles  with  the  diameter.     Prove  they  are  equal. 

Ex.  6.    A  diameter  bisects  each  of  two  non-central  chords.     Show 

the  chords  are  parallel. 

Ex.  7.    Two   intersecting   chords   have   a   segment  of  each  equaL 

^ove  the  chords  eaual. 
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PLANE   GEOMETRY 
Proposition  VI.     Theorem 


199.  In  the  same  circle,  or  in  equal  circles,  the 
greater  of  two  minor  arcs  has  the  greater  chord;  and 
conversely,  the  greater  chord  lias  the  greater  arc. 


L   Given  in  equal  (D,  0  and  O' , 

AB  >  A^'. 
To  prove  AB  >  a'b'. 

Proof 

STATEMENTS 

1.  Draw  OA,  OB,  O'A',  O'B'. 

2.  AB  >  A^B'. 

3.  In  M^AOB  and  A'O'B',  ZO  >  AO'. 

4.  AO  =  A'O'  and  BO  =  B'O'. 

5.  .*.  AB  >  A'B'. 
II.   Conversely     Given  in  equal  (D,  0  and 

AB  >  A'B'. 

To  prove  AB  >  A^'. 

1.  Draw  OA,  OB,  O'A',  O'B'. 

2.  AB  >  A'B'. 

3.  OA  =  O'A'    and    OB  =  O'B'. 

4.  In  AAOB  and  A'O'B',  ZO  >  ZO' 

5.  .-.  AB  >  A^'. 
Note.     Not  all  proofs  w-ill  be  complete  hereafter. 

must  supply  the  parts  wanting. 

[See  p.  115  for  exercises.] 


REASONS 


1. 

Why? 

2. 
3. 

4. 
5. 

0', 

Hyp. 

(184). 
WTiy? 

(132). 

1. 
2. 
3. 

T\Tiy? 

Hvp. 

Why?, 

4. 

(133). 

5.    (184). 
The  student 
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Proposition  VII.     Theorem 

200.  In  the  same  circle,  or  in  equal  circles,  if  two 
chords  are  unequal,  the  greater  chord  is  at  the  less 
distance  from  the  center. 

B 


Given  in  O  ABDC,  CD  >  AB,  OE  ±  CD,  and  OF  ±  AB. 
To  prove  OE  <  OF. 

Proof 


STATEMENTS 

REASONS 

1.                   CD   >  AB. 

1.    Hyp. 

/--V                        ^— N 

2.                CD  >  AB. 

2.    (199). 

3.    From  C  as  center, 

and 

3.    Why? 

radius  equal  to  AB,  strike  off 

an  arc  to  cut  CD  within  at  K. 

4.    Draw  CX,  and  027 _L  ex. 

4.    Why? 

5.                 CK  =  AB. 

5.    Why? 

6.                  OH  =  OF. 

6.   Equal   chords   are    = 
from  center. 

=    dist 

7.                  OE  <  OG. 

7.    (131). 

8.                  OG  <  OH. 

8.    (Ax.  11). 

9.             .-.  OE  <  OH 

9.    (Ax.  9). 

or                      OE  <  OF. 

[Seep 

.  115  f 

or  exercises.] 
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PLANE   GEOMETRY 
Proposition  VIII.     Theorem 


201.  In  the  same  circle,  or  in  equal  circles,  if  two 
chords  are  unequally  distant  from  the  center,  the 
chord  at  the  less  distance  is  the  greater, 

[Converse  to  Prop.  VII.] 


Given  in  O  ABCD  with  OE  <  OF,  OE  _L  AB,  OF  ±  DC. 
To  prove  AB  >  DC. 


Proof 

STATEMENTS 

REASONS 

1.    Either  AB  <  DC,  or  AB  =  DC, 

1. 

Why? 

or  AB  >  DC. 

2.    If  AB  <  DC,  then  OE  >  OF. 

2. 

(200). 

3.    If  AB  =  DC,  then  OE  =  OF. 

3. 

(197). 

4.    Statements  2,  3  arc  false. 

4. 

By  hyp.,  OE  <  OF. 

5.                   .-.  AB  >  DC. 

5. 

Why? 

Ex.  1.    If    .4B  >  CD,   and   ACB  and   DAC 

are  minor  arcs,  prove  that  CB  >  AD.  D 

Ex.  2.    If  CB  >  AD,   and    DAC  and   ACB 
are  minor  arcs,  prove  that  AB  >  CD. 


Ex8.  1.  2 
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202.  Method  XVI.  The  inequality  of  chords,  in  the 
same  circle  or  in  equal  circles,  is  usually  established  by 
means  of  unequal  distances  from  the  center  or  by  means  of 
unequal  arcs. 

Ex.  1.  If  ABC  is  any  triangle  inscribed  in  a  circle  and'  Z  A  >  ZB, 
then  BC'  >  AC. 


.A 


Ex.  2.    State  and  prove  the  converse  of  Exercise  1. 

Ex.  3.    If  AD  =  DC, 

and  ZADB  >  ZBDC, 

then  AB  >  BC. 

Ex.  4.    If  AD  =  DC,  and  .45  >  BC,  then  ZADB  Exs.  3.4 

>  ZBDC. 

Ex.  5.  If  upon  a  radius  two  perpendicular  chords  are  drawn,  the 
one  nearer  the  center  is  the  greater  chord. 

Ex.  6.  The  perpendicular  from  the  center  of  a  circle  to  a  side  of  an 
inscribed  equilateral  hexagon  is  less  than  the  perpendicular  from  the  cen- 
ter to  the  side  of  an  inscribed  equilateral  octagon. 

Ex.  7.  If  EO  ±  AB,  OF  ±  CD,  and  ZOEF  > 
ZOFE,  then  AB  >  CD. 

Ex.  8.  If  A  ABC  is  inscribed  in  a  circle  and 
ZB  >  ZC,  then  the  perpendicular  from  the  center 
upon  AB  is  greater  than  the  perpendicular  from 
the  center  upon  AC. 

Ex.  9.  The  shortest  chord  through  a  point  within  a  circle  is  the  chord 
perpendicular  to  the  radius  drawn  through  the  point. 

Ex.  10.  Two  chords  drawn  from  a  point  in  a  circle  are  unequal  if 
they  make  unequal  angles  with  the  radius  drawn  to  that  point. 

*  Ex.  11.  Two  chords  dra\^Ti  through  an  interior  point  are  unequal 
if  they  make  unequal  angles  with  the  radius  drawn  through  that  point 

Ex.  12.    A  diameter  is  greater  than  any  noncentral  chord. 

Hint.     Draw  radii  to  ends  of  chord.     Their  sum  equals  a  diameter. 
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PLANE   GEOMETRY 
Proposition  IX.     Theorem 


203.    The  straight  line  perpendicular  to  a  radius  at 
its  outer  extremity  is  a  tangent  to  the  circle. 


Given  in  O  0,  radius  OA  ±  BC  Sit  A. 
To  prove  BC  is  a  tangent. 

Proof 

STATEMENTS 

1.  Join  any  other  point  D  in  BC  to  0. 

2.  OD  >  OA. 

3.  D  lies  without  the  circle. 

4.  .'.  BC  is  a  tangent  to  O  0. 


REASONS 

1.  Why? 

2.  (131). 

3.  (179). 

4.  (175).- 


204.  Cor.  1.     A    tangent  is  perpendicular  to  the  radius 
drawn  to  the  point  of  contact.     (Converse  to  Prop.  IX.) 

Hint.     The  shortest  line  is  the  perpendicular,  since  the  _L  is  the 
shortest  line  (identity). 

205.  Cor.  2.     The  perpendicular  to  a  tangent  at  the  point  of 
contact  passes  through  the  center  of  the  circle. 

206.  Cor.  3.     The  perpendicular  from  the  center  to  a  tangent 
meets  it  at  the  point  of  contact. 

207.  Cor.  4.     At  a  given  point  of  contact  there  can  he  one 
tangent  only. 
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208.  Def.  The  length  of  a  tangent  drawn  from  a  point  to 
a  circle  is  the  length  of  the  line  from  this  point  to  the  point  of 
contact,  as  AB  (Prop.  X). 


Propositiox  X.  Theorem 

209.    The  tangents  drawn  to  a  circle  from  a  point 
ivithout  are  equal. 


Given  tangents  AB  and  AC  to  circle  0. 


To  prove 


AB  =  AC. 


Proof 

STATEMENTS 

1.  Draw  OA,  OB,  OC. 

2.  ZOBA  and    ZOCA  are 
rt.  A. 

3.  In  rt.   AOBA  and  OCA, 
OB  =  OC. 

4.  OA  =  OA. 

5.  AOBA  ^  AOCA. 

6.  .-.  AB  =  AC. 


REASONS 

1.  Why? 

2.  Prop.  IX,  Cor.  1. 

3.  TMiy? 

4.  \Miy? 

5.  hy.  a.  =  hy.  a. 

6.  TMiv? 


210.  Cor.  The  tangents  drawn  to  a  circle  from  a  point 
without  make  equal  angles  with  the  line  joining  the  point  lo 
the  center  {i.e.  ZOAB  =  ZOAC). 
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211.  Def.  a  common 
tangent  to  two  circles  is 
called  an  internal  tangent  if 
the  centers  (0  and  0')  are 
on  opposite  sides  of  the  tan- 
gent, as  AB.  Otherwise  it 
is  called  a  common  external  tangent,  as  CD. 

The  length  of  a  common  tangent  is  the  length  of  the  segment  between 
the  points  of  contact. 

212.  Def.  A  polygon  is  circumscribed 
about  a  circle  if  all  its  sides  are  tangent 
to  the  circle,  as  ABCDE.  The  circle  is 
then  said  to  be  inscribed  in  the  polygon. 

The  center  of  the  inscribed  circle  is  called  the 
incenter  of  the  poh'gon. 

Ex.  1.    The  common  internal  tangents  of  two  circles  are  equal. 

Ex.  2.    The  common  external  tangents  of  two  circles  are  equal. 

Ex.  3.  A  chord  forms  equal  angles  with  the  tangents  drawn  at  its 
ends. 

Ex.  4.  The  sum  of  two  opposite  sides  of  a  circumscribed  quadri- 
lateral is  equal  to  the  sum  of  the  other  two  sides. 

Ex.  5.  If  hexagon  A  EC  DEF  is  circumscribed  about  a  circle,  AB 
-hCD  +  EF  =  BC  +  DE  +  FA. 

Ex.  6.  The  sum  of  the  arms  of  a  right  triangle  circumscribed  about 
a  circle  is  equal  to  the  hypotenuse  increased  by  the  diameter  of  the  circle. 

Ex.  7.  If  two  tangents  make  an  angle  of  60°,  the  chord  joining  the 
points  of  contact  equals  either  tangent. 

*  Ex.  8.  Triangle  ABC  is  circum.scribed  about  a  circle,  which  touches 
the  sides  AB,  BC,  and  CA  in  A',  Y,  and  Z,  respectively.  Find  the 
lengths  of  AX,  BY,  and  CZ  ii  AB  =  3,  BC  =  4,  and  CA=  5. 

213.  Def.  The  line  of  centers  is  the  line  determined  by 
the  centers  of  two  circles. 

Thus  00'  is  the  line  of  centers  of  circles  0  and  0'.  See  figure  at  top 
of  page. 
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Proposition  XL     Theorem 

214.    //  two  circles  intcrsfct.  the  line  of  centers  bi- 
sects their  curnmon  chord  at  right  angles. 


Given  circles  ACB  and  AEB  intersecting  at  A  and  B. 

To  prove  00' .  theii'  line  of  centers,,  is  the  perpendicular- 
bisector  of  AB. 

Proof.     0  and  0'  are  each  equally  distant  from  A  and  B, 

Why  ? 

.'.  00'  is  the  perpencUcnlar-bisector  of  AB.  79' 

215.  Def.  Two  circles  are  tangent  to  each  other  if  both 
-J re  tangent  to  the  same  straight  hne  at  the  same  point.  They 
are  tangent  internally  or  externally,  according  as  one  circle 
hes  within  or  Tvithoiit  the  other.  Thus,  circles  A  and  B  are 
tangent  internally,  and  circles  C  and  D  are  tangent  externally. 
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Proposition  XII.     Theorem 


216.    //  two  circles  are  tangent  to  each  other,  their 
line  of  centers  passes  through  the  point  of  contact. 


Given  00'  is  the  line  of  centers  of  circles  0  and  O'  that  are 
tangent  at  C. 

To  prove  00'  passes  through  C. 

Proof.  Draw  common  tangent  AB  at  C.  At  the  point  of 
contact,  C,  draw  a  perpendicular  to  the  common  tangent. 

This  perpendicular  passes  through  0  and  0\  (205) 

.-.  00'  passes  thi'ough  C.  (Why  ?) 


Ex.  1.  What  are  the  relative  positions  of  two  circles,  if  the  distance 
between  their  centers  is 

(a)  Greater  than  the  sum  of  the  radii? 
(6)   Equal  to  the  sum  of  the  radii  ? 

(c)  Less  than  the  sum  but  greater  than  the  difference  of  the  radii  ? 

(d)  Equal  to  the  difference  of  the  radii? 

(e)  Less  than  the  difference  of  the  radii? 
if)    Equal  to  zero  ? 

Ex.  2.  If  in  the  diagram  of  the  preceding  proposition  (XII)  tan- 
gents are  drawn  from  A  to  circles  0  and  0',  these  tangents  are  equal. 

Ex.  3.  If  a  secant  intersects  two  concentric  circles,  its  segments, 
intercepted  by  the  two  circles,  are  equal. 

Ex.  4.  Two  parallel  chords,  dra^Ti  from  the  extremities  of  a 
diameter,  are  equal. 
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Ex.  5.    If  the  radius  OB  is  equal  to  AB,  prove  ZCOD  =  3ZA. 
Ex.  S.    If  from  A  the  tangents  AB  and  AC  are  drawn  to  a  given 
circle  O,  and  a  third  tangent  intersects  AB  and  AC  in  D  and  F, 

D  ^ 


rt.   Z 


Ex.  5 

Prove    AD  +  DF  +  AF 

and  ZO 


*  Ex.  7.  The  two  common  external  tan- 
gents of  two  circles  intercept  on  a  common 
internal  tangent  a  segment,  CD,  equal  to  the 
external  tangent,  AB. 


MEASUREMENT 

217.  To  measure  a  quantity  is  to  find  how  many  times  it 
contains  another  quantity  of  the  same  kind,  called  a  unit  of 
measure. 


218.  Def.  The  numerical  measure  of  a  quantity  is  the 
number  that  expresses  how  many  times  the  quantity  contains 
the  unit. 

Thus  a  line  is  measured  by  finding  the  number  of  yards  or  inches 
that  it  contains.  If  the  result  is  16  inches,  then  16  is  the  numerical 
measure  of  the  line, 

219.  Def.  A  number  is  rational  if  it  can  be  expressed  r-s 
a  common  fraction,  proper  or  improper. 

Obviously  this  definition  includes  all  integers. 

Thus,  f,  9,  2f,   11.4  are  rational  numbers.     Any  rational  number 

can  be  represented  in  the  form  — ,  in  which  m  and  n  are  integers. 
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220.  Def.  a  number  is  irrational  if  it  cannot  be  expressed 
by  a  common  fraction,  proper  or  improper.^ 

Thus  V2  cannot  be  a  fraction,  for  if  V2  were  equal  to  —  (where 

n 

iu  and  n  are  integers  that  have  no  common  factor),  then  2  =  — , 

n  ■  n' 

a  condition  which  is  impossible  since  m  and  n  have  no  common  factors. 

/-  v'7 

Hence  v  2  is  an  irrational  number.     Other  irrational  numbers  are  ——, 
_      5 

v'g,  v^ll,  etc. 

221.  In  the  following  chapters  we  shall  designate  as  suc- 
cessive approximate  values  the  decimals  that  we  obtain  if  we 
calculate  the  values  of  irrational  numbers  to  one,  two,  three, 
etc.,  decimal  places. 

Thus  the  successive  approximate  values  of  ^2  are : 
1.4,     1.41,     1.414,     1.4142,     etc. 

Since  the  true  value  of  V2  lies  between  1.4  and  1.5,  the 
first  approximation  differs  from  the  true  value  by  less  than  .1. 
Similarly  the  second  approximation  differs  from  the  true 
value  by  less  than  .01,  the  third  by  less  than  .001,  etc.  It  is 
evident  that  by  continuing  the  decimal  this  difference  may  be 
diminished  to  less  than  one  millionth  or  one  billionth  or  less 
than  any  assigned  value,  however  small. 

222.  Irrational  numbers  cannot  be  expressed  by  a  common 
fraction,  proper  or  improper,  but  approximate  values  can 
be  found  that  differ  from  the  true  value  b}^  less  than  any 
assigned  value,  however  small. 

223.  Def.  Two  irrational  numbers  are  called  equal  if  all 
their  successive  approximate  values  are  respectively  equal. 

Obviously  two  numbers  that  satisfy  this  condition  cannot 
differ  by  any  value,  however  small. 

1  The  definition  of  "irrational"  as  given  in  many  texts  on  elementary- 
algebra  refers  to  a  special  kind  of  irrational  numbers  only,  viz.  those  that 
can  be  obtained  by  evolution.  This  is  the  only  kind  of  irrational  numbers 
that  can  be  obtained  by  the  operations  of  elementary  algebra. 
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Thus,  it  can  be  shown  that  all  successive  approximate  values  of  Vs 

3 
and  — =  are  respectively  equal,  no  matter  to  how  manv  places  of  decimals 

^3  _  ^ 

we  carry  the  calculation.     Hence  we  call  Vs  and  -^  equal  irrational 
numbers.  ^^3 

224.  Def.  The  ratio  of  two  quantities  of  the  same  kind  is 
equal  to  the  quotient  of  their  numerical  measures  expressed 
in  terms  of  the  same  unit. 

Thus,  the  ratio  of  two  quantities,  a  and  6,  is  -  or  a  -i-  6 ;  the  ratio  of 

b 

four  yards  and  two  yards  is  f ,  or  2.     A  ratio  is  used  to  compare  the 

magnitude  of  two  quantities. 

225.  If  the  ratio  of  two  quantities  is  a  rational  number, 
there  always  exists  a  third  quantity,  called  a  common  measure, 
which  is  contained  an  integral  number  of  times  in  each. 

Thus,  if  AB  and  CD  designate  the  length  of  two  lines  expressed  in 
terms  of  the  same  unit,  and  ^—~  =  -,  then  the  ninth  part  of  CD  is  con- 
tained in  AB  five  times.  Or  if  CD  be  divided  into  nine  equal  parts  and 
one  of  these  parts  be  laid  off  on  AB,  as  often  as  possible,  then  AB 
contains  5  of  these  parts.  Each  of  these  parts  is  a  common  measure  of 
AB  and  CD. 

226.  If  the  ratio  of  two  quantities  is  an  irrational  number, 
it  can  be  shown  that  they  have  no  common  measure ;  e.^.  if 

—  =  v7,   AB   and   CD   cannot   have   a   common   rational 
CD 

measure,  for  otherwise  V?  would  equal  a  rational  number. 
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Proposition  XIII.     Theorem^ 

227.    A  central  angle  is  measured  by  its  intercepted 
arc. 


Given  central  ZO  intercepting  AB. 

To  prove  Z  0  and  AB  are  measured  by  the  same  number  of 
degrees. 

Proof.     Case  I.     The  number  of  degrees  in  Z  O  is  rational. 
Then  the  number  of  degrees  in  Z  0  can  be  represented  b}^ 

— ,  where  m  and  n  are  integers. 

n 

If  we  construct  360  equal  angles  about  0,  each  angle  would 
intercept  3^0-  of  the  circle.  (183) 

Or,     A  central  Z  of  1°  intercepts  an  arc  of  1°. 

If  the  angle  of  1°  be  divided  into  n  equal  parts,  all  inter- 
cepted arcs  would  be  equal. 

Or,     A  central  z  of  (  -  )    intercepts  an  arc  of  ( -  ]  • 

Taking  7n  of  these  parts,  we  have 

A  central  Z  of  (  — j    intercepts  an  arc  of  ( —  j  • 

Case  II.     The  numbers  of  degrees  in    ZO  is  irrational. 

Let  the  number  of  degrees  in  ZO  be  some  irrational 
number,  e.g.  V2  =  1.41421  •••,  and  let  us  consider  the  suc- 
cessive approximate  values  of  this  number. 

^  Teachers  who  prefer  the  proof  which  is  based  upon  the  principle  of  limitr. 
will  find  the  same  in  the  appendix,  pp.  275-277. 
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If  ZO  contained  1.4°.  AB  contains  1.4°.  (Case  I.) 

If  ZO  contained  1.41°.  AB  contains  1.41°.  (Case  I.) 

If  ZO  contained  1.414°.  AB  contains  1.414°.  (Case  I.) 

In    other    words    all    approximations    of    the    numerical 

measm-es  of  Z  0  and  of  AB  are  respectively  equal. 

/.  the  nmnerical  measures  oi  ZO  and  AB  are  equal.     (223) 

Note.  In  the  above  demonstration  a  concrete  numerical  value  is 
assumed  for  ZO.  It  is  e\-ident,  however,  that  the  proof  does  not  at  all 
depend  upon  the  particular  value  selected ;  in  other  words,  that  the  con- 
clusion follows  in  like  manner  for  any  other  numerical  value  of  ZO. 
Hence  the  proof  is  general.  For  a  more  general  form  of  proofs  of  this 
type  see  §  347. 

228.  Cor.  In  the  same  circle,  or  in  equal  circles,  two 
central  angles  have  the  same  ratio  as  their  intercepted  arcs. 


Ex.  1.    If  J.^  =  40°,  how  many  degrees  are 
(a)  in  central  ZA0B1     (6)  in  ZACB'l 

Ex.  2.    If  BD  =  60',  how  many  degrees  are 
in  ZC. 


Exs.  1, 


229.  Def.  An  inscribed  angle  of  a  circle  is  an  angle 
whose  vertex  Ues  in  the  circle  and  whose  sides  are  chords ; 
as  IB.  ZD.   ZBCD,   ZBCA.  3 

230.  Def.  A  segment  of  a  circle  is  a 
figure  formed  by  an  arc  and  its  chord, 
as  arc  CBA  and  chord  CA. 

231.  Def.     An  angle  is  said  to  be  in- 
scribed in  a  segment  if  its  vertex  Hes  in 
the  arc  and  its  sides  pass  through  the  extremities  of  that  arc. 
Thus  Z  D  is  inscribed  in  segment  CD  A.  and  Z  ^in  segment  CBA. 
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Propositiox  XIV.     Theorem 

232.    An  inscribed  angle  is  measured  by  one  half  the 
intercepted  arc. 


Given  Z  ACB  inscribed  in  O  0. 
To  prove  Z  ACB  is  measured  ]3y  4-  AB. 
Case  I.     One  side  of  the  angle  is  a  diameter  of  the  circle. 

Proof 


STATEMENTS 

REASONS 

1. 

Draw  OB. 

1. 

Why? 

2. 

BO  =  OC. 

2. 

Why*? 

3. 

AC  =  ZB. 

3. 

Base  A  of  an  isos.  A  are  = . 

4. 

ZAOB  =  ZC  +ZB 

4. 

(120). 

5. 

ZAOB  =  2ZC. 

5. 

Sub. 

6. 

Z  ACB  =  ^Z  AOB. 

6. 

^Miy"? 

7. 

ZAOB  is  measm'ed 

by 

7. 

arc. 

A  central  Z  is  meas.  by  its 

AB. 

8.     .-.    ZACB   is   measured         8.   Why 

by  }AB. 

Case  II.     The  center  lies  within  the  angle. 
Draw  the  diamet-er  CD. 

Then  Z  ACD  is  measured  b}'  -J  AD. 

and  Z  BCD  is  measured  by  ^  BD. 

:.  Z  ACD  +  Z  BCD  is  measured  by  ^  (AD  +  iS) , 


(Case  I.) 

(Case  I.) 

(Ax.  2.) 


Or 


Z  AC5  is  measured  by  ^  .li^. 
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ZACD  is  measured  by  i  AD. 


Case  III.     Tne  center  lies  without  the  angle. 
Draw  the  cUameter  CD. 
Then 
and  A  BCD  is  measiured  by  i  BD. 

.'.  ZACB  is  measured  by  ^  AB. 

233.  Cor.  1.     Angles  inscribed  in  the  same 
segment  are  equal. 

{AA  =  ZB  =  ZC  =  -^ 

234.  Cor.  2.     .-i^    angle    inscribed    in    u 
semicircle  is  a  right  angle    ZX  =  90°). 

Note.     The  statement  "  ZAOB  is  measured  by 

AB  "  is  a  brief  form  for  writing  an  equation,  viz. 
"the  numerical  measure  of  ZAOB  =  the  numerical 

measure  of  AB.'  Hence,  this  and  similar  statements 
may  be  treated  like  equations,  e.g.  the  axioms  1,  2, 
and  8  may  be  applied  to  them. 


(Case  I.) 

(Case  I.) 

•  Ax.  3.) 


M 


235.    Cor.  3.     The  opposite  angles  of  an  inscribed  quadri- 
lateral are  supplementary. 


Ex.  1.    If  in  the  diagram  for  Case  I,   z.C  =  30",  how  many  degrees 

areinCB? 

Ex.  2.    If  in  the  same  diagram  £?  =  3  AB,  find  AC. 

Ex.  3.  If  in  the  diagram  for  Case  II  AC  is  \,  and  BC  is  \  of  the 
circle,  find  AACB,  ZACD. 

Ex.  4.  If  in  the  diagram  for  Case  III.  A  is  the  mid-point  of  CD.  and 
B  is  the  mid-point  of  AD.  how  many  degrees  are  there  in  ZACB? 

Ex.  5.  If  a  quadrilateral  ABCD  be  inscribed  in  a  circle,  and  the 
two  diagonals  be  drawn,  find  aU  the  angles  in  the  figure,  ii  AB  =  80% 

BC'  =  110=.  and  CD  =  90=. 
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Ex.  6.    In  a  diagram  of  the  preceding  exercise,  find  four  pairs  ol 
equal  angles. 

Ex.  7.    Find  AB  +  AD,  \i  AE  =  ^\ 


H     I 


Ex.  8.    How  many  degrees  are  in    /.G  +  A  K,  \i    HI  =  20°,   and 
FL  =  30°? 

Ex.  9.    How  many  degrees  are  in  Z  5  +  ZC,  if  DA  =  50°? 

Ex.  10.  If  through  one  of  the  points 
of  intersection  of  two  equal  circles  a  line 
be  drawTi  to  meet  the  circles,  the  extremi- 
ties of  that  line  are  equidistant  from  the 
other  point  of  intersection. 

Ex.  11.  If  a  semicircle  is  placed  so  that 
the  prolongation  of  its  diameter  CB  passes 
through  a  point  A,  and  a  plumb  line  BD 
intersects  the  semicircle  at  E,  the  angle  of 

elevation  of  A  is  measured  by  ^  BE. 

[For  the  definitions  of  angle  of  eleva- 
tion and  additional  practical  applications, 
see  problems  34-36,  p.  287.] 


Ex.  11 


Ex.  12.  A  circle  is  divided  into  four  parts  in  the  continued  ratio  of 
2:4:4:5.  The  points  of  division  are  joined  in  succession.  Find  the 
number  of  degrees  in  the  inscribed  angles  thus  formed. 

Ex.  13.  Lines  are  drawn  on  the  face  of  a  clock  from  1  to  5  to  7  to 
11  to  1.     Find  the  number  of  degrees  in  each  inscribed  angle. 


Ex.  14.   An  equilateral  hexagon  is  inscribed  in  a  circle, 
degrees  are  there  in  each  angle  of  the  hexagon  ? 


How  many 
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Propositiox  XV.     Theorem 

236.  An  angle  formed  by  two  chords  intersecting 
within  the  circle  is  measured  by  one  half  the  sum  of  its 
intercepted  arc  and  the  arc  of  its  vertical  angle. 


Given  two  chords  AB  and  CD  intersecting  in  £  in  O  O, 
To  prove  ZAED  is  measured  by  i  {AD  +  CB). 

Proof 

STATEMENTS 

1.  Draw  DB. 

2.  ZAED  =  ZD  +  ZB. 

ZDismeas.  bv4-  CB. 


ZBis  meas.  by  ^  AD. 
ZD  -\-  ZB  is  meas.  bv 


^{CB  +  AD). 

5.    .*.    ZAED  is  meas.   by 

i{CB  +  AD). 


REASONS 
1.    Why? 

Ext.  Z  of  A=  • 


Inscr.  A 
\Miy? 


Ex.  1.  If  in  diagram  for  Prop.  XV,  AD  =  60°,  BA  =  140°,  and 
CB  =  20°,  find  ZAEC  and  ZDAE. 

Ex.  2.  If  two  perpendicular  chords  intersect  \\-ithin  the  circle,  the 
sum  of  a  pair  of  opposite  intercepted  arcs  is  equal  to  a  semicircle. 

Ex.  3.    If  in  diagram  for  Prop.  XV,  AC  and  DB  add  to  210°,  find 
ZCEB. 

Ex.  4.  In  same  diagram  (Prop.  XV)  ZB  =  40%  and  BC  =  100°. 
Find  ZAED, 
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Proposition  XVI .     Theorem 

237.  An  angle  formed  by  a  tangent  to  a  circle  and  a 
chord  drawn  from  the  point  of  contact  is  measured  by 
half  the  intercepted  arc. 


A  B 

Given  AB  a  tangent,  and  AC  a  chord  in  O  O. 
To  prove  Z  CAB  is  measured  by  ^AC. 

Proof 

STATEMENTS 

Draw  the  diameter  AD  and  chord  DC 

Zeis  a  rt.  Z. 

Z  DAB  is  a  rt.  Z  . 

ZD  is  compl.  to  Z  DAC. 

ABAC  is  compl.  to  A  DAC. 

ABAC  =  ZD. 


1. 
2. 
3. 
4. 
5. 
6. 

7. 

8. 

Ex. 


Z  Z)  is  meas.  by  ^  AC. 

.'.    ABAC  is  meas.  by  ^  AC. 


1.  If,  in  diagram  for  Prop.  XVI,  AC  = 
2  6d,  find  ZCAB. 

Ex.  2.  A  chord  is  parallel  to  the  tangent  drawn 
through  the  mid-point  of  the  subtended  arc. 

Ex.  3.    Circles  0  and  0'  are  tangent  to  DC  at  C. 

Prove  that 

Z  DCB  =  ZA  =  Z  EEC. 

Ex.  4.    Two  tangents  to  a  circle  form  an  angle  of  40°. 
degrees  are  there  in  the  minor  arc  between  the  tangents? 


REASONS 

1. 

Why? 

2. 

(234). 

3. 

(204). 

4. 

(112). 

5. 

Why? 

6. 

Why? 

7. 

Why? 

8. 

Equal  A  have 

same  measure. 

B 
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238.  An  angle  formed  by  two  secants,  or  two  tan- 
gents, or  a  tangent  and  a  secant,  intersecting  without 
a  circle,  is  measured  by  half  the  difference  between  the 
intercepted  arcs. 

A  A 


Case  I.     Given  AB  and  AD  secants  drawn  from  an  external 
point  A  to  O  0,  cutting  circle  at  E  and  C. 

To  prove  Z  A  is  measured  b}'  ^{BD  —  EC). 

Proof 

STATEMENTS 

Draw  BC. 


ZA  +Z2  =  Zl. 
Z  A  =  Z  1  -  Z  2. 

Z  1  is  meas.  by  |-  BD. 

Z2  is  meas.  by  ^  EC. 
Z  1  —  Z  2  is  measured 


by iiBD-  EC). 

7.    .'.    ZA  is  measured  by        ?•  Sub. 

""        EC). 

Note.     Let  the  student  prove  Cases  II  and  III. 


i(BD 


REASONS 

1.  WTiy? 

2.  Why? 

3.  Why? 

4.  Ins.  Z  is  meas.  by--. 

6.   Same  as  4. 

6.    Diff.   of  2    zi  is   meas.   by 
diff.  of  their  measures. 


132  PLANE   GEOMETRY 

Proposition  XVIII.     Theorem 

239.   Parallel  secants  intercept  equal  arcs  on  a 
circle. 


Given  AB  and  CD  two  parallel  secants  to  O  0. 

To  prove                        AC  = 

BD. 

Proof 

STATEMENTS 

REASONS 

1.    Draw  CB. 

1. 

Why? 

2       Z  1  is  meas.  by  ^  AC. 

2. 

Ins.  Z  is  meas.  by  i  its  arc. 

Z  2  is  meas.  by  -J  BD. 

3.                AB   II   CD. 

3. 

Hyp. 

4.               Zl  =  Z2. 

4. 

Alt.  int.  A  of  lis  are  =. 

•5.             i  AC  =  -J  BD. 

5. 

Equal  A  have  =  measures. 

6.            .-.  AC  =  BD. 

6. 

Why? 

240.  Cor.  1.  If  a  secant  is  parallel  to  a  tangent,  they  in- 
tercept equal  arcs  on  the  circle. 

241.  Cor.  2.  Two  parallel  tangents  intercept  equal  arcs 
on  the  circle. 

Ex.  1.  If  the  angle  formed  by  two  tangents  is  60°,  how  many  degrees 
are  in  each  of  the  intercepted  arcs  ? 

Ex.  2.  If  an  angle  formed  by  a  secant  and  a  tangent  is  20°  and  the 
greater  of  the  intercepted  arcs  is  90°,  how  many  degrees  are  in  the  other 
intercepted  arc? 
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Ex.  3.  If  in  the  diagram  for  Prop.  X\'II.  Case  I,  BD  =  100=  and 
ZA  =  20^.  find^C. 

Ex.  4.  If  in  the  same  diagram  EC  =  60'  and  EB  =  BD  =  CD, 
find  ZA. 

Ex.  6.  In  the  diagram  for  Prop.  XVIII.  find  ZABC  if  AB  =  SO"* 
and  CS  =  120^ 

Ex.  6.  The  line  bisecting  an  angle  fonned  by  a  tangent  and  a  chord 
drawn  to  the  point  of  contact,  bisects  the  intercepted  arc. 

Ex.  7.    An  inscribed  trapezoid  is  isosceles. 

Ex.  8.  In  diagram  for  Prop.  X\'III.  if  AB  =  S0=  and  CD  =  2<X)=, 
find  Z  B. 

Ex.  9.  An  exterior  angle  of  an  inscribed  quadrila4:eral  is  equal 
to  its  opposite  interior  angle. 

Ex.  10.  Find  the  smn  of  three  alternate  angles  of  an  inscribed  hex- 
agon. 

Ex.  11.  If  in  the  greater  of  two  concentric  circles,  chords  be  drawn 
touching  the  smaller  circle,  the  chords  are  equal. 

Ex.  12.  If  two  equal  chords  intersect,  the  lines  joining  their  ends 
form  an  isosceles  trapezoid. 

Ex.  13.  If  the  bisector  of  an  inscribed  angle  be  produced  until  it 
meets  the  circle,  and  through  this  point  of  intersection  a  chord  be  drawn 
parallel  to  one  side  of  the  angle,  it  is  equal  to  the  other  side. 

Ex.  14.  A  circle  constructed  on  an  arm  of  an  isosceles  triangle  as 
diameter  bisects  the  base. 

Ex.  15.  If  two  circles  intersect  in  A  and  B  and  AC  and  AD  are 
diameters  of  the  two  circles,  then  a  line  joining  C  and  D  passes  through  B. 

Ex.  16.  If  two  circles  are  tangent  to 
each  other  and  through  the  point  of  contact 
two  hnes  are  drawn,  each  terminating  in 
the  two  circles,  the  chords  joining  the  ends 
of  these  lines  are  parallel. 

Ex.  17.  If  two  circles  are  tangent  at  C 
and  a  common  exterior  tangent  touches 
the  circles  in  A  and  B,  the  angle  AC  B  is  a  Ex^r 

right  angle. 

*  Ex.  18.  If  from  the  extremities  of  a  diameter  perpendiculars  be 
drawn  upon  any  chord  'produced,  if  necessajry;,  the  feet  of  the  per- 
pendiculars are  eqmdistant  from  the  center. 
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CONSTRUCTIONS 

242.  Note,  In  the  following  examples,  we  shall  denote  the  given 
parts  of  a  triangle  always  in  the  same  manner;  the  sides  by  a,  h,  c,  the 
opposite  angles  by  A,  B,  and  C,  the  altitudes  by  ha,  hb,  and  h^  the 
medians  by  nia,  nib,  and  771  c,  and  the  angle-bisectors  by  ta,  h,  and  tc. 

Proposition  XIX.     Problem 

243.  To  construct  a  triangle,  having  given  the  three 
sides,     (s.  s.  s.) 


D  E 

Given  a,  h,  and  c  the  three  sides  of  a  A. 
Required  to  construct  the  triangle. 
Construction.     Draw        DE  =  a. 

From  ^  as  a  center,  with  a  ^radius  equal  to  h,  draw  an  arc. 
From  D  as  a  center,  with  a  radius  equal  to  c,  draw  an  arc. 
The  arcs  intersect  at  F.     Draw  FE  and  FD. 
ADEF  is  the  required  triangle. 

Discussion.     The  construction  is  impossible  if  one  side  is 
greater  than,  or  equal  to,  the  sum  of  the  other  two. 


Ex.  1.    Construct  an  equilateral  triangle,  having  one  side  given. 

Ex.  2.  Construct  an  equilateral  triangle  whose  perimeter  equals  a 
given  line. 

Ex.  3.  Construct  a  quadrilateral,  having  given  the  four  sides  and 
one  diagonal. 
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Propo.sitiox  XX.     Problem 

244.    To   construct   a   triangle,    having   given    two 
angles  and  the  included  side.     (a.  s.  a.) 
The  solution  is  left  to  the  student. 


Ex.  1.    Upon  a  given  arm,  to  construct  an  i-sosceles  right  triangle. 

Ex.  2.   Construct  an  isosceles  triangle,  having  given  the  base  and  a 

ba.-e  angle. 

245.  Remark.  The  possibihty  of  a  solution  of  a  problem 
depends  often  upon  the  proper  choice  of  the  part  which  is 
drawn  first. 

Propositiox  XXI.     Problem 

246.  To  construct  a  triangle,  having  given  two  sides 
and  the  included  angle,     (s.  a.  s.) 

The  solution  is  left  to  the  student. 


Ex.  1.  Constract  an  isosceles  triangle,  having  given  an  arm  and  the 
vertex  angle. 

Ex.  2.    Construct  a  right  triangle,  hanng  given  the  two  arms. 

Ex.  3.  To  construct  a  quadrilateral  ( ABCD),  having  given  three 
sides  AB,  EC,  and  CD),  the  angle  formed  by  the  last  of  these  sides  and 
the  unknown  side  {Z.D),  and  the  angle  formed  by  the  same  side  and  a 
diagonal    ZDC.-l). 

Ex.  4.  To  construct  a  pentagon  ^ABCDK .  having  given  the  five 
sides  (AB,  BC,  CD,  DE,  and  EA  and  two  angles  including  one  of  these 
sides  (  ZA  and  ZB). 

Ex.  5.  Construct  a  quadrilateral,  having  given  the  four  sides  and 
one  angle. 

Is  it  possible  to  solve  exercise  five  by  constructing  first  a  side  not 
adjacent  to  the  given  angle? 

Ex.  6.  To  construct  a  rhombus  having  given  the  -perimeter  and  one 
angle. 
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Proposition  XXII .     Problem 

247.    To  construct  a  triangle,  having  given  one  side, 
one  adjacent  and  one  opposite  angle,     (s.  a.  a.) 
c 

2 


Given  Z  1  and  Z  2  and 
side  a  opposite  Z  2. 

Required    to    construct 
the  A.  D  ^  0  /  C 

Construction.  In  straight  ZDOC  at  0  lay  off  ^  1,  2,  as 
above.  The  remaining  Z3  is  equal  to  the  third  Z  of  the 
triangle. 

The  required  A  is  ABC  and  is  constructed  by  the  method  of 
Prop.  XX.     (a.  s.  a.) 

Discussion.  The  construction  is  impossible  if  the  sum  of 
the  given  angles  is  greater  than  or  equal  to  a  straight  angle. 


Ex.  1.  Construct  by  means  of  Prop.  XXII  a  right  triangle,  having 
given  the  hypotenuse  and  an  acute  angle. 

Ex.  2.  Find  a  construction  of  the  same  problem  which  does  not 
depend  upon  Prop.  XXII. 

Ex.  3.  Construct  a  right  triangle,  having  given  an  arm  and  the  opposite 
angle. 

Ex.  4.    Construct  an  equilateral  triangle,  having  given 

(a)  the  altitude. 

(b)  the  radius  of  the  inscribed  circle. 

(c)  the  radius  of  the  circumscribed  circle. 
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Proposition  XXIII.     Problem 

248.    To  construct  a    triangle,    having   given   two 
sides  and  an  angle  opposite  one  of  them. 


Given  a  and  6,  two  sides  of  a  A,  and  Z.A  opposite  side  a. 

Required  to  construct  the  A. 

Construction.     Draw     ZGEI  =  ZA. 

On  EG,  lay  off  ED  =  h. 

From  D  as  a  center  with  a  radius  equal  to  a,  draw  an  arc 
intersecting  EI  in  F  and  F'. 

Both  AEDF  and  EDF'  fulfill  the  required  conditions. 

Discussion.  If  the  arc  intersects  the  base  line  tT\-ice  on 
the  same  side  of  point  E,  there  are  two  solutions,  and  if  it 
touches  the  hne  or  intersects  once,  there  is  one  solution.  If 
it  does  not  touch  the  line,  a  solution  is  impossible. 


Ex.  1.  In  Prop.  XXIII.  how  many  solutions  are  possible,  when 
angle  A  is  obtuse?   Right?   Acute? 

Ex.  2.  Cotistruct  a  right  triangle,  haring  given  the  hypotenuse  and 
one  arm. 

Ex.  3.  Solve  the  preceding  problem  by  drawing  the  hypotenuse 
first. 

249.  A  triangle  may  be  constructed  if  the  following  parts 
are  given : 

(1)  Three  sides. 

(2)  Two  sides  and  the  included  angle. 
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(3)  Two  angles  and  the  included  side. 

(4)  Two  angles  and  a  non-included  side. 

(5)  Two  sides  and  the  angle  opposite  one  of  them. 

To  construct  a  triangle,  three  parts  must  be  given,  one 
part  always  being  a  side. 


Ex.     Are  the  three  angles  of  a  triangle  three  independent  part?, 
and  can  a  triangle  be  constructed  when  the  three  angles  are  given? 

Proposition  XXIV.     Problem 

250.    From  a  given  poini,  to  draw  a  tangent  to  a 
given  circle. 


CASE  I 


CASE  li 


I.  When  the  given  point,  A,  is  in  the  circle. 

Hint.     What  is  the  angle  formed  by  a  radius  and  a  tangent  at  its 
extremity? 

II.  When  the  given  point,  A,  is  without  the  circle. 
Construction.     Join  A  to  0,  the  center  of  the  given  circle. 

From  D,  the  mid-pt.  of  OA,  as  center  and  DA  as  a  radius  con- 
struct a  circle  intersecting  the  given  circle  in  B  and  C. 

Then  AC  and  AB  are  the  required  tangents. 

Hint.     Show  that  AACO  and  OB  A  are  right  angles. 


THE   CIRCLE  —  CONSTRUCTIONS 


139 


Ex.  1.  Construct  a  line  tangent  to  a  given  circle  and  parallel  to  a 
given  line. 

Ex.  2.  Construct  a  line  tangent  to  a  given  circle  and  perpendicu- 
lar to  a  given  line. 

Proposition  XXV.     Problem 
251.    To  inscribe  a  circle  in  a  given  triangle. 

A 


Given  A  ABC. 

Required  to  inscribe  a  circle  in  AABC. 
Construction.     Construct  the  bisectors  of  ZB  and  Z  C. 
These  bisectors  meet  at  some  point  0.  (160) 

From  0  draw  OD  _L  BC. 

From  0  as  a  center,  with  a  radius  equal  to  OD,  draw  a  circle, 
which  is  the  required  one. 

[The  proof  is  left  to  the  student.     See  (160)  and  (203).] 

252.    Def.     a  circle  touching  one  side  of  a  triangle  and  the 
prolongations  of  the  other  two  sides  is  an  escribed  circle. 


Ex.  1.    Construct  the  three  escribed  circles  of  a  triangle. 

Ex.  2.  The  bisector  of  an  angle  of  a  triangle  meets  the  circumscribed 
circle  in  a  point  which  is  equidistant  from  the  other  two  vertices  of  the 
triangle  and  the  center  of  the  inscribed  circle. 

Ex.  3.  A  circle  is  inscribed  in  a  triangle  whose  sides  are  9,  8,  and  9. 
Find  the  distances  of  the  vertices  from  the  points  of  contact  (209). 
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Proposition  XXVI.     Problem 


253.  Upon  a  given  straight  line  as  chord,  to  con- 
struct a  segment  of  a  circle  which  shall  contain  an 
angle  equal  to  a  given  angle. 


Given  line  AB  and  Z  M. 

Required  to  construct  a  segment  of  a  circle  on  AB  as  chord 
which  shall  contain  an  angle  equal  to  Z  M. 

Construction.  In  the  sides  of  Z  M  take  any  two  points  P 
and  Q  respectively. 

Draw  PQ. 

On  AB  as  a  base  construct  AABC  so  that  /.A  =  ZQ,  and 
ZB  =  ZP. 

Circumscribe  a  circle  about  AABC. 

Segment  ACB  is  the  required  segment. 

Proof.  ZC=ZM.  (113) 

.'.  Any  angle  inscribed  in  the  segment  =  ZM.  (233) 


Ex.  On  a  line  2"  long  construct  a  segment  of  a  circle  which  shall 
contain  an  angle  of  30° ;  an  angle  of  45° ;  an  angle  of  60° ;  an  angle  of 
135°. 
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ANALYSIS    OF    PROBLEMS 

254.  All  analysis  of  a  problem  is  a  course  of  reasoning  by 
which  its  const njction  is  discovered.  Although  no  rules  can 
be  given  which  apply  to  all  constructions,  the  method  ex- 
plained in  the  following  exercises  may  be  used  in  many 
problems. 

Ex.  A.  To  construct  a  triangle  having  given  one  side,  the 
corresponding  median,  and  the  altitude  to  another  side. 

Given  b,  one  side  of  triangle,  mt  the  corresponding  median, 
and  /). .  the  altitude  upon  another  side. 

Required  to  construct  the  A. 

3^' 


Analysis.     (1)  Suppose  a'B'C'  were  the  required  triangle. 


(^2;  Then  we  should  know  C'a'{=  6),  C'E'  and  E'a'  =  -. 

A'D'(i=  ha),B'E\=  wife),  and  A  A'D'C'  d^ndADB    =  rt.  A). 

("The  student  is  advised  to  mark  the  known  parts  or  to  draw  them  in 

a  different  color  from  the  other  lines.) 

(3)  Examine  all  triangles  in  the  figure,  and  see  if  one  can 

be  constructed.     The  rt.  ^A'D'C'  can  be  constructed,  ha^-ing 
given  two  sides. 

(4)  Make  this  triangle  the  basis  of  the  r 

construction.     Hence, 

Constraction.     Draw  DA  =  '  -. 

At  Z),  cb-aw  FH  L  AD. 

From  A  as  a  center,  with  a  radius  equal 
to  h,  draw  an  arc  intersecting  DH  in  C. 
Draw  AC. 
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Bisect  AC  in  E,  and  from  ^  as  a  center,  with  a  radius  equal 
to  7nb,  describe  an  arc,  meeting  FH  in  B.  P 

ABC  is  the  required  triangle.  „ 

Proof.  AD  =  ha. 

BE  =  7)1  b. 
AC  =  h. 

AD  is  an  altitude,  as  ^y^ ^ -^A 

ZADC  =  rt.  Z. 

CE  =  EA 

.'.  EB  is  a  median. 

Note.  The  student  should  first  carefully  note  whether  the  parts 
g;iven  are  such  as  to  make  the  construction  possible.  In  Ex.  A.  the 
construction  is  impossible  if  AD  >  AC. 

255.  The  following  rules  express  the  procedure  in  a  general 
form : 

1.  ^Nlake  a  diagram  resembling  the  one  required,  but  not 
necessarily  having  the  same  dimensions. 

2.  Determine  (a)  all  lines,  (b)  all  angles,  that  are  directly 
given,  or  that  can  be  easily  found  from  the  given  parts,  and 
mark  these  parts. 

3.  Examine  all  triangles  o.^  the  diagram  until  you  discover 
a  triangle  that  can  be  constructed. 

4.  ]Make  this  triangle  the  basis  of  the  construction,  and  try 
to  determine  successively  all  other  parts  of  the  figure. 

5.  In  case  no  triangle  can  be  foimd  that  can  be  constructed 
directly,  draw  additional  lines  which  will  enable  you  to  obtain 
such  a  triangle. 

256.  Some  problems  require  the  drawing  of  additional  lines 
(as  stated  above  under  5  in  section  255).     In  particular : 

When  a  sum  or  a  difference  is  given,  construct  such  sum  or 
difference  in  the  analysis. 


THE    CIRCLE  —  CONSTRUCTIONS  143 

Ex.  B.     To  construct  a  triangle,  having  given  the  base,  the 
suyn  of  the  other  tiro  sides,  and  the  angle  included  by  the  two. 


b+c  - 


Analysis.     1.    Siippose  .4 'B'C  were  the  required  triangle. 

2.  Then  we  should  know  two  parts  only. 

.-.  produce  BA'  to  ^'  so  that  A'E'  =  A'C\ 
Draw    E'C'.     We    now    know    C'B'  {=a),    B'E'{=  h  +  c), 
ZB'A'C'[=  ZA),  ^E'  {=  -4^Y  and  ZA'C'E'f=  ^V 

3.  Examine  all  triangles.     As  AB'C'E'  can  be  constructed, 
make  this  the  basis  of  the  construction. 

Ex.  C.      To  construct  a  trapezoid  having  given  each  base 
[b  and  b')  and  each  diaqonal  'di  and  do). 


b> 1 

D'         E' 

Analysis.     1.    Suppose  A'B'C'D'  were  the  required  trape- 
zoid.    Produce  A'D'  to  E'  so  that  D'e'  =  B'C'. 
Draw  C'E'. 

2.  We  know  A'E'  =  b  +  h' ,  A'C'  =  di,  B'D'  =  C'E'  =  d^. 

3.  AA'C'E'  can  be  construct-ed  (s.  s.  s.j. 

4.  OB'C'E'D'  can  now  be  constructed  since  we  know  two 
sides  and  the  included  angle. 

5.  A'.  B' ,  C\  D',  the  four  vertices,  are  found  so  the  trape- 
-7,oid  r*an  be  corupleted. 
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Construct  a  triangle,  having  given  : 

Ex.  1.  a,  b,  nib.  Ex.  8.    ZA,Z  B,  ha. 

Ex.  2.  a,  b,  hb-  Ex.  9.    a,  ha,  ma. 

Ex.  3.  b,  ha,  ZA.  Ex.  10.    b,  ha,  nia     (2  A). 

Ex.  4.  b,  tc,  Z  A.  Ex.  11.    a,  rria,  nib. 

Ex.  5.  a,  hb,  Z  B.  Ex.  12.   a,  hb,  K. 

Ex.6.  a,b,K     (2  A).  Ex.13.   a,b,  ZA+ZB. 

Ex.  7.  ZC,  tc,  b.  Ex.  14.    a,  ZB,b  +c. 

Ex.  15.  Construct  an  isosceles  triangle,  having  given  the  base  and 
the  vertex  angle. 

Ex.  16.  Construct  an  isosceles  triangle,  having  given  the  sum  of  base  ' 
and  an  arm,  and  a  base  angle. 

Ex.  17.  Construct  a  triangle,  having  given  an  angle,  an  adjacent  \ 
side,  and  the  difference  of  the  other  two  sides. 

Ex.  18.    Construct  a  triangle,  having  given  the  base,  the  difference/ 
of  the  other  two  sides,  and  the  angle  included  by  the  two  sides. 
Construct  a  right  triangle,  having  given : 
Ex.  19.    One  arm  and  the  altitude  upon  the  hypotenuse. 
Ex.  20.   The  hypotenuse  and  the  difference  between  the  arms. 
Ex.  21.    The  hypotenuse  and  the  sum  of  the  arms. 

Ex.  22.  Constrvct  a  parallelogram,  having  given  the  sides  and  a» 
diagonal. 

LOCI 

257.  A  locus  of  a  point  in  a  plane  is  a  line  or  a  group  of  lines, 
such  that  (a)  all  points  in  the  Hne  (or  Hues)  satisfy  a  certain 
condition,  and  (b)  all  points  satisfying  the  condition  are  in 
the  hne  (or  lines). 

Thus  (o)  Every  point  in  the  perpendicular-bisector  of  a  line  is 
equidistant  from  the  ends  of  a  line.  (125) 

(b)  Every  point  equidistant  from  the  ends  of  a  line  lies  in  the  per- 
pendicular-bisector of  the  line.  (80). 

.-.  The  perpendicular-bisector  is  the  locus  of  the  point  that  is  equidis- 
tant from  the  ends  of  the  line. 
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258.  The  word  locus  Cplural  loci)  means  ''place,"  and  it  signifies  in 
geometry  the  place  of  a  point  that  moves  according  to  certain  conditions. 

Thus,  if  one  end  of  a  stretched  cord  is  fixed  upon  a  drawing  board, 
the  other  end,  when  moved  about,  will  describe  a  circle.  The  circle 
is  the  locus  of  the  other  end. 

Every  point  of  an  elevator  car  mo\'ing  up  or  down  moves  in  a  straight 
line,  which  is  perpendicular  to  the  ground.  Such  a  straight  Une  is 
the  locus  of  the  moving  point. 

Similarly  the  locus  of  a  point  of  the  minute  hand  of  a  watch  is  a 
circle,  etc. 

259.  To  prove  that  a  certain  line  is  a  locus,  we  must  estal> 
lish  that : 

(1)  Every  point  in  the  line  or  group  of  lines  satisfies  the 
given  condition ;  and. 

(2)  Every  point  that  satisfies  the  condition  Hes  in  the  line 
or  group  of  lines.  This  is  done  by  proving  the  theorem 
corresponding  to  yl)  and  by  p^o^'ing  its  converse  correspond- 
ing to  (2). 

Note.     We  may  establish  (I)  and  {2'). 

(2')  Ever^'  point  outside  the  Line  or  group  of  lines  does  not  satisfy 
the  given  condition. 

Thus,  to  find  the  locus  of  a  point  at  a  distance  of  f  inch  from  AB.  it 
is  not  sufficient  to  prove  that  ever>'  point  in  CD  has  the  proper  distance 
from  AB.  It  is  also  necessary  to  show  that  no  point  without  satisfie* 
the  condition,  which  leads  here  to  the  discover}'  of  another  part  of  the 
locus,  EF,  located  on  the  other  side  of  AB. 

Ex.     Draw  the  following  loci  without  giving  proofs : 
(a)  The  locus  of  a  point  f  in.  from  a  given  point. 
(6)  The  locus  of  a  point  \  in.  from  a  given  hne. 

(c)  The  locus  of  a  point  equidistant  from  a  pair  of  parallel  Unes. 

(d)  The  locus  of  the  mid-point  of  all  chords  drawn  in  a  given  circle 
and  parallel  to  a  given  line. 

(e)  The  locus  of  the  mid-points  of  all  lines  that  are  parallel  to  the  base 
of  a  triangle  and  terminated  by  the  other  sides. 

(f)  The  locus  of  a  point  equidistant  from  two  given  hnes. 
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ig)  The  locus  of  the  end  of  a  line  tangent  to  a  given  circle  and  ^  in. 
long. 

(h)  The  locus  of  the  center  of  a  circle  whose  radius  equals  \  in.,  and 
that  touches  a  given  circle  (radius  1  in.)  externally. 

LOCUS   THEOREMS 

260.  The  locus  of  a  point  at  a  given  distance  from  a  given 
point  is  the  circle  described  from  the  point  as  center  with  the 
given  distance  as  radius. 

For  (a)  every  point  in  the  circle  has  the  required  distance,  while 
(6)  every  point  at  the  required  distance  is  in  the  circle. 

261.  The  locus  of  a  point  equidistant  from  the  ends  of  a 
given  line  is  the  perpendicular- bisector  of  that  line. 

For  (a)  every  point  in  the  perpendicular-bisector  is  equidistant. 
(6)  Every  point  equidistant  from  the  ends  of  the  line  lies  in  the  per- 
pendicular-bisector. (80) 

262.  The  locus  of  a  point  that  is  at  a  given  distance  from 
a  given  straight  line  consists  of  two  lines  parallel  to  the 
given  line  at  the  given  distance. 

263.  The  locus  of  a  point  equidistant  from  two  given  par- 
allel lines  is  a  third  parallel  lying  midway  between  the  two 
given  parallel  lines. 

264.  The  locus  of  a  point  equidistant  from  two  intersecting 
straight  hues  consists  of  the  bisectors  of  the  included  angles. 


Ex.  1.    Find  the  locus  of  the  mid-points  of  the  radii  of  a  given 
circle. 

Ex.  2.    Find  the  locus  of  the  vertex  of  all  right  angles  whose  sides  pass 
through  two  given  points. 

Ex.  3.   Find  the  locus  of  the  center  of  a  circle  which  has  a  given  radim 
and  touches  a  given  line. 
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Ex.  4.  Find  the  locus  of  the  center  of  a  circle  which  has  a  given 
radius  and  passes  through  a  given  point. 

Ex.  5.  Find  the  locus  of  the  center  of  a  circle  that  passes  through 
two  given  points. 

Ex.  6.  Find  the  locus  of  the  center  of  a  circle  that  touches  two  given 
lines. 

Ex.  7.  Find  the  locus  of  the  center  of  a  circle  which  has  a  given 
radius  and  touches  a  given  circle. 

Ex.  8.  Fi?id  the  locus  of  the  center  of  a  circle  touching  a  given  line 
at  a  given  point. 

Ex.  9.  Find  the  locus  of  the  center  of  a  circle  that  touches  a  given  circle 
in  a  given  point. 

Ex.  10.  Two  vertices,  B  and  C,  of  a  triangle  have  a  fixed  position. 
Find  the  locus  of  the  third  vertex  (A)  if  ha  equals  a  given  line. 

Ex.  11.  Two  vertices.  B  and  C,  of  a  triangle  have  a  fixed  position. 
Find  the  locus  of  the  third  vertex  (A)  if  ma  equals  a  given  line. 

Ex.  12.  The  base  of  a  parallelogram  has  a  fixed  position  and  length, 
and  the  adjacent  side  has  a  given  length.  Find  the  Iocils  of  the  intersec- 
tion of  the  diagonals. 

Ex.  13.  The  base  of  a  rectangle  has  a  fixed  position.  Find  the  locus 
of  the  intersection  of  the  diagonals. 

Ex.  14.  Find  the  locus  of  the  mid-poiids  of  all  chords  that  have  a 
given  length  and  are  drawn  in  a  given  circle. 

Ex.  15.  Find  the  locus  of  the  mid-points  of  all  chords  that  can  be 
drawn  from  a  given  point  in  the  circle. 

Ex.  16.  The  locus  of  the  vertex  of  a  triangle  which  has  a  given 
(fixed)  base  and  a  given  vertex  angle  is  an  arc  (constructed  according  to 
253,  p.  140). 

265.  Loci  are  used  to  determine  the  position  of  a  point  (or 
points)  that  satisfiies  two  conditions.  Each  condition  deter- 
mines a  locus,  and  the  point  (or  points)  of  intersection  of  the 
two  loci  is  the  required  point. 

In  the  following  exercises,  state  under  what  conditions  no 
point,  one  point,  or  several  points  may  be  found. 
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Ex.  1.  In  a  given  line,  AB,  find  a  point  at  a  given  distance,  d,  from 
a  given  point  C. 

Ex.  2.  In  a  given  line,  AJ5,  find  a  point  at  a  given  distance,  d,  from 
a  given  line  CD. 

Ex.  3.  In  a  given  line,  .4B,  find  a  point  equidistant  from  two  given 
points,  P  and  Q. 

Ex.  4.  In  a  given  circle,  find  a  point  at  a  given  distance,  d,  from  a 
given  point  C 

Ex.  5.  In  a  given  circle,  find  a  point  equidistant  from  two  given 
parallel  lines,  CD  and  EF. 

Ex.  6.  In  a  given  circle,  find  a  point  equidistant  from  two  giveD 
intersecting  lines,  CD  and  EF. 

Ex.  7.  Find  a  point  equidistant  from  two  given  intersecting  lines, 
AB  and  CD,  and  at  a  given  distance  from  a  given  point,  £". 

Ex.  8.  Find  a  point  equidistant  from  two  given  intersecting  lines, 
AB  and  CD,  and  at  a  given  distance  from  a  given  line,  EF. 

Ex.  9.  Find  a  point  equidistant  from  two  given  intersecting  lines, 
AB  and  CD,  and  equidistant  from  two  given  points,  E  and  F. 

Ex.  10.  Find  a  point  equidistant  from  two  given  points,  and  having 
a  given  distance  from  a  given  point,  E. 

Ex.  11.  Find  a  pqint  equidistant  from  two  given  points  and  equidis- 
tant from  two  given  parallel  lines,  EF  and  G  H. 

Ex.  12.  Find  a  point  equidistant  from  two  given  parallel  lines  and 
equidistant  from  two  given  intersecting  lines,  EF  and  G  H. 

Ex.  13.  Find  a  point  at  a  given  distance  d,  from  a  given  line,  AB, 
and  equidistant  from  two  given  points,  E  and  F. 

Ex.  14.  Find  a  point  having  a  given  distance,  d,  from  a  given  line, 
AB,  and  equidistant  from  two  given  parallel  lines,  EF  and  G H. 

To  construct  a  circle  having  a  given  radius : 

Ex.  15.    Touching  a  given  line  and  passing  through  a  given  point. 

Ex.  16.    Touching  two  given  lines. 

Ex.  17.    Passing  through  a  point  and  touching  a  given  circle. 

Ex.  18.    Touching  two  given  circles. 

Ex.  19.    Touching  a  given  circle  and  a  given  line. 

To  construct  a  circle  : 

Ex.  20.  Touching  a  given  line  in  a  given  point  and  passing  through 
another  point  without. 
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Ex.  21.  Touching  a  given  circle  at  a  given  point  and  passing  through 
another  given  point  without. 

Ex.  22.    Touching  a  given  line  and  a  given  circle  at  a  given  point. 
HixT.     Draw  a  tangent  to  the  circle  at  the  given  point. 
*  Ex.  23.   Construct  a  triangle  having  given  a,  ha,  Z  A. 
Ex.  24.   Construct  a  triangle  having  given  a,  m.j,  £A. . 

266.  Xo  general  method  can  be  given  for  the  solution  of 
exercises  ;  a  great  many,  however,  can  be  solved  : 

(1)  By  a  gradual  putting  together  of  the  given  parts.   245) 

(2)  By  means  of  an  analysis. 

(3)  By  means  of  loci. 

MISCELLANEOUS    EXERCISES 

Construct  an  isosceles  triangle,  having  given : 
■  Ex.  1.    The  base  and  the  altitude  upon  an  arm. 
Ex.  2.    The  altitude  upon  the  base  and  the  vertex  angle. 
Ex.  3.    The  vertex  angle  and  the  sum  of  one  arm  and  the  base. 
Ex.  4.    The  perimeter  and  the  base  angles. 

Construct  a  right  triangle,  having  given : 

Ex.  5.    One  acute  angle  and  the  altitude  upon  the  hyjwtenuse. 

Ex.  6.  The  altitude  upon  the  hj-potenuse  and  one  of  the  segments 
of  the  hypotenuse. 

Ex.  7.    The  sum  of  the  arms  and  one  acute  angle. 

Ex.  8.  To  find  a  point  in  one  side  of  a  triangle  which  is  equidistant 
from  the  other  two  sides. 

Ex.  9.  Find  the  locus  of  the  vertex  of  a  right  triangle,  having  a  given 
hypotenuse. 

Ex.  10.  In  one  side  of  a  quadrilateral  to  find  a  point  equidistant 
from  the  ends  of  the  opposite  side. 

Ex.  11.  From  a  point  P,  'n  a  circle,  to  draw  a  chord,  having  a  given 
distance  from  the  center. 

Ex.  12.  In  a  given  circle,  to  draw  a  diameter  having  a  given  distance 
from  a  given  point. 

Ex.  13.  Through  a  given  point  to  draw  a  line,  having  a  given  dis- 
tance from  another  point. 
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Ex.  14.  Through  two  given  points  in  a  circle,  to  draw  two  equal 
parallel  chords. 

Ex.  15.    Trisect  a  given  straight  angle. 

Ex.  16.    Trisect  a  given  right  angle. 

Ex.  17.    Trisect  a  semicircle. 

Ex.  18.  Through  a  given  point  outside  a  given  line,  to  draw  a  line 
making  a  given  angle. with  a  given  line. 

Ex.  19.  Through  a  given  point,  to  draw  a  line  of  given  length  termi- 
nating in  two  given  parallel  lines. 

Ex.  20.  Through  a  given  point,  to  draw  a  line  making  equal  angles 
with  two  given  lines. 

*  Ex.  21.  To  bisect  an  angle  formed  b}'  two  lines,  without  producing 
them  to  their  intersection. 


To  construct  a  triangle,  having  given : 


(Note  242) 


Ex.  22.    a,  A  B,  ha. 

Ex.  24.    a,  Z  B,  tc. 

Ex.  23.    a,  Z  B,  nic. 

Ex.25.    ZA,ha,ta. 

Ex.  26.    a  +  h  +  c,  ZB,  AC. 

c 

Ex.  27.    a,  6,  R} 

^.,x^y\ 

Ex.  28.    a,  /Ja,  R.^ 
Ex.  29.    ha,  hb,  ZB. 

>  .y''^'^        '              N 

^           /d    .^- 

Ex.  30.    a,  h,  nic. 

E-"" 

Hint.     Produce  nic  its  own  length. 

Ex.  30 

*Ex.  31.   a,fnc,  ZC. 

*Ex.  33.    nia,  hb,  he. 

*  Ex.  32.    ma,  nib,  he. 

*  Ex.  34.    fUa,  nib,  nic. 

To  construct  a  square,  having  given  : 

Ex.  35.    The  diagonal. 

Ex.  36.    The  difference  between  the  diagonal  and  the  side. 

Ex.  37.    The  sum  of  the  diagonal  and  the  side. 

To  construct  a  rectangle,  having  given : 

Ex.  38.    One  side  and  a  diagonal. 

Ex.  39.    One  side  and  the  angle  formed  hy  the  diagonals. 

Ex.  40.    The  perimeter  and  the  diagonal. 

^  72  =  radius  of  circumscribed  circle. 
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To  construct  a  rhombus,  having  given : 

Ex.  41.    The  two  diagonals. 

Ex.  42.    The  perimeter  and  one  diagonal. 

Ex.  43.    Oyie  ayigle  and  a  diagonal. 

Ex.  44.    The  altitude  and  the  base. 

Ex.  45.    The  altitude  and  one  angle. 

To  construct  a  parallelogram,  having  given : 

Ex.  46.    Two  adjacent  sides  and  one  altitude. 

Ex.  47.    Tivo  adjacent  sides  and  an  angle. 

Ex.  48.    One  side  and  two  diagonals. 

Ex.  49.    One  side,  one  angle,  and  one  diagonal. 

Ex.  50.    The  diagonals  and  the  angle  formed  by  the  diagonals. 

267.    In  the  analysis  of  a  problem  relating        ^  q 

to  a  trapezoid,  draw  a  line  through  one  vertex, 
A,  either  parallel  to  the  opposite  arm,  DC,  or 
parallel  to  a  diagonal,  DB. 


B 


To  construct  a  trapezoid,  having  given : 

Ex.1.    The  four  sides. 

Ex.  2.    The  bases  and  the  lower  base  angles. 

Ex.  3.    The  bases,  another  side,  and  one  base  angle. 

Ex.  4.    The  bases  and  the  diagonals. 

Ex.  5.  One  base,  the  diagonals,  and  the  angle  formed  by  the 
diagonals. 

Ex.  6.    To  draw  a  common  external  tangent  to  two  given  circles. 

Ex.  7.    To  draw  a  common  internal  tangent  to  two  given  circles. 

Ex.  8.  About  a  given  circle,  to  circumscribe  a  triangle,  having 
given  the  angles. 

Ex.  9.  Find  the  locus  of  the  mid-points  of  the  secants  that  pa.ss 
through  a  given  point  without  a  circle. 

Ex.  10.  In  a  given  circle,  to  inscribe  a  triangle,  having  given  the 
angles. 

*  Ex.  11.  From  a  given  point  in  a  circle,  to  draw  a  chord  that  is 
bisected  by  a  given  chord. 
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Ex.  12.    Given  a  point,  A,  between 
a  circle  and  a  straight  line.     Through 

A,  to  draw  a  line  terminated  by  the 
circle  and  the  given  line,  and  bisected 
in  A. 

Ex.  13.    Given  two   points,   A  and 

B,  on  the  same  side  of  a  line,  CD. 
To  find  a  point,  A',  in  CD,  such  that 

^AXC  =ZBXD. 

Ex.  14.  If  two  circles  are  circumscribed  about  two  congruent  tri- 
angles, the  circles  are  equal. 

Ex.  15.  If  two  circles  are  inscribed  in  two  congruent  triangles,  the 
circles  are  equal. 

Ex.  16.  To  construct  an  isosceles  triangle,  given  the  base  and  the 
radius  of  the  inscribed  circle. 

Ex.  17.  A  circle  is  tangent  internally  at  P  to  another  circle  of  twice 
the  radius.  Prove  that  the  small  circle  bisects  every  chord  of  the 
larger  circle  drawn  from  P. 

Ex.  18.  Four  points.  A,  B,  C,  D,  on  a  circle  divide  it  into  parts 
proportional  to  6,  9,  10,  11.  Find  the  number  of  degrees  in  all  angles 
formed  by  joining  the  four  points  in  succession,  drawing  the  diagonals, 
and  extending  pairs  of  sides  until  they  meet  outside  the  cirrle. 


BOOK  III 

PROPORTION.     SIMILAR   POLIGONS 
268.    Def.     a  proportion  is  a  statement  of  the  equality  of 

two  ratios,  as  f  --=  -or  a:  b  =  c:  d  (see  p.  123). 
0       a 

Note.     The  statements  ^  =-,   and    a  :  h  =  c:  d    are    equivalent. 
6       d 

Hence,  if  a  hj-pothesis  states  a:h  =  c:  d,  we  may  in  the  proof  employ 

this  statement  in  the  form  -  =  -  without  assigning  a  special  reason. 
b       d 

Similarly,   if  we  have  to  prove   a:h=c:d,   we   may  prove  instead 
b       d 


Def.     The  first  and  the  fourth  terms  of  a  proportion 
are  called  the  extremes  ;  the  second  and  the  third,  the  means. 

270.  Def.  The  first  and  the  third  terms  are  called  the 
antecedents,  the  second  and  the  fourth  the  consequents. 

Thus,  in  the  proportion,  a:b  =  c:  d,  a  and  d  are  the  extremes,  b  and 
c  the  means,  a  and  c  the  antecedents,  and  b  and  d  the  consequents. 

271.  Def.  When  the  means  of  a  proportion  are  equal, 
either  mean  is  said  to  be  the  mean  proportional  between  the 
first  and  the  last  terms. 

Thus,  in  the  proportion,  a :  6  =  6 :  c,  6  is  the  mean  proportional 
between  a  and  c. 

272.  Def.  The  last  term  is  the  fourth  proportional  to  the 
first  three. 

Thus,  in  the  proportion,  a:b  =  c:  d,  d  is  the  fourth  proportional  to 
a,  b,  and  c. 

153 


154  PLANE   GEOMETRY 

273.  The  two  terms  of  a  ratio  must  be  either  quantities  of 
the  same  denomination,  or  the  quantities  must  be  represented 
by  their  numerical  measures  only. 

Proposition  I.     Theorem 

274.  In  any  proportion,  the  product  of  the  means  is 
equal  to  the  product  of  the  extremes. 

Given  a\h  =  c\  d. 

To  prove  ad  =  he. 

Proof.  ?  =  ^-  (Hyp.) 

0       d 

Clearing  of  fractions,  i.e.  multiplying  both  members  by  hd, 

ad  =  he. "  (Ax.  7.) 

275.  Cor.  If  any  three  terms  of  a  proportion  are  respec- 
tively equal  to  the  three  corresponding  terms  of  another  propor- 
tion^ the  remaining  terms  are  equal. 

276.  Note.  The  product  of  two  quantities,  in  geometry,  means 
the  product  of  the  numerical  measures  of  the  quantities. 


Ex.  1.    Determine  the  value  of  x,  if 

(a)  3  :  a:  =  4  :  8,  fc)    x  :  7  =  2  :  21, 

(6)    112  :  42  =  16  :  x,  (d)  a  :  m  =  x  :  n. 

Ex.  2.    Find  the  fourth  proportional  to 

(a)   1,  2,  and  3,  (6)  2,  1,  and  3,  (c)  m,  n,  and  p. 

Ex.  3.    Find  the  mean  proportional  to 

(a)  9  and  4,  (6)  30  and  3,  (c)  1  and  16. 

Proposition  II.     Theorem 

277.  If  the  product  of  two  numbers  is  equal  to  the 
product  of  two  other  numbers,  either  pair  of  numbers 
may  be  made  the  means,  and  the  other  pair  the 
extremes,  of  a  proportion. 
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Given  ad  =  he. 

To  prove  a:h  =  c:d. 

Proof.  ad  =  he.  (Hj-p.) 

Dividing  both  members  by  hd, 

1  =  1-  •      (.^x.8.) 


Ex.  1.    If  ab  =  ynn,  find  all  possible  proportions  consisting  of  a,  h, 
m,  and  n. 

Ex.  2.    Form  two  proportions  commencing  with  3  from  the  equahty 
3  X  10  =5X6. 

Ex.  3.    li  ah  =  ly,  form  two  proportions  commencing  with  6. 

Ex.  4.    Find  the  ratio  of  x :  y,  if 

{a)  6  X  =  5  ?/,  (e)    {a  -f  h)x  =  cy, 

(6)  9x  =  2  y,  (f)   mx  +nx  =  py, 

(c)  ^x  =  y,  (g)  4x  -Qy  =  0, 

(d)  mx  =  ny,  (h)  ax  —  ay  =  hx  —  by. 

P?.opo<iTiox  III.     Theorem 

278.    A  mean  proportional  between  two  quantities  is 
equal  to  the  square  root  of  their  product. 
Given  a:h  =  h  :  c. 

To  prove  h  =  \  ac. 

Proof.  a:h  =  h:e.  (Hyp.) 

Jy^  =  ae.  (274; 

Extracting  the  square  root  of  both  members, 

h  =  \  ae. 


Ex.  Find  the  mean  proportional  between 

ta  I  2  and  18.  (c)    2  a  and  32  a. 

(h)  I  and  ^.  (d)  3  6=  and  9  a'. 
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Proposition  IV.     Theorem 

279.  If  four  quantities  are  in  proportion,  they  are 
in  proportion  by  alternation,  i.e.  the  first  term  is  to  the 
third  as  the  second  is  to  the  fourth. 

Given  a\h  =  c:d. 

To  prove  a:c  =  h:  d. 

Proof.  f  =  ^-  (Hyp.) 

0       a 

ad  =  he.  (274) 

.-.  a:c  =  h:d.  (277) 

Proposition  V.     Theorem 

280.  If  four  quantities  are  in  proportion,  they  are 
in  proportion  by  inversion,  i.e.  the  second  term  is  to 
the  first  as  the  fourth  is  to  the  third 

Given  a:h  =  c:  d. 


prove 

h:  a  =  d:e. 

)0f. 

a\h  =  c:d. 

(Hyp.) 

ad  =  he. 

(274) 

:.  h  :  a  =  d  :  e. 

(277) 

Ex.  Transform  the  proportion,  m:  x  =  p:  q,  so  that  x  becomes  the 
fourth  term ;   the  first  term ;   the  third  term. 

Proposition  VI.     Theorem 

281.  If  four  quantities  are  in  proportion,  they  are 
in  proportion  by  composition,  i.e.  the  sum  of  the  first 
two  terms  is  to  the  second  term  as  the  sum  of  the  last 
two  terms  is  to  the  fourth  term. 

Given  a:h  =  c:  d. 

To  prove  a  +  h  :  b  =  c  -\-  d :  d. 


or 
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Proof.  a:b  =  c:d,  (Hyp.) 

(Why?) 
(Why?) 
(Why?) 


a:b  = 

-c:d, 

a 
b" 

c 

~  d 

?+!  = 

0 

=  ^^- 

a   ,b 

b'^b" 

d^d 

.-. 

a  -j-b 
'       b 

c  +  d 
d     ' 

a 

+  b:b  -- 

=  c  +  d: 

d. 

or 


Proposition  VII.     Theorem 

282.  If  Jour  quantities  are  in  proportion,  they  are 
in  proportion  by  division,  i.e.  the  difference  between 
the  first  two  terms  is  to  the  second  term  as  the  difference 
between  the  last  two  terms  is  to  the  fourth  term. 


Given 

a\b  =  c\d. 

To  prove 

a  —  b:b  =  c  —  d: 

d. 

Proof. 

a      c 
b      d 

(Hyp.) 

b               d 

(Ax.  3.) 

.    a  —  b      c  —  d 

"       b               d 

(Sub.) 

Ex.  1,    Transform  the  following  proportions  so  that  only  one  term 
contains  x. 

(a)  2  :  3  =  5  -  a:  :  rr.  (d)  4  :  3  =  2  +  a:  :  a;. 

Q))  ^:7  =  2  -  x:x.  (e)    7  :  5  =  3  +  a;  :  x. 

{c)   a  -.h  =  b  —  X  :x.  (f)    a  :b  =  5  +  x  :  x. 

Ex.  2.    lfx-\-y:y^7:  3,  find  the  ratio  of  x  and  y. 

Ex.  3.    U  X  —  y:y  =  2:  3,  find  the  ratio  of  x  and  y. 
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Proposition  VIII.     Theorem 

283.  If  four  quantities  are  in  proportion,  they  are 
in  proportion  by  composition  and  division,  i.e.  ^he 
sum  of  the  first  two  terms  is  to  their  difference  as  the 
sum  of  the  last  two  terms  is  to  their  difference. 

Given  a:b  =  c:d. 

To  prove       a  -\-  b :  a  —  b  =  c  -\-  d :  c  —  d. 
Proof.  a:b  =  c:d.  (Hyp.) 

a  +  b      cA-d  ^281) 

(282) 
(Ax.  8.) 


Ex.  1.    Transform  the  following  proportions  so  that  only  one  term 

contains  x. 

(a)  3:2  =  5  +  x:  5  —  X. 

(b)  5:3  =  3  -\-  x:S  -  X. 

(c)  a:b  =  1  +  x:  1  —  X. 

Ex.  2.    li  X  +  y :  X  —  y  =  12 :  5,  find  the  ratio  of  x  to  y. 
Ex.  3.   li  X  +  y :  X  —  y  =  a  :  b,  find  the  ratio  of  x  to  y. 

Proposition  IX.     Theorem 

284.  In  a  series  of  equal  ratios,  the  sum  of  any 
number  of  antecedents  is  to  the  sum  of  the  correspond- 
ing consequents  as  any  antecedent  is  to  its  consequent. 

Given  a\b  =  c\d  =  e:f. 

To  prove        a  +  c  +  e:b  +  d-{-f=  a:b. 


b 

d 

a  -b 

c  -  d 

b 

d 

a  +  b  _ 
a  -b 

c  +  d 
c  -  d 
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Proof.     Let             ^=^^=^  ...  =  r.  (Hyp.) 

Then                      a  =  br,  c  =  dr,  e  =  fr,  (Why?) 

and                       a  +  c  -\-  e  =  br  -{-  dr  -}-  fr  (Ax.  2.) 

or                          a  +  c  +  e  =  ib  +  d  +  f)r  (Sub.) 

b  +  d+f             b      d      f  ^>^^>-> 


Ex.1.    If  a:  b  =  c:d  =  e:f  =  5:7,  find''  +  <*  +  g. 

h+d+f 

y  —  b  —  d       b       d 

Ex.  3.    If  ^  =  ^  =  ^,  find  the  ratio  x  +  ?/  +  2  to  z. 


Proposition  X.     Theorem 

285.    r/?e  products  of  the  corresponding  terms  of 
two  or  more  proportions  are  in  proportion. 

Given  a:b  =  c:  d. 

m:  n  =  p:  q. 
To  prove  am  :bn  =  cp:  dq 

Proof.  £  =  £.    E^2.  (Hyp.) 

b      d     n       q  \    Jt^  j 


am  _  cp 
bn       dq 


(Ax. 


286.   Cor. 
en 

If                       ^  =  ^ 

b       d' 

ma      mc 
nb       nd 

Ex.  1.    If  X  : 
Ex.  2.    If  i 

?/  =  1 :  4,  and  x :  -  =  1 :  9,  find  x. 

y 

\y  =  1:2,  and  x  :  ?/  =  1 :  8,  find  y. 
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Proposition  XI.     Theorem 

287.  If  four  quantities  are  in  proportion,  like 
powers  or  like  roots  of  these  quantities  are  in  propor- 
tion. 

Given  a:h  =  c:  d. 

To  prove  a" :  6"  =  c" :  d", 

and  Va:Vb  =  Vc:Vd. 

Proof.  ^  =  y  (Hyp.) 

o      a 


Raising  both  members  to  the  nth  power, 

a"    _  c"-^ 

Similarly,  taking  the  mth  root  of  each  member, 
.   Va  ^  Vc  ^ 
"  Vh       Vd 


(Why?) 


(Why?) 


288.  In  elementary  plane  and  sohd  geometry  we  need 
only  squares  and  square  roots,  and  cubes  and  cube  roots. 
Prop.  XI  might  read,  for  us,  ''  If  four  quantities  are  in 
proportion,  then  the  squares  and  square  roots  (also  cubes  and 
cube  roots)  of  the  quantities  are  in  proportion." 


Ex.  1.    If  x':y'  =  Qi:  125,  find  -• 

y 

Ex.  2.  If  Vx  :  V?/  =  1  :  2,  find  x  :  y. 
Ex.  3.  li  <^x  :  <^y  =  1  :  3,  find  x  :y. 
Ex.  4.    If  v^  :  1  =  v"^  :  2,  find  ?• 

y 

Ex.  5.    li  X  -\-  y:x  —  y  =  S:  I,  find  the  ratio  of  x-  to  y"^. 
Ex.  6.    If  x2 :  4  a2  =  ^2 .  52^  fi^d  the  ratio  of  x^  to  yK 
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Proposition  XII.     Theorem 

289.    Equimultiples  of  two  quantities  are   in   the 
same  ratio  as  the  quantities. 
Given  a  and  b  two  quantities. 
To  prove  ma  :  mb  =  a  :b. 

Proof.  a:b  =  a:b. 

m:  m  =  1:1. 


(Men.) 
(Why?) 


ma  :  mh  =  a.  :  h. 


'Prop.  X. 


290.  Def.     If  in  a  line  AB.  or  it?  prolonsation.  a  point  C 
be  taken,  AC  and  BC  are  called  segments  of  the  line. 

291.  The  segments  are  internal  or  external  ones,  according 
as  C  hes  in  A3  or  in  the  prolongation  of  AB. 

Thus  A  B  is  divided  internally.  A'B'  _ 

externally.  ;  t  1^ 

The  segments  of  AB  are  AC  and  — 

BC.     The  segments  of  A'B'  are  A'C'     f^' 
and  B'C. 


Note.  If  BC  meets  AD  and  .^r  so  that 
AB  :  BD  =  AC  :  C^,  the  line  BC  is  said  to 
divide  the  sides  into  segments  that  are  propor- 
tional, n  AB  :  AD  =  AC  :  AE,  then  the 
sides  are  said  to  be  divided  proportionally. 


Ex.  1.    Divide    a    hne    10    inches    long    intemaUv    in    the    ratio 
of  2 : 3. 

Ex.  2.    Divide   a   line    18   inches   long    extemallv    in    the   ratio    of 
3:2. 

Ex.  3.    An  IS-inch  line  is  di\'ided  into  segments  in  the  continued 
ratio  of  2  :  3  :  4.     Find  the  segments. 
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PROPORTIONAL   LINES 

Proposition  XIII.     Theorem^ 

292.    A  line  parallel  to  one  side  of  a  triangle  divides 
the  other  two  sides  into  segments  that  are  proportional. 


Given  in  A  ABC,  DE  parallel  to  BC. 
To  prove  AD:  DB  =  AE  :  EC. 

Proof 

Case  I.     (Commensurable  Case.) 


STATEMENTS 

1.  Let  AH  be  the  unit  of 
measure  so  that  AD  =  m{AH) 
andDj5  =  niAH). 

AD  _  m 

DB       n 


2. 


3.  Through  point  A  and 
the  various  points  of  division, 
draw  lines  1|  to  BC. 

4.  These  lines  are  ||  to  BC, 
DE,  and  to  each  other. 


REASONS 

1.    By  hyp.,  the  two  segments 
are  commensurable. 


2.  The  ratio  of  two  quantities 
of  the  same  kind  equals  the  ratio 
of  their  numerical  measures. 

3.  T\Tiy? 


4.    Why' 


For  the  proof  based  on  principle  of  limits,  see  Appendix. 
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5.  ||s  cutting  off  equal  distances 
on  one  transversal  cut  ofif  equal 
distances  on  everj-  transversal. 


5.  AE  and  EC  will  be  di- 
vided into  m  and  n  segments, 
each  equal  to  AK ;  i.e.  AE  = 
m{AK)    and    EC  =  n    (AK). 

«  AE      m 

D.  =  — • 

EC       n 
7.     /.  ADlDB  =  AE  :  EC. 

[Practical  applications,  pages  291-296] 

Case  II.      —  is  an  irrational  number. 
DB 

Let     ^=  V^  =  1.732..- 
DB 


6.  Why? 

7.  Why? 


If         ^ 
DB 

AD 


1.7,  then  ^  =  1.7. 


EC 

If        ^=  1.73,  then  ^ 
DB  EC 


Hence  all  approximate  values  of  —  and  — 
^.     ,  1  DB  EC 

tively  equal.  ^^       ^^^ 


(Case  I.) 
1.73,  and  so  forth.     (Case  I.) 
are  respec- 

(223) 


DB        EC 

293.  Remark.  If  the  transversal  intersects  two  sides  of 
the  triangle,  these  sides  are  divided  internally  in  the  same 
ratio ;  if  it  meets  their  prolongations,  the  sides  are  divided 
externally  in  the  same  ratio. 

294.  Cor.  I.  If  a  line  parallel  to  one  side  of  a  triarigle  in- 
tersects the  other  two  sides,  either  side  is  to  one  of  its  segments  as 
the  other  side  is  to  its  corresponding  segment. 

Proof:    Using  figure  for  the  proposition,  we  can  show  that  AB  = 
(m  +n)iAH)  and  AD  =  m{AH). 
AB  ^  ?n  4-  n 
'ad       ~~in 


Hence, 


Likewise, 


AC 
AE 


m  -\-  n 


and 


"  AD 


AC 

ae' 


Note. 
triangles- 


This  corollary  is  of  importance  in  proving  relations  in  similar 
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A 


295.  Cor.  2.  Three  or  more 
parallel  lines  cut  off  proportional 
segments  on  any  two  transversals. 

Hint.     Draw  DH  \\  AC,  AB  =  DG,      _B 
BC  =  GH. 

Ex.  1.    In    the    diagram    for    Prop.    _C 
XIII,   if  AD  =  4,    DB  =  S,    AE  =  3 
find  EC. 

Ex.  2.  In  the  same  diagram,  find  DB,  if  AD  =  a,  AE  =  h,  and 
EC  =  c. 

Ex.  3.  In  the  same  diagram,  find  AE,  if  AB  =  12,  AD  =  8,  and 
AC  =  9. 

Ex.  4.  In  the  same  diagram,  find  AE,  if  AB  =  m,  AD  =  n,  and 
AC  =  p. 

Ex.  5.  In  the  same  diagram,  find  AD,  if  AD  =  EC,  DB  =  4,  and 
AE  =  9. 

Ex.  6.  In  the  same  diagram,  find  AE,  ii  AE  =  2  DB,  AD  =  10, 
and  EC  =  20. 

Ex.  7.  In  the  same  diagram,  find  EC  ii  EC  =  AD,  AE  =  m,  and 
BD  =  n. 

Ex.  8.  In  the  same  diagram,  find  EC,  ii  AB  =  a,  AD  =  b,  and 
AC  =  c. 

Ex.  9.  In  the  same  diagram  if  DE  \\  BC,  and  AD  :  DB  =  EC  :  AE, 
then  AE  =  EC. 

Ex.  10.    In  the  same  diagram,  if  AD  =  2{AE)  ^ 

and  DB  =  6,  find  EC. 

Ex.  11.  If  in  the  diagram  for  Prop.  XIII, 
AD  =  2,  DB  =  3,  AE  =  4,  and  EC  =  4,  is  DE 
parallel  to  BC?  A- 

Ex.  12.    In    the    diagram,    if    BD  \\  CE,    and         B, 
AD  \\  BE,  then 

OA:OB  =  OB:  OC. 

Ex.  13.    In  diagram  for  Prop.  XIII,  find  DB  Ex.  12 

and  EC,  if  AD  =  8,  DB  =  AE,  and  AC  =  6. 

Ex.  14.  In  diagram  for  Prop.  XIII,  find  DB  and  AE,  if  AD  =  8. 
AE  =  one  half  DB,  and  EC  =  1. 
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Proposition  XIV.     Problem 

296.    To  find  the  fourth  proportional  to  three  given 
lines. 


Given  three  lines  m,  n,  and  p. 

Required  the  fourth  proportional  to  m,  n,  and  p. 

Construction.     Draw  any  angle  KAH. 
On  AK,  make  AB  =  m,  BC  =  n ;   on  AH,  make  AD  =  p. 
Draw  BD. 

Through  C,  draw  a  line  parallel  to  BD,  meeting  AH  in  E. 
DE  is  the  required  fourth  proportional. 

[The  proof  is  left  to  the  student.  Hixt.  Apply  Prop.  XIII.] 


Ex.  1.    If  a,  b,  and  c  are  given  lines,  construct  a  line  x,  so  that 
a:b  =  x:  c. 

be 
Ex.  2.    If  a,  b,  and  c  are  given  lines,  construct  a  line  equal  to  — 

a 

be 
Ex.  3.    If  a,  b,  and  c  are  given  lines,  construct  a  line  equal  to  - — 

2  a 

52 
Ex.  4.    If  a  and  b  are  two  given  lines,  construct  a   line  x  =  —',  to 

3a  ' 

Ex.  5.    Construct  x  =  a(o  +  6)  ^6. 

Ex.  6.    Construct  the  fourth  proportional  to  three  lines  |",  f",  and 
1"  long. 
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Proposition  XV.     Problem 

297.    To  divide  a  given  line  into  segments  propor- 
tional to  two  give?!  lines. 


A  I ^B     A 

m  I  I 


Given  lines  AB,  m,  and  n. 
Required   to   divide   AB   into   segments   proportional   tc 
m  and  n. 

Construction.     At  any  angle  with  AB  draw  AC. 

On  AC,  cut  off  AD  =  m,  DE  =  n. 

Draw  EB. 

Through  D  draw  a  parallel  to  BE,  intersecting  AB  in  G. 

Then  AB  is  divided  as  required. 

[The  proof  is  left  to  the  student.  Hint.  Apply  Prop.  XIII.] 


Ex.  1.    Divide  a  given  line  AC  into  two  segments  having  the  ratio 
of  2  :  3. 

Ex.  2.    Divide  a  2"  line  into  two  segments  having  the  ratio  that  a 
diagonal  of  a  square  has  to  one  of  its  sides. 

Ex.  3.    Divide  a  given  line  into  3  segments  having  the  continued 
ratio  of  three  lines  s,  t,  and  w. 

Ex.  4.    Construct  two  lines  when  their  sum   and  their  ratio  are 
given. 

Ex.  5.    Construct  two  lines  when  their  difference  and  their  ratio  are 
given. 

Ex.  6.    In  a  given  line,  A  B,  to  find  a  point,  C,  so  that 
AB:  AC  =  m:n, 
when  m  and  n  are  two  given  lines. 
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Proposition  XVI.     Theorem 

298.  //  a  line  divides  tiro  sides  of  a  triangle  into 
seg7nents  that  are  proportioned,  it  is  parallel  to  the 
■hird  side. 

[Converse  to  Prop.  XIII.] 


Given  in  AAEC,  AB  :  Br  =  aD:  DE. 

To  prove  DB  parallel  to  EC. 

Proof.     1.    Through  C,  draw  ce'     BD.  meeting  AE  in  E'. 

2.  AB :  Br  =  AD:  DE.  ^Hyp., 

3.  AB-.Br  =  AD:  DE'.  (292) 

4.  :.  DE  =  DE'.  (275; 

5.  Point  E  coincides  with  point  £"'.  TTVliy?; 

6.  /.  Cf"  and  Cr' coincide.  Wiiy?) 

7.  .-.  BD     rz.  \Miy-?j 

299.  C"oR.  //  a  line  divides  two  sides  of  a  triangle  so  that 
one  side  is  to  one  of  its  segments  as  the  second  side  is  to  its 
corresponding  segment,  then  the  line  is  parallel  to  the  third  side. 

[Converse  to  Prop.  XIII.  Cor.  1.] 

300.  Remark.  This  corollary  is  often  stated  :  '''  If  a  hne 
divides  two  sides  of  a  triangle  proportionally,  it  is  parallel  to 
the  third  side." 

Ex.  In  the  diagram  for  Prop.  XVI.  if  AS  =  12.  BC  =16.  AD  =  . 
15   DE  =  20.  is  BD     CE'l 
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Proposition  XVII.     Theorem 

301.  The  bisector  of  an  angle  of  a  triangle  divides 
the  opposite  side  into  segments  proportional  to  the 
adjacent  sides. 


Given  in  AABC,  BD  bisecting  Z  ABC. 
To  prove  AB  :BC  =  AD:  DC. 

Proof.     1.   Draw  AE  \\  DB,  to  meet  CB,  produced,  in  E. 

(Why?) 


2. 

Zl  =Z2. 

(106) 

3. 

Z3  =Z4. 

(104) 

4. 

Zl  =Z3. 

(Hyp.) 

5. 

Z2  =Z4. 

(Ax.  1.) 

6. 

AB  =  BE. 

(121) 

7. 

EB'.BC  =  AD\ 

DC. 

(292) 

8. 

:.  AB'.BC  =  AD\ 

DC. 

(Sub.) 

302.  Theorem.  The  bisector  of  an  exterior  angle  of  a 
triangle  divides  the  opposite  side  externally  into  segments 
proportional  to  the  adjacent  sides. 

Note.  Show  that  this  theorem  has  no  meaning  if  the  bisector  of 
the  exterior  angle  is  f%t  the  vertex  of  an  isosceles  triangle. 
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Ex.  1.  In  the  diagram  for  Prop.  XVII.  find  DC.  if  AB  =  3.  BC  =  4, 
and  AD  =  2. 

Ex.  2.  In  the  same  diagram,  find  AD,  if  AB  =  m,  BC  =  r;..  and 
DC  =  p. 

Ex.  3.    In  the  same  diagram,  find  DC.  if 

iai  AB  =  4.    BC  =  5.    AC  =  6. 
(6)   .4B  =  IS.  BC  =  9.    AC  =  21. 
(c)   A5  =  21.  BC  =  14.  AC  =  25. 

Ex.  4.  In  the  same  diagram,  find  AD  and  DC.  if  BC  =  a.  CA  =  h, 
and  AB  =  c. 

Ex.  5.  In  the  same  diagram,  find  AB,  ii  AB  =  DC,  AD  =  4.  and 
BC  =  16. 

Ex.  6.  To  divide  one  side  of  a  triangle  into  segments  proportional  to 
the  other  two  sides. 

Ex.  7.    State  and  prove  the  converse  of  Prop.  XVII. 

SIMILAR  POLYGONS 

303.  Def.  Two  polygons  are  similar  if  their  correspond- 
ing angles  are  equal  and  their  corresponding  sides  are  pro- 
portional. 


Thus,  polygons  ABCDE  and  A'B'C'D'E'  are  similar,  if 

(1)  ZA  =ZA',  Z5  =ZB',  ZC  =ZC',  et€. 

(2)  ^  =  ^  =  P.  etc. 
m         n'       p 


Ex.  In  two  similar  rectangles  the  bases  are  12"  and  S"  respectively. 
If  the  altitude  of  the  first  is  9"  what  is  the  altitude  of  the  second 
rectangle? 
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Propositiox  XVIII.     Theorem 


304.  Two  triangles  are  similar  if  the  three  angles  of 
one  are  equal  respectively  to  the  three  angles  of  the 
other.  A  A' 


B' 


B  C 

Given  in  AABC  and  A'b'C', 

LA  =  ZA',  LB  =  LB',  and  LC  =  LC\ 
To  prove  AABC  ^AA'b'C'. 

Proof 

STATEMENTS  REASONS 

1.  Place     AA'B'C'     upon         1.   WTiv 
AABC,   LA'  on    LA,  taking 
the  position  AADE. 

2.  LADE  =  LB'  =  LB. 


3.  DE   11   BC. 

4.  AB:AD  =  AC'.  AE. 

5.  AB\A'B'  =  AClA'C'. 

6.  By  placing  AA'B'C'  on 
AABC  so  that  LB'  coincides 
with   LB,  we  can  show  that 

AB:A'B'  =  BC:B'C'. 

7       •    A^  =  M-  =  A^. 
A'B'       B'C'      A'C 

8.  But  LA  =  LA',  LB  = 
LB',  LC  =  LC'. 

9.  ,-.   AABC  ^AA'B'C'. 


2.  Hyp. 

3.  If  2  cor.  A  are  = ,  lines  are  li. 

4.  (294j 

5.  Sub. 

6.  Steps  similar  to  (1-5). 


7.  Why? 

8.  Hyp. 
Their  corr.  A  are  =. 

9.  {  Their  corr.  sides  are  pro- 
portional. 
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305.  C  OR.  1.     Two  triangles  are  siriiilar  if  two  angles  of  the 
one  are  equal  respectively  to  two  angles  of  the  other. 

306.  C'OR.  2.      Two  right  triangles  are  similar  if  an  acute 
angle  of  the  one  is  equal  to  an  acute  angle  of  the  other. 

307.  Cor.  3.     A  line  parallel  to  one  side  of  a  triangle  cuts  of 
a  triangle  similar  to  the  given  triangle. 

308.  Cor.  4.     If  two  triangles  are  similar  to  a  third  triangle, 
they  are  similar  to  each  other. 


Ex.  1.  The  sides  of  a  polygon  are  3.  4.  .5.  6.  and  7.  Find  the  sides 
of  a  similar  polygon  if  the  side  corresponding  with  3  equals  15. 

Ex.  2.  The  sides  of  a  triangle  are  a,  b,  and  c.  Find  the  sides  of  a 
similar  triangle  if  the  side  corresponding  to  a  is  equal  to  m. 

Ex.  3.  If  two  chords  AB  and  CD  intersect  in  E,  the  triangle  AEC 
is  similar  to  the  triangle  BED. 

Ex.  4.  If  from  a  point  .4.  without  a  circle,  two  secants  are  drawn  to 
meet  the  circle  in  B  and  C.  and  D  and  E,  respectively,  the  triangle 
ABE  is  similar  to  the  triangle  ACD. 

Ex.  5.  If  the  altitudes  AD  and  BE  of  the  triangle  ABC  intersect  in 
F,  the  triangle  AFE  is  similar  to  the  triangle  BED. 

Ex.  6.    Prove  :    Equilateral  triangles  are  similar. 

Ex.  7.  Prove:  Two  isosceles  triangles  having  equal  vertex  (or  equal 
base)  angles  are  similar. 

Ex.  8.    Show  two  squares  are  always  similar 

Ex.  9.  The  diagonals  of  a  trapezoid  divide  each  other  into  $egraerds 
that  are  proportional. 

Ex.  10.  If  AD.  the  angle  bisector  of  the  inscribed  triangle  ABC.  is 
produced  to  meet  the  circle  in  E.  the  triangle  ABD  is  similar  to  the  tri- 
angle AEC. 

Ex.  11.  Two  circles  are  tangent  internally.  Prove  that  aU  chords 
of  the  larger  circle  drawn  from  the  point  of  contact  are  divided  in  the 
same  ratio  bv  the  smaEer  fir'^le. 
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309.  Method  XVII.  Similar  triangles  are  the  usual 
means  of  proving  that  lines  are  proportional.  To  prove, 
therefore,  that  four  hnes  are  proportional : 

(1)  Select  two  triangles  so  that  each  contains  two  of  the  given 
lines.  (It  is  advisable  to  mark  the  lines  as  indicated  in  254 
and  255.) 

(2)  Prove  the  similarity  of  the  two  triangles.  (If  triangles 
are  not  similar,  select  another  pair.) 

(3)  Derive  the  proportion. 

(4)  (Apply  alternation  and  inversion,  if  necessary.) 


Ex.  1.  If  in  the  triangle  ABC  the  altitudes  AD  and  BE  be  drawn, 
prove  that  AC  :  BC  ^  DC  :  EC. 

Ex.  2.  In  the  same  diagram,  if  AD  and  BE  meet  in  F,  prove  BF  :  FA 
=  DF  :  FE. 

Ex.  3.   In  the  same  diagram,  AE  :  AD  =  FE  :  DC. 

Ex.  4.  If  from  the  vertex  A  of  an  inscribed  triangle  A  BC  the  altitude 
AD  and  the  diameter  AF  he  drawn,  then  AB  :  AD  =  AF  :  AC. 

Ex.  5.    In  the  same  diagram,  BDiFC  =  AD  :  AC. 

Ex.  6.  If  from  a  point  without  a  circle  a  tangent  and  a  secant  he 
drawn,  the  tangent  is  the  mean  proportional  between  the  secant  and  its 
external  segment. 

Ex.  7.  If  a  diameter  AB  be  produced  to  C,  at  C  a  perpendicular  be 
erected,  and  through  B  a  line  be  drawn  to  meet  the  circle  and  the  per- 
pendicular in  D  and  E  respectively,  then  AB  :  BE  =  DB  :  BC. 

Ex.  8.  If  in  a  right  triangle  ABC  the  altitude  AD  be  drawn  upon 
the  hypotenuse,  AD  :  AB  =  AC  :  BC. 

Ex.  9.    In  the  same  diagram,  AD  :  AB  =  DC  :  AC. 

Ex.  10.  If  the  angle-bisector  CD  of  an  inscribed  triangle  ABC  be 
produced  to  meet  the  circle  in  E,  EB  :  EC  =  DB  :  CB. 

Ex.  11.  If  CD,  the  angle-bisector  of  the  inscribed  triangle  ABC,  be 
produced  to  meet  the  circle  in  E,  then  EB  is  a  mean  proportional  be- 
tween CE  and  DE. 
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Ex.  12.    In  the  same  diagram,  AD  :  EB  =  aC  :  CE. 

Ex.  13.  In  similar  triangles  corresponding  angle  bisectors  have  the 
same  ratio  as  any  two  corresponding  s-ides. 

Ex.  14.  In  similar  triangles  corresponding  altitudes  have  the  same 
■ratio  as  any  two  corresponding  sides. 

310.  ^Iethod  XVIII.  To  prove  that  the  product  of  two 
lines  equals  the  product  of  two  other  lines,  use  the  methcxJ.  of 
(309)  and  take  the  products  of  the  means  and  extremes  of  the 
resulting  proportion. 


Ex.  1.  If  two  chords  intersect  within  a  circle,  the  product  of  the  segments 
of  one  equals  the  product  of  the  segments  of  the  other. 

Ex.  2.  If  from  any  point  E  in  the  chord  AB  the  perpendicular  EC 
be  drawn  upon  the  diameter  AD,  then  AC  X  AD  =  AB  X  AE. 

Ex.  3.  The  product  of  two  arms  of  a  right  triangle  is  equal  to  the 
product  of  the  hypotenuse  and  the  altitude  upon  the  hypotenuse. 

Ex.  4.  If  in  triangle  ABC,  a  parallel  to  AB  meets  BC  and  CA  in  E 
and  D  respectively,  then  AC  X  DE  =  DC  X  AB. 

Ex.  5.  The  product  of  any  altitude  of  a  triangle  and  its  corresponding 
side  is  equal  to  the  product  of  any  other  altitude  and  its  correspond- 
ing side. 

fix.  6.  The  tliree  sides  of  triangles  are  14,  15,  13,  and  the  altitude 
upon  14  equals  12.     Find  the  other  altitudes.     (Compare  Ex.  o.) 

Ex.  7.  If  in  triangle  ABC  the  altitudes  AD  and  BE  meet  in  F, 
then  BF  X  BE  =  BC  X  BD. 

Ex.  8.  If  in  the  triangle  ABC  the  altitudes  AD  and  BE  meet  in  F. 
then  BD  X  DC  =  DF  X  AD. 

Ex.  9.  If  A B  is  a  diameter,  BD  the  tangent  at  B,  and  DA  rr.eets 
the  circle  in  E,  then  aW  =  AE  X  AD. 

Ex.  10.    In  the  same  diagram,  BE'  =  AE  X  ED. 

Ex.  11.  If  the  sides  AB  and  DC  of  inscribed  quadrilateral  ABCD 
are  produced  until  they  meet  in  E,  and  Z  DBA  =  Z  CBE,  then 
AD  XBE  =  CE  X  BD^. 

Ex.  12.  If  in  A  ABC  the  altitudes  AD  and  BE  are  drawn  and 
BE  =  6,  EC  =  3,  DC  =  2,  find  AD. 
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Proposition  XIX.     Theorem 


311.  Two  triangles  are  similar  if  an  angle  of  the 
one  is  equal  to  an  angle  of  the  other,  and  the  sides 
including  these  angles  are  proportional. 


Given  in  AABC  and  A'b'C', 

Z  A  =  Z  A',  and  AB  :  A'B'  =  AC  :  A'C'. 
To  prove  AABC  ~  Ai'B'C'. 


Proof 

STATEMENTS 

REASONS 

1.    Place  AA'B'C'  upon  AABC  so  that 

1. 

Why? 

ZA'  coincides  with  Z  A  and  AABC  takes 

position  ADAE. 

2.      AB:A'B'  =  AC:A'C'. 

2. 

Hyp. 

3.        AB:AD  =  AC'.AE. 

3. 

Sub. 

4.                 DE  II  BC. 

4. 

Prop.  XVI.  cor 

5.     AB  =  AADE   and    AC  =   IDEA. 

5. 

Why? 

6.     :.   AABC -^  AADE  {oyAA'B'C'). 

6. 

Prop.  XVIII. 

Ex.  1.    In  similar  triangles,   corresponding  medians   have  the  same 
ratio  as  any  two  corresponding  sides. 

Ex.  2.    Two   triangles,    ABC  and   A'B'C,   are  similar  if  altitude 
AD  :  altitude  A'D'  =  BC  :  B'C,  and  AB  ^  A  B' . 

Ex.  3.   In  similar  triangles,  the  radii  of  the  circumscribed  circles 
have  the  same  ratio  as  any  two  corresponding  sides. 
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312.    Two  triangles  are  similar  if  their  correspond- 
ing sides  are  proportional. 

A  A' 


Given  in  A  ABC  and  A' B'C,  -^ 

AB 

BC         AC 
B'C'       A'C 

To  prove                              A  ABC 

^AA'B'C'. 

Proof 

STATEMENTS 

REASONS 

1.    On  AC  and  AB  respectively, 

1. 

Why^ 

Lay  off  AD  =  A'C'  and  AE  =  A'B'. 

2.    Draw  DE. 

2. 

Why? 

3.             AB:A'B'  =  AC:A'C\ 

3. 

Hyp. 

4.               AB  :  AE  =  AC  :  AD. 

4. 

Sub. 

5.                  AADE  ^  AABC. 

5. 

(311). 

6.               AB  :  AE  =  BC  :  £D. 

6. 

^303). 

7.    But  .15  :  A '5'  =  BC  :  5'C'. 

7. 

Hyp. 

8.                        ED  =  B'C'. 

8. 

(275). 

9.         .-.   AA'B'C'^AADE. 

9. 

(s.  s.  s.  =  s. 

10.         .-.   AA'B'C'  ^  AABC. 

10. 

Sub. 

s.). 


Ex.  1.  The  lines  which  join  the  mid-points  of  the  sides  of  AAr^C 
fcrm  a  triangle  similar  to  /_ABC. 

Ex.  2.  Tu'o  triangles  are  similar  if  two  sides  and  the  median  to  one 
oj  these  sides  are  proportional  to  the  corresponding  parts  of  the  other. 

*  Ex.  3.  Two  right  triangles  are  sim.ilar  if  the  hypotenuse  and  an 
arm  of  one  triangle  are  proportional  to  the  hypotenuse  and  an  arm  of  the 

DtheT 
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Proposition  XXI.     Theorem 


313.    Two  triangles  are  similar  if  the  sides  of  one 
are  respectively  parallel  to  the  sides  of  the  other. 


Given  in    AABC  and   A'B'C',   AB  \\  A'B',   AC  \\  A'C',   and 
BC  II  B'C' 

To  provfe  AA5C  ^  /\A'B'C\ 


Proof 

STATEMENTS 

1.  [  ZA+Z A' =  2  rt.^,  or  ZA=  Z A'; 
Either     Z.B+ AB' =2  rt.J,or  AB=  AB' ) 

\  lC-\-  AC'  =  2  rt.Z,  or  AC=  ZC. 

2.  If  /  A  +/A'  =  2  rt.  Z,  Z5+Z5'  = 
2rt.  A  and  AC  -\-  AC  =  2rt.Z,then  A  A  + 
AB  -{-AC  -{-A A'  -\-AB'  +AC'  =  540°. 

3.  This  is  impossible. 

4.  If  ZA+/A'  =  2rt.  A,  AB-\-AB' 
=  2  rt.  A,  and  AC  =  AC',  then  A  A  -{-  AB 
+  AC  -\-AA'  -\-AB'  -{-AC  =  360°  +  2ZC. 

5.  This  is  impossible. 

6.  .-.    AC  =  AC  and,  say,   AB  =  AB'. 

7.  .-.  AABC  ^AA'B'C. 


reasons 

1.  Why? 

2.  Why? 


3.  Sum  of  Z  of 
2  A  =360^ 

4.  Why? 


5.  Same  as  3. 

6.  Why? 

7.  (305) 


Ex.     Two  triangles  are  similar  if  the  sides  of  one  are  respectively 
perpendicular  to  the  sides  of  the  other.     Hint.     Follow  Prop.  XXI. 
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Proposition  XXII.     Theorem 

314.  If  two  triangles  are  similar,  corresponding 
altitudes  have  the  same  ratio  as  any  two  corresponding 
sides. 


Given  AD  and  A'D',  the  corresponding  altitudes  of  the 

similar  triangles  ABC  and  A'B'C\ 

AD    _  M-  =  ^  =  -^• 
A'D'  ~  A'B'        B'C        A'C' 


To  prove 


1. 

2. 
3. 

4.  Rt.  /\ABD 

5. 

6.  But 

7.  /. 


Proof 

STATEMENTS 
AABC  ^  AA'B'C". 
ZBDA  =  AB'D'A'. 
LB  =  AB'. 

rt.  li^A'B'D'. 
AB 
A'D'       A'B'' 
AB    _    BC_  _   AC  ^ 
~~  B'C"  ~  A'C' 

AB         BC         Ar 
A'B'  ~  B'C' ~  A'C 


A'B' 
AD 
A'D' 


REASONS 

1.  H>T). 

2.  Why? 

3.  Why? 

4.  (.306). 

5.  r.30.3). 

6.  ^Miy? 

7.  Whv? 


Ex.  1.  The  base  of  a  triangle  is  2  ft.  and  the  altitude  9  in.  If  the 
corresponding  base  of  a  sindlar  triangle  is  6  in.,  find  the  corresponding 
altitude. 

Ex.  2.  Prove :  In  two  similar  triangles  corresponding  altitudei; 
di\ide  the  triangles  into  similar  triangles. 
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Proposition  XXIII.     Theorem 

315.  Two  similar  polygons  may  he  divided  into  the 
same  number  of  similar  triangles,  similar  each  to  each, 
and  similarly  placed. 


Given  polygon  ABODE  ^  polygon  A'B'C'D'E'. 
To  prove  AABC  '^AA'B'C', 

AACD  ^'AA'C'D',  etc. 


STATEMENTS 

REASONS 

1.    AB: 

A'B'  =  BC  :  B'C'  =  CD 

:  CD',  etc. 

1. 

Why? 

ZB  = 

ZB\ZC  =  AC',   ZD 

=  Z2)'. 

2. 

AABC  ^  AA'B'C'. 

2. 

(311). 

3. 

4. 

5. 

Zl  =  Z2. 

Z3  =Z4. 

BC    _   CD 

B'C'       CD' 

3. 

4. 
5. 

WTiy? 
Wliy? 
Hyp. 

6. 

BC    _   CA 
B'C'       C'A' 

6. 

(303). 

7. 

CA         CD 
C'A'       C'D' 

7. 

Why? 

8. 

AACD  ^  AA'C'D'. 

8. 

(311). 

9.    Similarly  we  can  prove 
AADE  ^  AA'D'E', 

etc. 

9. 

Steps  (1-8) 

PROPORTIOX.     SIMILAR    FOLYGOXS 
Proposition"  XXIV.     Theorem 
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316.    Two  polygons  are  similar  if  they  are  com- 
posed  of  the  same  number  of  triangles,  sitnilar  each  to 

each,  and  similarly  placed. 

c 


Given  in  the  polygons  ABCDE  and  A'B'C'D'E'.  /LABE 
^^a'B'E',  ABCE  ^  AB'C'E'.  l^CDE  ^  ^C'd'E',  etc.,  and 
similarly  placed. 

To  prove  polygon  ABCDE  ^  polygon  a'B'C'D'E' . 

Proof 


STATEMENTS 

REASONS 

1. 

^ABE  ^  l_A'B'E\ 

1. 

H.-p. 

2. 

AB          BE      ^^_ 
AB'       BE 

Z2. 

2. 

Def.  -  zl. 

3. 

jLEBC  ^  AE'B'C'. 

3. 

Hyp. 

4. 

BE   _   BC       /  .^  _ 
B'E'      B'r" 

Z4. 

4. 

Same  a?  2. 

5. 

AB          BC 
A'B'       B'C 

5. 

Why? 

6. 

Zl  -Z3  =  Z2  -Z4 

6. 

Why? 

17 

AB  =  AB'. 

7. 

Sub. 

8. 

Likewise, 

^?,  -   '-''.■  etc. 
B'C'       CD 

8. 

Steps  (1-7). 

and 

IC  =  ZC\   ID  =  ID'. 

etc. 

9. 

.'.  Polygon  ABCDE  ^  poly- 

9. 

(303). 

gon 

pi '5'C'D'£-'. 
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Proposition  XXV.     Problem 

317.  To  construct  apolygon  similar  to  a  given  poly- 
gon upon  a  line  corresponding  to  a  side  of  the  given 
polygon. 

D 


Given  polygon  ABCDE,  and  side  A'B'  corres.  to  side  AB. 

Required  to  construct  a  polygon  similar  to  ABCDE. 

Construction.  Draw  all  diagonals  from  one  vertex,  as  A, 
in  the  given  polygon.  With  A'B'  as  a  side  and  A'  and  B'  as 
vertices  construct  ZB'A'C'  =  ABAC  and  AB'  =  ZB.  Ex- 
tend sides  to  meet  at  C'.  On  A'C'  at  A'  and  C'  construct 
ZC'A'D'  =  Z  CAD  and  ZA'C'D'  =   ZACD,  etc. 

Proof  :  AA'B'C'  '^AABC,  AC'A'D'  ^ACAD,  etc.  (Why?) 
Hence  polygon  A'B'C'D'E'  ^  ABCDE.  (Why?) 


Ex.  1.  Draw  polygons  of  4,  5,  and  6  sides.  On  a  given  line  cor- 
responding to  a  side  in  each  of  the  polygons,  construct  polygons  of  4,  5, 
and  6  sides  similar  to  the  given  polygons. 

Ex.  2.  Draw  a  parallelogram.  On  A  B  as  a  base  construct  a  similar 
parallelogram. 

Ex.  3.  To  construct  a  quadrilateral  ABCD  similar  to  a  given 
quadrilateral  A'B'C'D'  and  having  the  diagonal  AC  equal  a  given 
hne. 

Ex.  4.  Using  Prop.  XXV,  show  how  to  construct  one  rectangle 
similar  to  another  rectangle. 
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Proposition  XXVI.     Theorem 
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318.    The  perimeters  of  two  similar  polygons  are  to 
each  other  as  any  two  corresponding  sides. 


Given  P  and  P',  the  perimeters  of  the  similar  polygons 
ABCDE  and  A'B'C'D'E'  respectively. 

To  prove     P\P'  =  AB  :  A'B'  =  BC  :  B'C  =  CD  :  C'D\  etc. 

Proof 

STATEMENTS 
AB         BC    ^    CD_ 
^'  A'B'       B'C       CD' 

o         AB  +  BC  -\-  CD  -\-  '"      _   AB    _   BC 


A'B'  +  B'C  +  CD'  +  •• 


3.    .-. 


P_  ^  AB_ 
P'  ~  A'B' 


A'B'       B'C 
BC    ^  ,,, 
B'C' 


REASONS 
1.    Hyp. 


2.  {2S4:). 

3.  Sub. 


Ex.  1.  The  perimeters  of  two  similar  polygons  are  to  each  other  as  any 
two  corresponding  diagonals. 

Ex.  2.  The  perimeter.?  of  two  .simila.'  triangles  are  to  each  other  as 
any  two  corresponding  altitudes. 

Ex.  3.  The  sides  of  a  polygon  are  4.  .5,  6.  7.  S  respectively.  Find  the 
perimeter  of  a  similar  polygon,  if  the  side  corresponding  to  5  is  7. 
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Ex.  4.  The  perimeters  of  two  similar  polygons  are  20  and  25  inches, 
respectively.  If  a  side  of  the  first  polygon  is  4  in.,  find  the  corresponding 
side  of  the  second  polygon. 

Ex.  5.  In  the  diagram  for  Prop.  XXVI  find  the  perimeter  of 
ABCDE,  if  the  perimeter  of  A'B'CD'E'  equals  20  inches,  A'B'  =  4 
inches,  B'C  =  3  inches,  AC  =  10  inches,  B'C:  A'B'  =  A'B':  A'C 
and  ABCDE  ~  A'B'CD'E'. 

319.  Method  XIX.  To  prove  the  proportionality  of  four 
lines  which  do  not  form  similar  triangles,  find  a  third  ratio 
equal  to  each  of  the  given  ones. 

Thus,  in  the  annexed  figure,  if  A  BCD  is  a  parallelogram  and  AG  is  a 

straight  line,  then 

EF  _  EA 

EA       eg' 

Obviously  no  two  triangles  exist,  each 
of  which  contains  two  of  the  four  lines. 
Hence  we  have  to  find  a  third  ratio 
equal  to  each  of  the  given  ones.     This 

ratio  is   — —  •     Our  problem  is  therefore 
ED 

^plit  into  two,  viz. : 

(a)  To  prove  f^  ^  If'  ^""^ 

,i\   r-i^  EA       EB 

(I)   To  prove  EG  ^  ED' 

Each  of  these  proportions  is  easily  proved  by  means  of  the  fundamental 
method  (XVII). 

Ex.  1.  In  similar  triangles^  the  radii  of  the  inscribed  circles  have  the 
same  ratio  as  any  two  corresponding  sides. 

Ex.  2.  If  triangle  ABC  is  similar  to  triangle  A' B'C,  and  AD  and 
A'D'  are  angle-bisectors,  AF  and  A'F'  arc  altitudes,  prove  that 
AD:A'D'  =  AF-.A'F' 

Ex.  3.  If  in  the  similar  triangles  ABC- and  A' B'C,  the  points  D 
and  D'  are  taken  respectively  in  BC  and  B'C,  so  that  A  BAD  = 
Z  B'A'D',  then  BD  :  B'D'  =  BC  :  B'C. 

Ex.  4.   Prove  that  the  A  ADF  and  A'D'F',  in  Ex.  2,  are  similar. 
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Proposition  XX\'II.     Theorem 

320.  //  tico  chords  intersect  within  a  circle,  the 
product  of  the  segments  of  one  is  equal  to  the  product 
of  the  segments  of  the  other. 


Given  in  C  0.  the  chords  AB  and  CD  intersecting  in  E. 

To  prove  AE  X  EB  =  CE  X  ED. 

Proof 

STATEMENTS  REASONS 

1.  Draw  CB  and  AD.  1    Why? 

2.  ZA=ZC,   ZB=ZD.  2    Mea^.  by  ^  BD  and  i  -ICresp. 

3.  ACEB  ^  AAED.  3.  Why? 

4.  A£:  CE  =  ED:  EB.  4.     303). 

5.  .-.  AE  X  EB  =  CE  X  ED.  5.    i274). 

321.  CoR-  The  product  of  the  segments  of  a  chord  that 
passes  through  a  fixed  pyint  within  a  circle  is  the  same  for  all 
directions  of  the  chord. 


Ex.  1.  In  the  diagram  for  Prop.  XXVII.  if  AE  =  3.  EB  =  4 
ED  =  6.  find  CE. 

Ex.  2.  In  the  same  diagram,  if  AE  =  -r..  EB  =  ':.  ii.;i  ED  =  :. 
find  CE. 

Ex.  3.    In  the  same  diagram,  ii  AE  =  4:.  EB  ^  I  =   ED. 

find  CE. 

Ex.  4.  If  the  prolongations  of  two  chords  meet  without  a  circle,  is 
Prop.  XXATI  correct  tor  the  external  segments  of  the  chords? 
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Proposition  XXVIII.     Theorem 

322.  //  from  a  point  without  a  circle,  two  secants 
are  drawn,  the  product  of  one  secant  and  its  external 
segment  is  equal  to  the  product  of  the  other  secant  and 
its  external  segment. 


Given  two  secants  AC  and  AE  cutting  a  circle  in  B,  C,  D,  and 
E  respectively. 
To  prove  AC  X  AB  =  AE  X  AD. 

Proof 


STATEMENTS 

REASONS 

1. 

Draw  CD  and  EB. 

1. 

WTiy? 

2. 

ZC  =  ZE. 

2. 

(232). 

3. 

ZA  =  ZA. 

3. 

Iden. 

4. 

ZCDA  =  ZEBA. 

4. 

T\Tiy? 

5. 

ACDA  '^AEBA. 

5. 

(304). 

6. 

AC  :  AE  =  AD  :  AB. 

6. 

(303). 

7. 

.-.  AC  X  AB  =  AE  X  AD. 

7. 

(274). 

Ex.  1.    If,  in  the  diagram  for  Prop.  XXVIII,  CB  =  16,  BA  =  2, 
DA  =  4,  find  DE. 

Ex.  2.    In  the  same  diagram,  if  CA  :  DA  =2:1,  prove  that  EA  = 
2BA. 

Ex.  3.    If  in  the  same  diagram  CB  =  a,  BA  =  b,  AE  =  c,  find  DA. 
Ex.  4.    In  the  same  diagram,  if  AB  =  AD,  then  BCED  is  an  isos- 
celes trapezoid. 
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Proposition  XXIX.     Theorem 

323.  If  from  a  point  without  a  circle,  a  tangent 
and  a  secant  are  draivn,  the  tangent  is  the  mean 
proportional  between  the  secant  and  its  external  seg- 
ment. ^  ^ 


Given  the  tangent  AB  touching  the  OBDC  in  B,  and  the 
secant  AD  cutting  the  circle  in  C  and  D.     ^ 
To  prove  AD  :  AB  =  AB  :  AC. 

Proof 

STATEMENTS 


1.  Draw  BD  and  BC. 

2.  ZD  =  ZCBA. 

3.  ZA  =  ZA. 

4.  ZDBA  =  ABC  A. 

5.  AD5A  ^/\BCA. 
6    .'.  AD  :  AB  =  AB  :  AC. 


REASONS 


1.  Why? 

2.  WTiy? 

3.  Iden. 

4.  Why? 

5.  (304). 

6.  (303). 


324. 

drawn. 


If  from  a  given    point  outside  a  circle,  a  secant  is 
then  the  product  of  the  whole  secant  times  its  external 

segment  is  constant,  for  all  directions  of  the  secant. 

Ex.  1.    If  in  the  diagram  for  Prop.  XXIX,  DC  =  o,  AC  =  A,  find  AB. 

Ex.  2.  In  the  same  diagram,  if  AB  =  8  inches,  and  the  distance  of  A 
from  the  center  of  the  circle  equals  17  inches,  find  the  radius  of  the  circle. 

Ex.  3.  Tangents  to  tw'O  intersecting  circles  draw-n  from  any  point 
m  the  common  chord,  produced,  are  equal. 

Ex.  4.  If  two  circles  are  tangent  externally  and  from  any  point  in 
the  common  internal  tangent  secants  are  drawn  to  the  two  circles,  the 
Droducts  of  the  secants  and  their  external  segments  will  be  equal. 


186  PLANE   GEOMETRY 

Proposition  XXX.     Theorem 

325.  In  any  right  triangle,  the  perpendicular  from 
the  vertex  of  the  right  angle  on  the  hypotenuse  divides 
the  triangle  into  tivo  triangles,  similar  to  each  other 
and  to  the  given  triangle. 


Given  in  the  rt.  AACB,  BD  the  ±  to  hy.  CA. 
To  prove  ABCD  ^AAC5  ^ABDA. 


Proof 


1. 
2. 

3. 

4. 

6. 
6. 


STATEMENTS 

Each  A  is  a  rt   A. 
In  AACB  and  BCD, 

AC  =  AC. 
:.  ABCD  ^ AACB. 
In  AACB  and  BDA, 

ZA  =  ZA. 
:.   AACB  ^ABDA. 
.-.   ABCD  ^ AACB  r 


'ABDA 


REASONS 

1.  Why? 

2.  Iden. 

3.  (306). 

4.  Iden. 

5.  (306). 

6.  (308). 


Ex.  1.    In  the  figure  for  Prop.  XXX,  prove 

CB  X  BD  =  BAX  CD. 
Ex.  2.   In  same  figure  if  CD  =  9  and  DA  =  16,  find  BD. 
Ex.  3.    Find  BC  and  BA  if  CD  =  4  and  DA  =  9.     (Use  fig.  for 
Prop.  XXX.) 

Ex.  4.    In  the  same  figure,  show  that 

BC  X  BA  =  BDX  CA. 
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Proposition  XXXI.     Theorem 

326.  In  a  right  triangle,  the  altitude  upon  the 
hypotenuse  is  the  mean  proportional  between  the 
segments  of  the  hypotenuse,  and  either  arm  is 
the  mean  proportional  between  the  hypottnuse  and 
the  segment  adjacent  to  that  arm. 


Given  in  the  it.  _A5'  .  BD  the  altitude  ujwn  the  hypote- 
nuse AC. 

To  prove  ''l^    ^d  :  DB  =  DB  :  DA. 

2     '''A  :  BA  =  BA  :  DA. 
(3)    CA  :  CB  =  CB  :  r^. 

Proof 

STATEMENTS 

1.  AABC  -^A.B'':D  ^_BDA. 

2.  Since  _B<':D  -- _BDA. 

:.    CD:  DB    =    DB:  DA. 

3.  Since  1.ABC  ~^  1.BDA, 

:.    CA  :  BA    =    BA  :  DA. 

4.  Since  l^ABr  ■^_BCD. 

:.    CA  :  CB    =    CB  :  CD.  I 

Note.     Zaov  Z.A  =  Ic'  and   Zccr  IC 


REA5055 

1.  Pr;::.  30. 

2.  ...jOo/. 

3.  (303). 

4.  (303). 


(Why?) 


Ex.  1.  In  the  diagram  for  Prop.  XXXI.  ii  .ID  =  4  and  -4C  =  9, 
what  is  the  length  of  ABl 

Ex.  2.  In  the  same  diagram,  if  -IB  =  15,  AC  =  2.5.  f_id  AD 
and  BD. 

Ex   3     In  the  same diaprar".  if  BD  =  2A.  AD  =  l^.  zz^i  AC snd  BC. 
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Proposition  XXXII.     Problem 
327.    To  construct  the  mean  proportional  between 
two  given  lines. 


Given  lines  m  and  n. 

Required  the  mean  proportional  between  m  and  n. 

Construction.  Draw  AB  =  m,  and  produce  AB  to  C  so  that 
BC  =  n. 

On  AC  as  a  diameter,  describe  a  semicircle. 

At  B,  erect  a  perpendicular  upon  AC,  meeting  the  circle  in  D. 

BD  is  the  required  mean  proportional. 

[The  proof  is  left  to  the  student.  Draw  AD,  DC.  Apply 
Prop.  XXXI.] 

328.  The  perpejidicidar  from  any  point  in  the  circle  upon 
a  diameter  is  the  mean  proportional  between  the  segments  of  the 
diameter;  and  the  chord  joining  the  point  to  either  extremity  is 
the  mean  proportional  between  the  diameter  and  the  adjacent 
segment.  

Ex.  1.    If  a  and  b  are  given  lines,  construct  Vab. 

Ex.  2.    Construct  V6  ab  if  a  and  b  are  two  given  lines. 

Ex.  3.    Construct  a  line  equal  to  aV2  if  a  is  a  given  line. 

Hint.     aV2  =  V(2  a)  •  a. 
Ex.  4.    Construct  a  line  equal  to  a  VS  if  a  is  a  given  line. 
Ex.  5.   Construct  a  line  equal  to  ci^^  if  a  is  a  given  line. 
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Proposition  XXXIII.     Theorem 

329.    The  sum  of  the  squares  of  the  arms  of  a  right 

triangle  is  equal  to  the  square  of  the  hypotenuse. 

c 


1. 
2. 
3. 
4. 
5. 

6. 


REASONS 
Why? 

(326). 
(274). 
Why? 
Why? 


6.    (Sub.) 


Given  ABC  a  rt.  A,  having  its  rt.  Z  at  C. 
To  prove  a-  +  6-  =  c-. 

Proof 

STATEMENTS 

Drsiw  CD±AB, 

p\h  =  h:  c. 

.'.  h'  =  c  '  p. 
Similarly  or  =  c  •  q. 

a-  -\-  h-  =  c-p  +  c-q 
=  c{p  +  q). 
a2  +  52  =  c\ 

330.  Cor.  The  square  of  either  arm  of  a  right  triangle  is 
equal  to  the  square  of  the  hypotenuse,  diminished  by  the  square 
of  the  other  arm. 

Ex.  1.  Find  the  hypotenuse  of  a  right  triangle  whose  arms  are 
respectively 

(a)   1  ft.  and  5  in.  (h)  m  and  n. 

Ex.  2.  The  hypotenuse  of  a  right  triangle  is  25,  one  arm  equals  20 ; 
find  the  other  arm. 

Ex.  3.  Find  the  altitude  of  an  equilateral  triangle  whose  side  is 
equal  to  8  in. 

Ex.  4.  Find  the  altitude  of  an  equilateral  triangle  whose  side  is  equal 
to  h.     (h  =  \Vd.) 
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Ex.  5.  Find  the  altitude  of  an  isosceles  triangle  whose  base  equals 
8  and  whose  arms  equal  5. 

Ex,  6.  If  the  hypotenuse  of  an  isosceles  right  triangle  equals  8  in., 
what  is  the  length  of  an  arm  ? 

Ex.  7.  The  radii  of  two  circles  are  respectively  6  in.  and  21  in.,  and 
the  distance  between  their  centers  is  25  in. ;  find  the  length  of  the  com- 
mon external  tangent. 

Ex.  8.  Find  the  side  of  an  equilateral  triangle  whose  altitude  equals 
10. 

Ex.  9.  The  squares  of  the  two  arms  of  a  right  triangle  have  the 
same  ratio  as  the  segments  adjacent  to  the  hypotenuse. 

Ex.  10.    If  A  D  is  an  altitude  of  a  triangle  A  BC, 
A^'  -  AC-  =  ~BW  -  CD". 

Ex.  11.  If  the  diagonals  of  a  quadrilateral  are  perpendicular  to  each 
other,  then  the  sum  of  the  squares  of  two  opposite  sides  is  equal  to  the 
sum  of  the  squares  of  the  other  two. 

Ex.  12.  //  the  square  of  one  side  of  a  triangle  is  equal  to  the  sum  of 
the  squares  of  the  other  two  sides,  the  triangle  is  a  right  triangle. 

Hint.  Draw  a  rt.  A  whose  arms  are  equal  respective!}-  to  the  arms 
of  the  given  A,  and  prove  the  equality  of  the  two  A. 

*Ex.  13.  If  the  square  of  one  side  of  a  triangle  is  greater  than  the 
sum  of  the  squares  of  the  other  two,  the  triangle  is  obtuse. 

Hint.  Compare  the  A  with  a  rt.  A  which  has  the  same  arms  as  the 
given  one. 

331.  Def.     The  projection  of  a  point  upon  a  line  is  the 

foot  of  the  perpendicular  from  the  point  to  the  hne. 

332.  Def.     The  projection  of  one  line  upon  another  is  the 

segment  between  the  projections  of  the  extremities  of  the 
first  line  upon  the  second. 


A 


B 


B'  B' 


Thus,  if  A  A'  ±  XY  and  BB'  ±  XY,  A'  is  the  projection  of  A  upon 
XY,  and  A'B'  is  the  projection  of  AB  upon  XY. 
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Ex.  1.    In  acute  triangle  ABC,  draw  the   projection  oi   AB  upon 
AC,  of  ^B  upon  BC,  oi  AC  upon  AB. 

Ex.  2.    li  AB  II  XY,  prove  that  the  projection  oi  AB  upon  A'F 
equals  AB. 

Ex.  3.    If  the  side  of  an  equilateral  triangle  equals  10  in.,  what  is 
the  length  of  the  projection  of  one  side  upon  another? 


B' 

Ex.  4 


B' 
Ex.  5 


Ex.  4.   If  the  lines  AB  and  XY  include  an  angle  of  60°,  the  projec- 
tion of  AB  upon  XY  equals  one  half  AB  (165). 

Ex.  5.    Prove  that  the  projection  A'B'  oi  AB  upon  XY  equals  one 
half  AB,  if  the  prolongation  of  BA  forms  an  angle  of  60°  with  XY. 


Ex.  6 


B' 
Ex.  7 


Ex.  6.   If  the  lines  AB  and  ATF  include  an  angle  of  30°,  and  AB  =  m, 
prove  that  the  projection  of  AB  upon  XY  equals  -^"^S. 

Hint.     BB'  =  ^.     (Ex.  4.) 
2 

Ex.  7.   If  the  lines  AB  and  XY  include  an  angle  of  45°,  and  AB  =  m, 

prove  that  the  projection  of  AB  upon  XY  =  ^^2. 

Hint.     If  AB'  =  x,  then  BB'  =  x.     :.  x'~  +  x^  =  m^. 
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Ex.  8.    Prove  the  '.dst  two  exercises,  if  the  prolongation  oi  AB  forms 
an  angle  of  30°;  an  angle  of  45°.     (Diagram  similar  to  Ex.  5.) 

Ex.  9.    Find  the  projection  of  AB  upon  XY  ii  AB  =  m,  and  the 
angle  included  by  AB  and  XY  equals  120°. 

Ex.  10.    Find  the  projection  of  AB  upon  XY  ii  AB  =  m,  and  the 
angle  included  by  AB  and  XY  equals  135°. 

Ex.  11.    Find  the  projection  of  AB  upon  XY  i^  AB  =  m,  and  the 
angle  included  by  AB  and  XY  equals  150°. 

Ex.  12.    If  in  triangle  ABC,  AB  =  8,  AC  =  10,  and  Z  A  =  60°,  find 
the  projection  of  A  5  upon  AC,  of  BC  upon  AC. 

Ex.  13.    If  in  triangle  ABC,  AB  =  10    AC  =  12,  and   ZA  =  45°, 
find  the  projection  of  AB  upon  AC. 

Ex.  14.   In  the  same  figure  find  the  projection  of  BC  upon  AC. 

Ex.  15.    In  triangle   ABC,    AC  =  24,    BC  =  10,   and     ZC  =  90". 
Find  the  projection  of  AC  upon  AB. 


333.  XoTE.  Aabc  denotes  a 
triangls  whose  sides  are  a,  h,  and 
c.  p  denotes  the  projection  of  h 
upon  c,  and  q  the  projection  of  a 
upon  c.  The  other  notations  used 
in  the  following  propositions  are 
in  accordance  with  §  242. 


Ex.  16.  In  Aa6c,  if  6  =  4,  7;  =  2,  find  Z  A  and  K. 

Ex.  17.  In  Aahc,  if  6  =  5,  he  =  4,  c  =  8,  find  q. 

Ex.  18.  In  Aabc,  if  6  =  10,  ho  =  %  and  a  =  17,  find  c, 

Ex.  19.  In  Aabc,  if  6  =  10,  A,  =  8,  c  =  14,  find  a. 

Ex.  20.  In  Aabc,  express  a  in  terms  of  h,  he,  and  c. 

Ex.  21.  In  Aa6c,  if  a  =  20,  h  =  37,  q  =  16,  find  p. 

Ex.  22.  In  Aabc,  ii  b  =  15,  p  =  9,  and  c  =  25,  find  a. 

Ex.  23.  In  Aabc,  express  a  in  terms  of  b.  c,  and  p. 
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Proposition  XXXIV.     Theorem 

334.  In  any  triangle,  the  square  of  a  side  opposite 
an  acute  angle  is  equal  to  the  sum  of  the  squares  of  the 
other  two  sides  diminished  by  twice  the  product  of  one 
of  those  sides  and  the  projection  of  the  other  side  upon  it. 


Given  in  Aahc,  p  the  projection  of  h  upon  c,  and  the  angle 
opposite  a  an  acute  angle. 
To  prove  a^  =  b"^  +  c^  -  2  cp. 

Proof.     Denote  the  perpendicular  upon  chy  h. 

In  diagram  I, 

a2  =  /i2  +  (c  -  p)2, 

but  h^  =  h''  -  p\ 

[Substitute  and  simplify.] 
In  diagram  II, 

a2  =  h^  +ip  -  cY, 

but  /i2    =    52    _    p2^ 

[To  be  completed  by  the  student.] 

335.  Remark.  The  equation  a^  ==  ¥  -\-  c-  —  2  cp  con- 
tains four  quantities.  Therefore  any  one  of  them  may  be 
found  by  algebraical  methods  if  the  other  three  are  given. 
(Similarly  in  the  following  propositions.) 


Ex.  1.    In  Aabc,  find  a  if 

(a)  6  =  8,  c  =  5,  p  =  4.  (c)    6  =  5,  c  =  6,  p  =  3. 

(6)   6  =  24,  c  =  9,  p  =  12.  (d)  6  =  13,  c  =  14,  p  =  12. 

(e)  b  =  )7,  c  =  9,  p  =  15. 
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Ex.  2.  If  two  sides  of  a  triangle  equal  15  and  25  respectively,  and 
the  projection  of  15  upon  25  equals  9,  what  is  the  value  of  the  third  side? 

Ex.  3.    In  Aahc,  find  a  if 

(a)  6  =  10,  c  =  16,  ZA  =  60°.       (d)  6  =  48,  c  =  13,  Z A  =  60°. 

(6)   6  =  14,  c  =  30,  Z  A  =  60°.        (e)   6  =  4,  c  =  3,  Z  A  =  30°. 

(c)   &  =  9,  c  =  24,  Z  A  =  60°.         (/)   6  =  2,  c  =  3,  ZA  =  45°. 

Ex.  4.  The  sides  of  a  triangle  are  13,  14,  and  15.  Find  the  projec- 
tion of  13  upon  14. 

Ex.  5.  The  sides  of  a  triangle  are  5,  7,  and  8.  Find  the  projection 
of  8  upon  5. 

Ex.  6.  The  sides  of  a  triangle  are  10,  17,  21.  Find  the  projection 
of  10  upon  21. 

Proposition  XXXV.     Theorem 

336.  In  any  obtuse  triangle,  the  square  of  the  side 
opposite  the  obtuse  angle  is  equal  to  the  sum  of  the 
squares  of  the  other  two  sides,  increased  hy  twice  the 
product  of  one  of  these  sides  and  the  projection  of 
the  other  side  upon  it. 


B  AD 

Given  in  Aahc,  p  the  projection  of  h  upon  c,  and  the  angle 
opposite  a  obtuse. 

To  prove  a^  =  5^  +  c^  +  2  cp. 

Proof.  0?  =  h' -\-{c -^  py. 

But  7^2    =    ^2   _   p2^ 

.-.  a?  =? 
[To  be  completed  by  the  student.] 
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Ex.  1.  In  l^ahc,  5  =  6,  c  =  10,  p  =  3,  and  Z  A  is  obtuse;  find  a. 
Ex.  2.  In  iLahc,  6  =  10,  c  =  9,  p  =  6,  and  A  A  is  obtuse;  find  a. 
Ex.  3.    In  Aabc,  find  a  if 

(a)  6  =  3,  c  =  5,  Z  A  =  120'.  ^c  ^.^  =  16.  c  =  5.  Z  A  =  ^20^ 
(5)  6  =  8;  c  =  7,  ZA  =  120"'.         (/i    6  =  24,  c  =  11,  ZA  =  ^20^ 

337.    Remark.     If  we  consider  the  projection  of  one  side  of 
a  triangle  upon  another  as  positive  when  the  projection  Ues  on 

that  Hne.  but  as  negative  when  it  Ues  on  the  prolongation. 
Props.  XXXV  and  XXXIII  become  special  cases  of  Prop. 
XXXIV,  and  we  always  have  : 

a-  =  h-  -r  C-  —  2  cp. 
To  compute  the  projections  of  sides  of  a  triangle  whose 
angles  are  not  known,  always  apply  this  equation.     If  the 
result  is  negative,  the  triangle  is  obtuse. 


Ex.  1.  In  Aabc,  a  =  20,  b  =  15.  and  c  =  7.  Find  the  projection 
of  h  upon  c.     Is  the  triangle  obtuse  or  acute? 

Ex.  2.  In  /lahc,  a  =  20.  h  =  15,  c  =  2-5.  Find  the  projection  of 
b  upon  c.     Is  angle  A  obtuse  or  acute? 

Ex.  3.  The  sides  of  a  triangle  are  4,  13.  and  15.  Find  the  pro- 
jection of  13  upon  4. 

Ex.  4.  If  the  value  of  p  obtained  from  the  above  formula  equals 
zero,  what  does  this  residt  signify? 

Ex.  5.   In  Aabc,  a  =  15.  ?>  =  13.  c  =  U.     Find  ^:. 

Ex.  6.    In  Aabc,  a  =  IT.h  =  10.  c  =  o.     Find  r.-. 

338.    Cor.  1.     In  /_^ahc,  if  p  denotes  the  projection  of  h 

upon  c, 

¥  -  c-  -  0} 

V  =  ^ • 


339.    Cor.  2.     It  he  denotes  the  altitude  upon  c. 
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This  expression  can  be  simplified  by  algebraical  operations : 

_  (2  6c  +  ?)-  +  c-  -  a~)(2  he  -¥  -  c''  +  a^) 
\& 

_[(b  +  c)^-a^][a"  -  {h  -  c?] 

_(fl  +  ?>  +  c){h  +  c  -  a)(a  -h  +  c)(a  +  h  -  c)  ^ 

Let  a  +  6  +  c  =  2s,  i.e.  let  .s  denote  half  the  perimeter. 

6  +  c  —  a  =  2(s  —  a). 

a  -  5  +  c  =  2(s  -  6). 

a  +  &  —  c  =  2(s  —  c). 

7  2  _  4  s(s  —  a)(g  —  5)(8  —  c) 
c- 


or 


ho  =  -Vs(s  -  a)(s  -  b)(s  -  c). 
c 


Ex.  1.    In  Aabc,  find  /ic,  if 

(a)  a  =  10,  6  =  17,  c  =  21. 

(6)   a  =  20,  6  =  13,  c  =  21. 

(c)  a  =  20,  6  =  13,  c  =  25. 

(d)  a  =  37,  6  =  13,  c  =  40. 

Ex.  2.    The  three  sides  of  a  triangle  are  4,  13,  and  15.     Find  the 
altitude  upon  4. 

Ex.  3.    The  three  sides  of  a  triangle  are  25,  30,  and  11.     Find  the 
altitude  upon  11. 
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Propositiox  XXXVI.     Theorem 

340.    In  any  triangle,  the  square  of  one  side  plus 

four  times  the  square  of  the  corresponding  median  is 
equal  to  twice  the  sum  of  the  squares  of  the  other  sides. 

c 


c  — 

Given  in  ^ABC,  nic  the  median  ic  c. 
To  prove  2  a-  +  2  6^  =  c-  —  4  m^^ 

Proof.     Draw  CE  _  AB,  and  suppose  E  lo  fall  between  A 
and  D.     Let  DE  =  q.  ,  x  2  -  >. 

^  =^|Y  -\-m'-  -  2^^\  (334) 

a^  +  ¥  =  2f^'  +  2  m-.  '[Ax.  2. 


or  2  a-  +  2  6-  =  c-  -  4  ^>:-.  (Ax.  7.) 


Ex.  1.  The  sides  of  a  triangle  are  7j  8,  and  9  respectively.  Find 
the  length  of  the  median  to  S. 

Ex.  2.  The  sides  of  a  triangle  are  7.  4,  and  9  respectively.  Find 
the  length  of  the  median  to  9. 

Ex.  3.  The  sides  of  a  triangle  are  10.  5.  rmd  9  respectively.  Find 
the  length  of  the  median  to  9. 

Ex.  4.  The  sides  of  a  triangle  are  22,  20,  and  IS  respectively.  Find 
the  length  of  the  median  to  18. 

Ex.  5.    In  Aabc,  if  m^  denotes  the  median  drawn  to  c,  prove  that 

m.  =  -\  2  0^  —  2  b^  -  c=. 

2 
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Ex.  6.    In  Aahc,  a  =  8,  h  =  11,  and  mc  =  8|.     Find  c. 
Ex.  7.    In  Aahc,  a  =  28,  c  =  32,  ttic  =  38.     Find  b. 
Ex.  8.    Prove  Prop.  XXXVI  if  a  =  6. 

Ex.  9.  The  sum  of  the  squares  of  the  four  sides  of  a  parallelogram 
is  equal  to  the  sum  of  the  squares  of  the  diagonals. 

Proposition  XXXVII.     Theorem 

341.  In  any  triangle,  the  product  of  two  sides  is 
equal  to  the  square  of  the  bisector  of  the  included  angle 
plus  the  product  of  the  segments  of  the  third  side. 


E 
Given  Aabc,  the  angle-bisector  t  dividing  c  into  the  seg- 
ments n  and  o. 

To  prove  ah  =  t-  -\-  on. 

Proof.     Circumscribe  a  circle  about  Aabc. 
Produce  the  angle-bisector  CD  to  meet  the   circle  in  E. 
Draw  EB,  and  let  DE  =  x. 

ZACD  =  ZECB.  (Hyp.) 

ZA  =  IE.  (232) 

AACD  ^  AEBC.  (305) 

.*.  h:t  -{-  X  =  t:  a, 
or  ah  =  t{t  +  x). 

ab  =  f  +  tx. 
But  tx  =  on.  (320) 

.*.  ah  =  f^  -\-  on. 
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Ex.  1.    The  sides  of  a  triangle  are  IS,  9,  and  21  respectively.     Find 
the  length  of  the  bisector  corresponding  with  21. 

Hint.     Find  n  and  o  by  means  of  (SOlj. 

Ex.  2     The  sides  of  a  triangle  are  21,  14,  and  25  respectively.     Find 
the  length  of  the  bisector  corresponding  with  25. 

Ex.  3.    The  sides  of  a  triangle  are  22,  11,  and  21  respectively.     Find 
the  length  of  the  bisector  corresponding  with  21. 

Ex.  4.    The  sides  of  a  triangle  are  6,  3,  and  7  respectively.     Find 
the  length  of  the  bisector  corresponding  with  7. 

Ex.  6.    In  Aahc,  if  t  denotes  the  angle  bisector  of  /.C,  prove  that 

abc^ 


HlXT. 


ab 
he 


a  T  b  a  -\-h 

*  Ex.  6.    Using  the  notation  and  the  method  of  f339  > 
result  of  the  preceding  exerci.se  to  the  following  form 

2 


(301) 

reduce  the 


^  ahs  s 


Propo.sitiox  XXXVIII.     Theorem 

342.  In  any  triangle  the  product  of  tiro  sides  is 
equal  to  the  altitude  upon  the  third  side,  multiplied  by 
the  diameter  of  the  circumscribed  circle. 


Given  d.  a  diameter  of  the  circle  circuiii.?cribed  about  Aa6c, 
and  h.  the  ahitude  upon  c. 
To  prove  ah  =  hd. 

[The  proof  is  left  to  the  student.] 
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343.  Cor.  The  diameter  of  the  circumscribed  circle  of  any 
triangle  is  equal  to  the  product  of  two  sides  divided  by  the 
altitude  upon  the  third  side. 

(1  _  a6        1 abc \ 
h               2Vs(s  -a){s  -  b){s  -  c)  ) 


Ex.  1.  In  Aahc,  a  =  6,  6  =  10,  and  he  =  4.  Find  the  diameter  of  the 
circumscribed  circle. 

Ex.  2.  In  Aahc,  a  =  10,  6  =  15,  K  =  6.  Find  the  radius  of  the 
circumscribed  circle. 

Ex.  3.  A  ABC  is  inscribed  in  a  circle  of  radius  =  5  inches.  Find 
the  altitude  to  BC  if  AB  =  4  and  AC  =  5. 

Ex.  4.    Find  the  diameter  of  the  circle  circumscribed  about  Aahc,  if 
(a)  a  =  17,  6  =  8,  c  =  15. 
(6)  a  =  10,  6  =  17,  c  =  21. 

Ex.  5.  In  Aahc,  a  =  20,  h  =  15,  and  the  projection  of  h  upon  c 
equals  9.     Find  the  radius  of  the  circumscribed  circle. 

Ex.  6.  In  Aahc,  a  =  9  and  h  =  12.  Find  c  if  the  diameter  of  the 
circumscribed  circle  equals  15. 

PROBLEMS   OF   COMPUTATION 

Ex.  1.  The  arms  of  a  right  triangle  are  8  and  15  respectively.  Com- 
pute the  hypotenuse  and  the  altitude  upon  the  h\^potenuse. 

Ex.  2.  A  chord  14  in.  long  is  12  in.  distant  from  the  center.  Find 
the  radius  of  the  circle. 

Ex.  3.  A  chord  24  in.  long  is  5  in.  distant  from  the  center.  Find 
the  distance  of  the  center  from  a  chord  10  in.  long. 

Ex.  4.  In  Aahc,  a  =  4,  &  =  8,  and  the  angle  opposite  to  c  equals 
60^     Find  c. 

Ex.  5.  The  shadow  of  a  church  steeple  upon  level  ground  is  60  ft., 
while  a  pole  10  ft.  high  casts  a  shadow  3  ft.  long.  How  high  is  the 
steeple  ? 

Ex.  6.  Find  the  product  of  the  segments  of  a  chord  drawn  through 
a  point  8  in.  from  the  center  of  a  circle  whose  radius  is  10  in.  What 
is  the  length  of  the  shortest  chord  that  can  be  drawn  through  that  point? 
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Ex.  7.  The  base  of  an  isosceles  triangle  is  48  in.  Find  the  alti- 
tude if  each  arm  equals  50  in. 

Ex.  8.  Two  sides  and  a  diagonal  of  a  parallelogram  are  7,  9,  and  8 
respectively.     Find  the  length  of  the  other  diagonal. 

Ex.  9.    The  diagonal  of  a  square  is  20  in.     Find  the  side. 

Ex.  10.  The  sides  of  a  rectangle  are  16  and  30  respectively.  Find 
the  diagonal. 

Ex.  11.  The  diameter  .45  of  a  circle  is  produced  to  C,  and  from  C 
a  tangent  is  drawTi  to  the  circle.  Find  the  length  of  the  tangent  if 
AB  =  30  and  BC  =  2. 

Ex.  12.  A  ladder  17  ft.  long  reaches  a  window  15  ft.  high.  How 
far  is  the  lower  end  of  the  ladder  from  the  house? 

Ex.  13.    In  Aahc,  c  =  10,  ZA  =  30°,  and  ZC  =  90°.     Find  a  and  6. 

Ex.  14.  The  base  of  an  isosceles  triangle  is  b,  and  each  arm  a.  Find 
the  altitude. 

Ex.  15.  The  nonparallel  sides  AB  and  CD  of  a  trapezoid  are  pro- 
duced till  they  meet  in  E.  Find  AE  and  BE  ii  AB  =  7  and  the  bases 
are  5  and  3  respectively. 

Ex.  16.  The  diagonals  of  a  rhombus  are  10  and  24  in.  respectively. 
Find  the  perimeter ;   also,  the  altitude. 

Ex.  17.  Two  parallel  chords  1  in.  apart  are  respectively  6  in.  and 
8  in.  in  length.  Find  the  radius  of  the  circle.  (Is  there  more  than  one 
solution?) 

Ex.  18.  The  altitude  of  a  trapezoid  is  h,  the  bases  a  and  h  respec- 
tively. Find  the  altitudes  of  the  two  triangles  formed  by  producing  the 
nonparallel  sides  until  they  meet. 

Ex.  19.  From  a  point  24  ft.  above  sea  level  the  visible  horizon  has 
a  radius  of  6  miles.     Find  the  diameter  of  the  earth. 

Ex.  20.  Find  the  length  of  the  common  internal  tangent  of  two 
circles  if  the  distance  between  the  centers  is  17,  and  the  radii  are  5  and 
3  respectively. 

Ex.  21.  A  chord  30  in.  long  subtends  an  angle  of  120°.  Find  the 
distance  of  the  chord  from  the  center  of  the  circle. 

*Ex.  22.  In  triangle  ABC,  AB  =  BC  =  25,  AC  =  30,  and  on  AB 
is  laid  off  ^D  =  8.     Find  the  length  of  CD. 

*  Ex.  23.  The  three  sides  of  a  triangle  are  14,  16,  and  6.  Find  the 
angle  opposite  14. 

*  Ex.  24.  In  a  quadrilateral  A  BCD,  AB  =  10,  BC  =  17,  CD  =  13, 
0.4  =  20,  and  AC  =  21.     Find  the  diagonal  BD. 
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PROBLEMS   OF   CONSTRUCTION 

Ex.  1.    Divide  each  side  of  a  triangle  internally  into  two  parts 
proportional  to  the  other  two  sides. 

To  construct  a  triangle,  having  given : 

Ex.  2.    a,  h,  and  6 :  c  =  4 :  5. 

Ex.  3.    From  a  given  rectangle  to  cut  off  a  similar  rectangle  by  a 
line  parallel  to  one  of  its  sides. 

Ex.  4.    In  a  given  circle,  to  inscribe  a  triangle  similar  to  a  given 
triangle. 

Ex.  5.    About  a  given  circle,  to  circumscribe  a  triangle  similar  to 
a  given  triangle. 

Ex.  6.    Construct  a  triangle  similar  to  a  given  triangle  and  having 
a  given  altitude. 

Ex.  7.    To  inscribe  a  square  in  a  given  triangle. 

Ex._8.    Assuming  an  arbitrary  unit,  construct  a  line  equal  to  (a)  V2, 
(b)  Vs,  (c)  1  +V5. 

Ex.  9.    Construct  a  line  that  shall  be  to  a  given  line  as  1 :  V2. 

Ex.  10.    Construct  a  line  that  shall  be  to  a  given  line  as  Vs  :  1. 

Ex.  11.    In  a  given  line  AB,  to  find  a  point  C  such  that  AC:  BC 
=  1 :  V2. 

Ex.  12.    To  construct  a  parallelogram  similar  to  a  given  parallelo- 
gram and  having  a  given  diagonal. 

Ex.  13.    To  construct  a  triangle  similar  to  a  given  triangle  and  having 
a  given  perimeter. 

Ex.  14.    If  a  and  b  are  two  given  lines,  construct  a  line  equal  to 
2q2 
b   ' 

Ex.  15.    From  a  point  without  a  circle,  to  draw  a  secant  whose  ex- 
ternal segment  is  equal  to  one  half  the  secant.     (See  hint  for  Ex.  16.) 

Ex.  16.    To  construct  a  circle,  touching  a  given  circle  in  a  given 
point,  and  touching  a  given  line.     Hint.     Draw  a  tangent  to  the  circle. 

Ex.  17.    To  construct  a  circle,  touching  two  parallel  lines  and  pass- 
ing through  a  given  point. 

Ex.  18.    In  a  given  circle,  to  inscribe  a  rectangle,  having  given  the 
ratio  of  two  sides. 

*  Ex.  19.   To  divide  a  trapezoid  into  two  similar  trapezoids  by  a 
line  parallel  to  the  bases. 


PROPORTION.     SIMILAR    POLYGONS  3.^ 

THEOREMS 

Ex.  1.  If  a  chord  is  bisected  by  another,  either  segment  of  the 
first  is  a  mean  proportional  between  the  segments  of  the  other. 

Ex.  2.    If  in  the  triangle  ABC  the  altitudes  BD  and  AE  meet  in 

F,  and  AB  =  BC,  then 

BC:  AF  =  BD-.CD. 

Ex.  3.  If  between  two  parallel  tangents,  a  third  tangent  is  drawn, 
the  radius  is  the  mean  proportional  between  the  segments  of  the  third 
tangent. 

Ex.  4.  If  two  circles  are  tangent  externally,  and  through  the  point  of 
contact  a  secant  is  drawn,  the  chords  formed  are  proportional  to  the 
radii. 

Ex.  5.  If  C  is  the  mid-point  of  the  arc  --15.  and  a  chord  CD  meets 
the  chord  AB  in  E,  then 

CE  :  CA  =  CA  :  CD.  3 

Ex.  6.    If  -IS  is  a  diameter.  AD  3.  tan- 
gent, and  FB  and  DB  are  secants,  prove  that 
BE  X  BF  =  BC  X  BD. 

Ex.  7.  Prove  that  in  any  right  triangle 
the  sum  of  the  h\"potenuse  and  the  diameter 
of  the  inscribed  circle  is  equal  to  the  sum  of 
the  arms  of  the  triangle. 


Ex. 


Ex.  8.  If  two  circles  intersect,  their  common  chord  produced  bi- 
se'^ts  the  common  tangents. 

Ex.  9.  If  an  isosceles  triangle  is  inscribed  in  a  circle,  the  tiingents 
drawn  at  the  vertices  form  another  isosceles  triangle. 

Ex.  10.    The  tangents  drawn  at  the  vertices  of  an   in^rriV-;:;  rec 
tangle  inclose  a  rhombus. 

Ex  11.  T'.co  parallelograms  are  similar  tchen  they  have  an  angle  of 
the  one  equal  to  an  angle  of  the  other^  and  the  induding  sides  proportional. 

Ex.  12.    Tico    rectangles   are  similar  if  two   adjacent  sides  are   pro- 

lortionaL 

Ex.  13.  Two  circles  are  tangent  externally,  and  through  the  point  of 
contact  two  straight  lines  are  drawn  terminating  in  the  circles;  prove 
that  the  corresponding  segments  of  the  lines  are  proportional. 
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MISCELLANEOUS 


Ex.  1.  //  two  parallel  lines  are  cut  by  three  or  more  transversals  passing 
through  a  common  point,  the  corresponding  segments  are  proportional. 

Ex.  2.    Prove  the  converse  of  Ex.  1. 

Ex.  3.  The  median  to  a  side  of  a  triangle  bisects  every  line  parallel 
to  this  side  and  limited  by  the  other  sides. 

Ex.  4.  Construct  an  isosceles  triangle  given  the  base  and  the  radius 
of  the  inscribed  circle. 

Ex.  5.  Prove  that  the  right  angle  of  any  right  triangle  is  bisected 
by  a  line  drawn  from  its  vertex  to  the  point  of  intersection  of  the 
diagonals  of  the  square  constructed  on  the  hypotenuse. 

Ex.  6.  The  bisectors  of  the  equal  angles  of  an  isosceles  triangle  meet 
the  equal  sides  at  points  D  and  E;  prove  that  DE  is  parallel  to  the  base 
of  the  triangle. 

Ex.  7.  Construct  a  right  triangle,  given  the  segments  made  on  the 
hypotenuse  by  the  bisector  of  the  right  angle. 

Ex.  8.  The  perpendiculars  from  the  mid-points  of  two  sides  of  a 
triangle  to  the  third  side  are  equal. 

Ex.  9.  If  two  consecutive  angles  of  a  quadrilateral  are  right  angles, 
the  bisectors  of  the  other  angles  are  perpendicular  to  each  other. 

Ex.  10.  Show  how  to  construct  a  tangent  to  a  circle  at  a  given  point 
on  the  circle,  without  using  the  center. 

Ex.  11.  The  radius  of  a  circle  is  30  feet.  Find  the  length  of  a  tan- 
gent drawn  to  the  circle  from  a  point  4  feet  from  the  circle. 

Ex.  12.  A  rectangle  is  inscribed  in  a  circle  of  radius  5  feet.  The  base 
is  twice  the  altitude.     Find  the  perimeter  of  the  rectangle. 

Ex.  13.  Two  circles  of  radii  12  in.  and  9  in.  respectively  have  their 
centers  28  in.  apart.  How  far  from  the  center  of  each  circle  is  the  line 
of  centers  cut  by  a  common  external  tangent  ? 

Ex.  14.  The  bases  of  a  trapezoid  are  8"  and  12"  respectively.  The 
altitude  is  3".  How  long  is  the  line  drawn  between  the  legs  and  paral- 
lel to  the  bases,  if  it  is  2"  from  the  lower  base? 


BOOK   IV 

AREAS   OF   POLYGONS 

344.  Def.  The  unit  of  surface  is  a  square  whose  side  is 
the  unit  of  length,  etc. 

Thus,  a  square  1  in.  long  and  1  lq.  wide  is  a  square  inch.  Or  a  square 
1  yd.  long  and  1  yd.  wide  is  a  square  yard. 

345.  The  area  of  a  surface  is  the  number  of  units  of  surface 
it  contains. 

Thus,  if  the  floor  of  a  room  is  2.5  ft.  long  and  1-5  ft.  wide,  it  contains 
15  X  25  or  375  sq.  ft.     Hence  the  area  of  the  floor  is  375  sq.  ft. 

346.  Two  figtu-es  are  equivalent  or  equal  if  their  areas  are 
equal. 

Thus,  if  the  area  of  /..45C  =  25  sq.  ft.,  and  the  area  of  OMXOP 

=  25  sq.  ft.,  then  /LABC  is  equivalent  to  CMXOP,  or  in  symbols : 

/LABC  =  nMXOP. 

Note.  The  symbol  =  refers  to  the  size  of  figures,  while  the  symbol 
~  relates  to  their  shape.  The  s^Tnbol  of  congruence  =  relates  to  both 
size  and  shape.  The  s\Tnbol  ~  has  no  meaning  for  figures  that  cannot 
differ  ia  shape,  e.g.  for  straight  lines.  Thence  the  symbol  of  congruence, 
=  when  applied  to  straight  lines  has  the  same  significance  as  the  s>Tn- 
bol  of  equaUty    =  . 

If  the  s^-mbol  of  equality  =  refers  to  areas,  it  may  read  either  "  is 
equivalent  to  "  or  "  equals."  Since  many  authors,  however,  designate 
congruent  figures  as  equal  figures,  confusion  may  be  avoided  by  giving 
preference  to  the  term  equivalent.  The  use  of  a  particular  symbol  for 
equivalence   <>    cannot  be  recommended. 
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Proposition  I.     Theorem 

347.    Rectangles  having  equal  altitudes  are  to  each 
other  as  their  bases. 

A       L  D  E  H 


B       K  C  F  G 

Given  rectangles  ABCD  and  EFGH  with  bases  BC  and  FG. 
To  prove  ABCD  :  EFGH  =  BC  :  FG. 

Case  I  (Commensurable) 

Proof 


STATEMENTS 

REASONS 

1.   Take    BK    as    unit    of 

1.   The     bases     are     commen- 

measure for  the  bases.     Then 

surable. 

BC  =  m{BK),  FG  =  n{BK). 

2                    BC  _   m 

FG        n' 

2.    (224). 

3.   At  the  points  of  divi- 

3.   (47,  141,  147). 

sion  on  BC  and  FG,  erect  Js. 

The  rectangles  will  be  cut  up 

into  m  and  n  small  rectangles, 

each  equal  to  ABKL. 

.                ABCD  _  m^ 
EFGH       n 

4.    (224). 

g            .    ABCD  _  BC^ 
EFGH        FG 

5.   Why? 

Case  II.     (Incommensurab 

le.)     See  Appendix. 

348.   Cor.     Rectangles  havi' 

ng  equal  bases  are  to  each  other 

as  their  altitudes. 

Ex.     To  divide  a  given  rectangle 

into  three  congruent  rectangles. 

[Practical  Applications,  page  296. 
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349.    The  areas  of  tiro  reetangles  are  to  each  other  as 
the  products  of  their  bases  a?id  cdtitudes. 


Given  rectangles  R  and  R\  having  the  bases  b  and  h'  and  the 
altitudes  a  and  a   respectively. 

R'       a'  X  b' 


To  prove 


Proof 


STATEMENTS 

1.  Construct  the  rectangle 
Q.  having  the  same  base  as 
R',  and  the  same  altitude  as 

R. 

R  ^b_ 

Q       b' 

1  =  ^. 
R'       a' 

R_  ^  a    Xb  ^ 

R'        a'  X  b' 


2. 
3. 

4. 


REASONS 

1.    To    construct    a    rectangle, 
given  base  and  altitude. 


2.    Prop.  I. 


3.    (348). 


4.    ^li^ 


Ex.  1.  Find  the  ratio  of  a  rectangle  4  by  5  ft.,  and  a  square  having 
a  side  of  10  ft. 

Ex.  2.  The  diagonal  of  a  rectangle  is  26  in.  long,  and  one  of  its 
sides  24  in.  The  diagonal  of  another  rectangle  is  25  in.  long,  and  one  of 
its  sides  20  in.     Find  the  ratio  of  the  areas  of  the  two  rectangles. 

Ex.  3.  The  ratio  of  the  areas  of  two  rectangles  is  as  8  is  to  3.  The 
dimensions  of  the  first  are  6  and  12.  Find  the  altitude  of  the  second 
rectangle,  if  its  base  is  9. 
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Proposition  III.     Theorem 
350.    The  area  of  a  rectangle  is  equal  to  the  product 


of  its  base  and  altitude. 


Q 


Given  R  a  rectangle  with  base  h  and  altitude  a. 
To  prove  Area  of  72  =  a  X  &. 

Proof 


STATEMENTS 

REASONS 

1. 

Let  U  be  the  unit  of  surface. 

1.    Why? 

2. 

R       aXh 
U       1X1 

2.    (349). 

3. 

But  —  is  the  area  of  R. 
If 

3.    (345). 

4. 

.*.  area  of  J^  =  a  X  &. 

4.    Why? 

351.  Cor.  The  area  of  a  square  is  equal  to  the  square  of  a 
side. 

352.  Remark.  If  the  base  and  altitude  of  a  rectangle  are- 
expressed  by  integral  numbers,  Prop.  Ill  may  be  proved  by 
dividing  the  figure  into  squares. 

Thus,  if  the  base  contains  5  and  the  alti- 
tude 3  linear  units,  the  figure  can  be  divided 
into  fifteen  squares,  each  being  the  unit  of 
surface. 


Ex.  1.  A  rectangular  field  is  24  yd.  long  and  15  yd.  wide.  Find 
the  area. 

Ex.  2.  The  area  of  a  rectangle  is  360  sq.  in.,  and  its  base  is  4  yd. 
Find  the  altitude. 

Ex.  3.  A  rectangle  has  an  area  of  125  sq.  in.  and  is  five  times  as  long 
as  wide.     Find  the  dimensions  of  the  rectangle. 
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Proposition  IV.     Theorem 

353.    The  area  of  a  parallelogram  is  equal  to  the 
product  of  its  base  and  its  altitude. 

r  0  EC 


Given  parallelogram  ABCD  having  the  base  AB 
the  altitude  BE  =  h. 
To  prove  ABCD  =  b  X  h. 


h,  and 


Proof 

STATEMENTS 

1.  Draw  AF  J_  to  AB  to  meet 
CD  produced  at  F. 

2.  AF  II  BE. 

3.  ABEF  is  a  rectangle,  with 
base  h  and  alt.  h. 

4.  ABCD  is  a  /I7  with  base  b 
and  alt.  h. 

5.  AF  =  BE,  AD  =  BC. 

6.  Rt.  AAFD  ^  rt.  ABEC. 

7.  ABCF  =  ABCF. 

8.  OABCD  =  Rect.  ABEF. 

9.  But  Rect.  ABEF  =  bh. 


10. 


OABCD  =  bh. 


REASONS 

1.  Why? 

2.  (96). 

3.  Why? 

4.  Hyp. 

6.  WTiy? 

6.  Hy.  a.  =  hy.  a. 

7.  Iden. 

8.  Equals  from  equals 

9.  Why? 
10.  Sub. 


354.  Cor.  1.     Parallelograms  having  equal  bases  and  equal 
altitudes  are  equivalent. 

355.  Cor.  2.     Any  two  yarallelograw.s  are  to  each  other  as 
the  products  of  their  bases  and  altitudes. 
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356.  Cor.  3.     Parallelograms  having  equal  bases  are  to  each 
other  as  their  altitudes. 

357.  Cor.  4.     Parallelograms  having  equal  altitudes  are  to 
ea-ch  other  as  their  bases. 


Ex.  1.  Find  the  area  of  a  parallelogram  whose  base  is  15  in.  and 
whose  altitude  is  2  ft. 

Ex.  2.  Two  sides  of  a  parallelogram  are  15  and  20  respectively,  and 
include  an  angle  of  30°.     Find  the  area. 

Ex.  3.  The  sides  of  a  parallelogram  are  5  and  8  respectivel}',  and 
the  projection  of  5  upon  8  is  3.     Find  the  area. 

Ex.  4.    To  divide  a  parallelogram  into  three  equivalenjt  parts. 

Ex.  5.  The  sides  of  a  parallelogram  are  13  and  14,  and  one  diagonal 
equals  15.     Find  the  area. 

Ex.  6.  The  sides  of  a  parallelogram  are  4  in.  and  5  in.  and  the  angle 
included  bj^  them  equals  45°.     Find  the  area. 

Ex.  7.  The  area  of  a  parallelogram  is  144  sq.  inches.  Find  its 
altitude  in  inches,  if  the  base  is  3  feet  long. 

Ex.  8.  A  parallelogram  has  its  base  equal  to  30  feet  and  its  altitude 
equal  to  12  feet.  Find  the  altitude  of  an  equivalent  rectangle  having  a 
base  of  20  feet. 

Ex.  9.  A  rectangle  is  12  by  20.  Find  the  base  and  a  side  of  an 
equivalent  oblique  parallelogram  having  an  angle  of  30°,  if  the  base  of 
the  parallelogram  is  4  units  longer  than  a  side. 

Ex.  10.  The  bases  of  two  parallelograms  are  to  each  other  as  3  is 
to  2.  The  area  of  the  first  is  to  that  of  the  second  as  5  is  to  3.  Compare 
their  altitudes. 

Ex.11.  What  change  occurs  in  the  area  of  a  parallelogram  :  (a)  when 
the  base  remains  constant  but  the  altitude  increases  (or  decreases) ; 
(6)  when  the  angle  between  the  base  and  a  side  changes  but  the  base 
and  side  remain  constant? 
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358.    The  area  of  a  triangle  is  equal  to  one  half  th 
product  of  its  base  and  altitude. 


A  3 

Given  AABC,  ha^-ing  base  b  and  altitude  h. 
To  prove  A  ABC  =  ^h  X  h. 

Proof 


STATEMENTS 

1.  Draw  BD    AC,  and  CD  "  AB. 

2.  ABDC  is  a  O. 

3.  nABDC  =  hh. 

4.  AABC  =  inABDC. 

5.  ^OABDC  =  ^hh 

6.  .-.  AABC  =  ^hh. 


REASONS 

1.  Why? 

2.  Why? 

3.  ^3.53  . 

4.  140). 

5.  Why? 

6.  Whv? 


359.  Cor.  1.      Triangles  having  equal  bases  and  equal  alti- 
tudes are  er^uicalent. 

360.  Cor.  2.     Any  two  triangles  are  to  each  other  as  the 
products  of  their  bases  and  altitudes. 

361.  Cor.  3.     Triangles  having  equal  bases  are  to  each  other 
as  their  altitudes. 

362.  Cor.  4.     Triangles  having  equal  altitudes  are  to  each 
other  as  their  basses. 
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Ex.  1.  Prove :  //  two  triangles  have  a  common  base  and  their  vertices 
lie  in  a  line  parallel  to  the  base,  the  triangles  are  equivalent. 

Ex.  2.   If  A  denotes  the  area,  and  2  s  the  perimeter  of  Aabc,  then 
A  =  Vs{s  -a)is  -  b){s  -  c).  (339) 

Ex.  3.  The  area  of  a  triangle  is  600  sq.  in.,  and  the  altitude  is  20  in. 
Find  the  base. 

Ex.  4.  TV^o  sides  of  a  triangle  are  5  and  8  respectively,  and  in- 
clude an  angle  of  30°.     Find  the  area. 

Ex.  5.   Find  the  area  of  a  triangle  whose  sides  are  respectively 
(a)  13,  14,  15. 
(6)  9,  10,  17. 

(c)  11,  25,  30. 

(d)  4,  13,  15. 

Ex.  6.   Find  the  area  of  Aabc,  if  a  =  10,  6  =  17,  K  =  8.         (2  sol.) 

Ex.  7.  The  diagonals  of  a  parallelogram  divide  the  parallelogram  into 
four  equivalent  triangles. 

Ex.  8.  Two  triangles  are  equivalent  if  two  sides  of  the  one  are  equal 
respectively  to  two  sides  of  the  other,  and  the  included  angles  are 
supplementary. 

Ex.  9.  What  is  the  locus  of  the  vertices  of  all  equivalent  triangles 
constructed  on  a  common  base? 

Ex.  10.  Find  the  altitude  of  a  triangle,  with  a  base  of  8  in.,  that  is 
equivalent  to  a  parallelogram  with  a  base  of  14  in.  and  an  altitude  of 
6  in. 

Ex.  11.  Find  the  area  of  an  equilateral  triangle  having  each  side 
equal  to  4  in. 

Ex.  12.  Find  the  area  of  an  isosceles  triangle  whose  base  is  20  feet 
and  whose  vertex  angle  is  120°. 

Ex.  13.  Find  the  area  of  an  isosceles  right  triangle  having  its  hy- 
potenuse equal  to  18  yards. 

Ex.  14.   Find  the  area  of  an  equilateral  triangle  if  its  altitude  is  4^3. 

Ex.  15.  What  is  the  area  of  an  isosceles  triangle  if  an  arm  is  20  feet 
long  and  its  base  is  32  feet  long? 
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363.    The  area  of  a  trapezoid  is  equal  to  one  half  the 
product  of  its  altitude  and  the  sum  of  its  bases. 


A  b  B 

Given.     Trapezoid  ABCD  has  the  bases  6  and  c  respectively, 
and  the  altitude  h. 

To  prove  ABCD  =  ih(b  +  c). 

Proof 

STATEMENTS  REASONS 

1.  Draw  AC;  also,  AF_L  CD         1.   ^liv"? 
produced. 
2. 


3. 
4. 
5. 


or 


AF  =  h. 
AADC  =  ^cX  AF. 
AADC  =  i  he. 
AACB  =  ^  hh. 
ABCD  =  ^hh  +  ^hc, 
=  lh(b  +  c). 


2.  \^Xv? 

3.  (358). 

4.  Sub. 

5.  (358). 

6.  Why"? 


Ex.  1.  The  area  of  a  trapezoid  equals  the  product  of  its  altitude  and 
its  median. 

Ex.  2.  The  line  joining  the  mid-points  of  the  base.s  of  a  trapezoid 
divides  the  trapezoid  into  two  equivalent  trapezoids. 

Ex.  3.  The  bases  of  a  trapezoid  are  12  and  8  respectively,  and  the 
altitude  is  5.     Find  the  area. 

Ex.  4.  In  the  diagram  for  Prop.  VI,  if  6  =  6,  c  =  4,  BC  =  10.  and 
/.B  =  .30°.     Find  the  area. 

Ex.  5.  The  area  of  a  trapezoid  is  200,  the  bases  are  1-5  and  25  re- 
spectiveh'.     Find  the  altitude. 

Ex.  6.  The  area  of  a  trapezoid  is  30,  the  altitude  is  5,  and  one  base 
is  8.     Find  the  other  base. 
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Proposition  VII.     Problem 
364.    To  transform  a  polygon  into  a  triangle} 


Given  polygon  ABCDE. 

Required  to  construct  a  A  equivalent  to  ABCDE. 

Construction.  Draw  DB  and  DA.  Through  C  and  E  draw 
CG  and  EF  parallel  respectiveh^  to  DB  and  DA,  Side  AB  pro- 
duced will  intersect  these  parallels  at  F  and  G.  The  re- 
quired A  is  FDG. 

Proof.  ADBG  =  ABCD  and  ADFA  =  ADEA.  (Why?). 
Polygon    ABCDE  =  ABCD  +  ABDA  +  ADEA  =  AFDG. 

(Why?) 


Ex.  1.    Transform  a  square  into  a  right  triangle. 
Ex.  2.    Transform  a  rectangle  into  a  triangle. 

Ex.  3.  Transform  a  quadrilateral  into  a  triangle ;  also  a  trapezoid 
into  a  triangle. 

Ex.  4.  Transform  a  parallelogram  into  a  rectangle;  into  a  right 
triangle. 

Ex.  5.  Transform  an  isosceles  triangle  into  a  rectangle;  also  an 
equilateral  triangle  into  a  rectangle. 

Ex.  6.    Transform  a  scalene  triangle  into  an  isosceles  triangle. 

1  To  transform  one  figure  into  another  means  to  construct  an  equivalent 
figiu-e. 
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Proposition  VIII.     Problem 

365.    To  transform  a  triangle  into  a  square. 

Q 
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Given  A  ABC. 

Required  to  construct  a  square  equivalent  to  AABC. 

Analysis.     Let   AC   (the   base)  =  b,   h  =  the   alt.   of   A. 

Area  of  A  =  ^bh.  Let  x  =  a  side  of  the  required  square. 
Area  of  square  =  .r-. 

.*.  X-  =  ^  bh,  or  X  '  X  =  ^  b  •  h. 

Then  ^b:  x  =  x:h.  Consequently,  a  side  of  the  square 
is  a  mean  proportional  between  the  altitude  and  one  half 
the  base  of  the  A. 

Construction.  L  Bisect  base  of  triangle  AC  to  get 
MC  =  -I-  b. 

2.  Drop  ±  from  B  to  base  AC  and  call  it  h. 

3.  With  ^b  -\-  h{or  HK  -{-  KL)  as  a  diameter  of  a  circle 
construct  a  semicircle. 

4.  At  the  point  (in  diameter)  common  to  ^  6  and  h  (i.e.  K) 
construct  _L  to  HL  meeting  semicircle  in  point  Q.  Then  on 
QK  (i.e.  x)  construct  the  square  having  x,  or  QK,  as  a  side. 
[The  proof  lies  in  the  analysis  given  above.] 

Ex.     Transform  in  equivalent  squares : 

(a)  an  equilateral  A  (c)   a  trapezoid 

(6)   an  obtuse  parallelogram  {d)  a  quadrilateral 
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366.  ^Method  XX.  One  of  the  fundamental  methods  for 
transformation  of  geometric  figures  is  the  method  that  applies 
the  algebraic  equation. 

367.  Note.  In  the  following  propositions,  a,  h,  c,  d,  etc.,  denote 
given  lines,  while  x,  y,  z,  etc.,  denote  required  lines. 

368.  (1)  Construct      x  =  a  +  h. 

(2)  Construct  x  =  a  —  b. 

(3)  If  m  denotes  a  given  rational  number. 
Construct  x  =  m  -  a. 


(4)  Construct 

m 

(5)  Construct 

c 

Hint,     x  is  the  fourth 

proportional  to  c,  a,  and  h. 

(6)  Construct 

x=^.     [Use  (5).] 

(7)  Construct  x  =Vab. 

Hint,     x  is  the  mean  proportional  between  a  and  b  (327). 


(8)  Construct  x  =  Va~  +  b'. 
Hint,     x  =  hy.  of  rt.  A  with  arms  a  and  6. 

(9)  Construct  x  =Va-  —  b^. 

Hint,     x  =  one  arm  of  rt.  A  with  hy.  =  a,  arm  =  b. 

(10)  Construct  x  =  aV2. 
Hint,     x  =  diag.  of  a  square  with  side  a. 

(11)  If  m  denotes  a  known  number. 
Construct  x  =  a  vm. 


Hint.  x  =^a{am). 
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Ex.  1.    Construct  x  for  each  equality  in  section  368.     [Let  m  =  .3 
in  (3  .  (A),  and  (11).] 

Ex.  2.    Construct  a  square  three  times  as  large  as  a  given  square. 

Ex.  3.    Transform  a  parallelogram  into  a  rectangle  having  its  base 
twice  that  of  the  parallelogram. 

Ex.  4.    Construct  a  square  equivalent  to  one  half  a  given  triangle. 


Ex.  5.    Construct  x  =  a\  o:    x  =  ^a\  3:    x  =\  a-  —ab; 

X  =  N  a ab :    j:  = • 


Ex  6.  Given  the  base  and  a  base  angle  of  a  triangle,  to  construct 
the  triangle  equivalent  to  a  given  trapezoid. 

Ex.  7.   Construct  a  square  equivalent  to  a  given  trapezoid. 

Ex.  8.  Given  a  rectangle,  to  construct  an  equivalent  rectangle  hav- 
ing its  base  equal  to  one  half  the  perimeter  of  the  given  rectangle. 

*  Ex.  9.   Construct    an   equilateral  triangle   equivalent   to    a    given 
square. 

369.  The  product  of  the  numerical  measure?  of^  two  lines 
can  be  represented  geometrically  by  the  area  of  the  rectangle 
formed  by  these  hues.  Hence,  if  the  letters  a.  b.  c.  etc., 
represent  a  number  of  lines,  then  any  homogeneous  expres- 
sion of  the  second  degree  that  involves  these  letters  can  be 
represented  by  the  sum  .or  difference  •  of  rectangles. 

XoTE.  All  diagrams  of  the  following  exercises  may  be  constructed 
by  drawing  first  two  lines  that  are  perpendicular  to  each  other,  and  then 
constructing  parallels  to  these  according  to  the  conditions  of  the  theorem. 

We  may  therefore  assume  in  each  exercise  the  following  fact,  which 
can  easily  be  proved  : 

All  quadrilaterals  in  the  diagram  are  rectangles,  and  their  opposite 
sides  are  equal. 

Ex.  If  a.  b.  c.  and  d  are  four  lines,  a  >  h.  and  h  >  c  represent 
geometrically:   (a)  ab;   (b)  (a  —hh:c     a  —  c   ■  :  ■  —  ^       — 

(e)    (a  -  6)(c  -\-d);     (J)    ab  —  ac;     {gj    a-  -r  uc-  -  :- ;       '.      a-  -  :- 
(i)   (a  -  6)2. 
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370.  Any  homogeneous  identity  of  the  second  degree  can 
be  demonstrated  geometrically  by  showing  that  the  areas 
which  represent  the  two  members  of  the  identity  are  equal. 

Thus  to  illustrate  that 

(a  +  6)c  =  ac  +  be  we  have, 
(a  +  h)c  =  area  of  AB. 

ac  =  area  of  P. 

be  =  area  of  Q. 

But  obviously 

AB  -  P+Q. 

(a  +  b)e  =  ac  -^  be. 

Similarly  to  show  that 

(a  -  c)(b  -i-  d)  =  ab  +  ad  -be  -bd 
AH  =  a  -  e,  AC  =  b  +  d. 
:.  the  left  member  of  the  identity,  or 

(a  -  c){b  +  d)  =  area  of  AD.' 
But  a-b  =GB,a-d  =  FC. 

.-.  ab  -\-ad  =  GC, 

and  be  =  HF,  dc  =  FD.  a  b  B       d      C 

.-.  ab  +  ad  —  be  —  dc  =  A  D, 
or       (a  —  c)(b  -\-  d)  =  ab  +  ad  —  be  —  de. 


c 
H 

I           D 

mmmm 

Ex.     Prove  geometrically  the  following  algebraic  formulae ".  ^ 

(a)  a{b  -\-  c  -\-  d)  =  ab  -\-  ac  -\-  bd. 

(b)  (a  +  b)(c  +  d)  =  ac  +  be  -\-ad  +  bd. 

(c)  a(b  —  e)  =  ab  —  ac. 

(d)  (a  +  6)2  =  a2  +  2  a6  +  b\ 

(e)  a2  -  62  =  (a  +  b){a  -  6). 

(/)    (a  -hy-  =  a'-  -2  ab  +  62.        Hint.     a2  -  a6  +  62  -  ab. 


1  The  student  is  advised  in  the  following  exercises  to  shade  the  area  which 
represents  the  left  member. 
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Proposition  IX.     Problem 
371.    To  transform  a  rectangle  into  a  square. 
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T. 

'/ 

N           .    IR 

S 

a 

b 

Given  rectangle  ABCD. 

Required  a  square  =  ABCD. 

Construction.  On  indefinite  line  LS,  lay  off  LX  and  XR 
equal  to  a  and  h  respectively.  On  (a  +  6)  as  a  diameter 
construct  a  semicircle.  At  .V  erect  ±  to  the  diameter  meet- 
ing the  semicircle  at  T.  XT  equals  a  side  of  the  required 
square.     Construct  the  square  XV. 

Proof.  Area  rectangle  =  ab. 

Area  square  =  x-. 
.'.  X-  =  ah,  X  =  Vah. 
Consequently,  x  is  a  mean  proportional  between  a  and  5. 


By  the  algebraic  method  construct : 
Ex.  1.    A  square  equivalent  to  a  parallelogram. 
Ex.  2.    A  square  equivalent  to  twice  a  triangle. 
Ex.  3.    A  square  equivalent  to  one  half  a  trapezoid. 
Ex.  4.    A  square  equivalent  to  the  sum  of  two  triangles. 
Ex.  5.    A  square  equivalent  to  the  difference  between  a  rectangle 
and  a  triangle. 
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Proposition  X.     Theorem 


372.    In  a  right  triangle  the  sum  of  the  squares  on 
the  arms  is  equivalent  to  the  square  on  the  hypotenuse} 


Given  AH  and  BF  squares  on  the  arms,  AD  the  square  on  the 
hypotenuse,  of  the  right  triangle  ABC. 
To  prove         sq.  AD  =  sq.  AH  +  sq.  BF. 

Proof 

STATEMENTS 

1.  Draw  BL  J_  to  ED. 

2.  BL  II  AE. 

3.  Draw  KC  and  BE. 
BA  =  an  altitude  of  AKAC. 
AI  =  an  altitude  of  ABAE. 

5.  KA  =  AB,   and  AC  =  AE. 

6.  ZKAB  =  ZEAC. 

7.  ABAC  =  ABAC. 

8.  ZKAC  =  ZBAE. 


REASONS 

1. 

Why? 

2. 

Why?. 

3. 

WTiy? 

4. 

Why? 

5. 

Hyp. 

6. 

Rt.  A  are 

7. 

Iden. 

8. 

Why? 

1  The  shading  in  this  figure  is  employed  merely  to  point  out  the  two  con- 
gruent triangles. 
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9.  AKAC  ^  ABAE. 

-Q  j  AKAC  =  iUBHK). 

'  I  ABAE  =  ^(AELI). 

11.  .-.  Square  AH  =  Rect.  AL. 

12.  Square  BF  =  Rect.  DI. 


13. 


9,    s.  a.  s.  =  s.  a.  s. 

10.  Why? 

11.  \Miy? 

12.  Steps    similar     to 
a -11). 

13.  Whv? 


.-.   Sq.  AH  +  Sq.  BF  =  Sq.  AD. 

373.  Cor.  The  square  on  an  arm  of  a  right  triangle  is 
equivalent  to  the  difference  between  the  squares  on  the  hypote- 
nuse and  the  other  arm. 

374.  XoTE.  The  preceding  theorem  was  fiist  demoiLstrated  by 
P>i:hagoras  about  550  b.c,  and  is  called  after  him  the  Pythagorean 
Theorem.     The  proof  above  was  given  by  Euclid  ^about  300  B.C.). 

Propositiox  XI.     Problem 

375.  To  construct  a.  square  equivalent  to  the  sum  of 
two  given  squares. 

[The  solution  is  left  to  the  student.     Apply  Prop.  X.] 

Propositiox  XII.     Problem 

376.  To  construct  a  square  equivalent  to  the  dif- 
ference  of  two   given 

squares. 

[The  solution  is  left  to 
the  student.] 


Ex.  1.  To  construct  a 
square  equivalent  to  the  sum 
of  three  given  squares. 

Ex.  2.    Construct  x-,  given  .r-  =  a-  -\-  b-  —  c-. 

Ex.  3.    Construct  x-,  given  .r-  =  2  a'-. 

HiXT.     X-  =  a-  +  «"• 

Ex.  4.   Using  above  method,  construct  a  square  equivalent  to  three 
times  a  given  square. 
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Proposition  XIII.     Theorem 


377.  The  areas  of  two  triangles  which  have  an 
angle  of  the  one  equal  to  an  angle  of  the  other  are  to 
each  other  as  the  products  of  the  sides  including  the 
equal  angles. 


A  D  C  A' 

Given  AABC  said  A' B'C',  ZA  =   A  A'. 

T^  r..r.^c.  AA5C  AB  X  AC 

To  prove  — 

Proof 


1. 
2. 
3. 

4. 
5. 


AA'B'C       A'B'  X  A'C 
Draw  the  altitudes  BD  and  B'D'. 
ZA  =  A  A'. 
:.   AABD  ^  AA'B'D'. 
BD         _A5_ 
A'B' 
AC   X    BD' 


B'D' 

A  ABC 
AA'B'C' 


A'C'  X  B'D' 

AC    ^    BD 

— I — I  /\  — ; — 7 
A'C'        B'D' 

AC  ^  _AB_ 
A'C        A'B' 

AC  X  AB 
A'C'  X  A'B'' 


1.  Why? 

2.  Hyp. 

3.  (306). 

4.  Why? 

5.  (360). 


6.  Sub. 

7.  Why? 


Ex.  1.  In  triangles  ABC  and  A'B'C,  ZA  =  ZA',  AB  =  Q  in., 
AC'=  9  in.,  A'B'  =  1ft.,  and  A'C  =  2  ft.  Find  the  ratio  of  A  ABC  to 
AA'B'C. 

Ex.2.  Triangle  ABC  is  equivalent  to  triangle  A'B'C,  and  ZA 
=  ZA'.     Find  AC  if  AB  =  2  in.,   A'B'  =  3  in.,  and  A'C  =  4  in. 

Ex.  3.   If  A  ABC  =  AA'B'C,  and  ZA  =  ZA',  then 
AB:  A'B'  =  A'C:  AC. 


AREAS   OF   POLYGOXS  223 

Proposition  XIV.     Theorem 

378.    Similar  triangles  are  to  each   other  as  the 
squares  of  their  corresponding  sides. 

3 


Given 
To  prove 


H  C  A'        H 

A  ABC  ^AA'B'C'. 

A  ABC  AB'-  at'-         'bC 


AA'B'C 


AB"       AC 
Proof 


B  C 


STATEMENTS 

1.  Draw    corresponding    alti- 
••ude?  BH  and  B'H'. 

2.  ZA  =  A  A'. 

3.  Rt.    AABH  ^  vx.  AA'B'H'. 
.  AABC  AC    X  BH 


REASONS 


AA'B'C' 


BH 


B'H' 

AABC    _  

AA'B'C'       A^ 
AT 


A'C  X  B'H' 

AC   ^   BH_ 

A'C'       B'H'' 


AC 
A'C 
AC 


X 


AC 
A'C 


AC 


7.    In  like  manner 
AABC          W 


AB' 


AA'B'C       B'C"       A'B'- 


1.  Why: 

2.  Hyp. 

3.  306). 

4.  360). 


5.  (314). 

6.  Sub. 

7.  Steps  (1-6). 
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379.   Similar  triangles  are  to  each  other  as  the  squares  oj 
their  corresponding  altitudes. 


Ex.  1.  Similar  triangles  are  to  each  other  as  the  squares  of  their 
perimeters. 

Ex.  2.  The  sides  of  a  triangle  are  4,  7,  and  8.  What  are  the  sides 
of  a  similar  triangle  whose  area  is  four  times  as  large  ? 

Ex.  3.  Find  the  ratio  of  two  similar  triangles,  two  of  whose  corre- 
sponding sides  are  2  in.  and  3  in.  respectively. 

Ex.  4.  Compare  the  areas  of  two  similar  triangles  if  two  correspond- 
ing sides  have  the  ratio  of  2  :  3. 

Ex.  5.  The  areas  of  two  similar  triangles  are  to  each  other  as  9  :  25. 
If  the  perimeter  of  the  first  is  36,  what  is  the  perimeter  of  the  second  ? 

Ex.  6.  The  area  of  one  equilateral  triangle  is  100  sq.  in.  What  is 
the  area  of  a  second  equilateral  triangle,  if  its  base  is  twice  the  base  of 
the  first  ? 

Ex.  7.  A  line  is  drawn  connecting  the  mid-points  of  two  sides  of  a 
triangle.  What  part  of  the  given  triangle  is  the  triangle  cut  off  by  the 
given  line? 

Ex.  8.  What  is  the  ratio  of  the  two  right  triangles  CBD  and  BDA 
in  the  figure  on  page  186,  Prop.  XXX  ? 

Ex.  9.  If  in  Ex.  8,  the  two  arms  are  5  and  12,  find  the  numerical 
ratio  of  the  two  right  triangles  in  that  exercise. 

Ex.  10.  The  nonparallel  sides  of  a  trapezoid  are  prolonged  to  meet 
at  a  point.  If  the  bases  of  the  trapezoid  are  20  and  12,  what  is  the 
ratio  of  the  areas  of  the  triangles  in  the  figure  ? 

Ex.  11.  Similar  triangles  are  to  each  other  as  the  squares  of  their 
corresponding  (a)  medians,  (6)  angle-bisectors. 

Ex.  12.  Squares  are  constructed  on  the  base  and  the  altitude  of  an 
equilateral  triangle.     Compare  their  areas. 

Ex.  13.  The  areas  of  two  similar  triangles  are  64  and  225  respec- 
tively. The  altitude  of  the  first  triangle  is  6.  What  is  the  length  of 
the  corresponding  altitude  of  the  other  ? 

E"x.  14.  The  bases  of  a  trapezoid  are  12  and  8  respectively.  The 
nonparallel  sides  are  prolonged  until  they  meet.  If  the  area  of  the 
trapezoid  is  90,  what  is  the  area  of  the  smaller  triangle? 
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Proposition  XV.     Theorem 

380.    Similar  polygons  are  to  each    other  as   the 
squares  of  their  corresponding  sides. 


Given  a  and  a'  corresponding  sides  of  two  similar  polygons 
whose  areas  are  S  and  5'  respectively. 

A  =  ^ 
S'      a'-' 


To  prove 


Proof 

STATEMENTS 

1.  From  two  corresponding  vertices  draw 
all  possible  diagonals. 

2.  AI  -  AI',  All  -  Air,  etc. 
AI       a2 


AI' 
All 


i  _//-\_  All  _fm~\ 

'    \r-)    Air    \mv 


AV     \r-J      AW 
AI  _  All 

Ar 


AIII 
AIII' 


AIII 


All'     Aiir 

g    AI  +  All  +  AIII  _  AI 

*  AF  +Air  +Alir      AI'* 

7.  S:S'  =  AI:  AF 

8.  .-.  S:S'  =  a'-:  a'\ 


REASONS 

1.  ^Tiy'? 

2.  (315). 

3.  (378). 

4.  (378). 

5.  T\Tiy? 

6.  (284). 

7.  WTiy? 

8.  Why? 


381.  CoR.  1.     Similar  polygons  are  to  each   other  as   the 
squares  of  their  corresponding  diagonals. 

382.  CoR.  2.     Similar  polygons  are  to  each   other  as  the 
squares  of  their  perimeters. 
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Proposition  XVI.     Theorem 


383.  //  similar  polygons  are  constructed  on  the 
*hree  sides  of  a  right  triangle,  the  sum  of  the  polygons 
on  the  arms  is  equivalent  to  the  polygon  on  the 
hypotenuse. 


Given  the  similar  polygons  P,  Q,  and  R  constructed,  respec- 
tively, on  the  arms  a  and  h  and  the  hypotenuse  c  of  the  rt. 
Aabc. 


To  prove 
Proof. 


P  +  Q  =  R. 


l^t^  and  §  =  ^-. 
R       c"           R       c- 

(380) 

P  +  Q  _  «-  +  62  _  c^  _  J 
R                c^            c"-         ' 

(Ax.   2,329.) 

P  +  Q  =  R. 

(Why?) 

I.e. 


Ex.  1.  The  areas  of  two  similar  polygons  are  respectively  3  sq.  in. 
and  12  sq.  in.,  and  a  side  of  the  first  is  6  in.  Find  the  corresponding 
side  of  the  second. 

Ex.  2.  Two  corresponding  sides  of  two  similar  polygons  are  4  in.  and 
3  in.  respectively,  the  area  of  the  greater  polygon  is  1  sq.  ft.  What  is 
the  area  of  the  smaller  polygon  ? 

Ex.  3.  The  area  of  a  polygon  is  twice  the  area  of  a  similar  polygon. 
Find  the  ratio  of  any  two  corresponding  sides. 

Ex.  4.  On  a  map  whose  scale  is  1 :  1000,  how  many  square  feet 
are  represented  by  a  polygon  equivalent  to  2  sq.  in.? 
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Ex.  5.    Corresponding  sides  of  2  similar  polygons  have  the  ratio  of 
5  to  9.  the  sum  of  their  areas  is  212  sq.  ft.     Find  the  area  of  each  figure. 

Ex.  6.    Two  similar  parallelograms  are  to  each  other  as  the  products 
of  their  diagonals. 

Ex.  7.    Construct  a  triangle  equivalent  to  two  thirds  of  a  given  tri- 
angle, and  similar  to  it. 

Ex.  8.    Construct  a  triangle  similar  to  a  given  triangle  and  three 

time^  a.^  large. 

Ex.  9.    Divide  a  triangle  into  two  equivalent  parts  by  a  line  parallel 
to  one  of  its  sides. 

Ex.  10.    Divide  a   triangle   into    three    equivalent    parts   by  lines 
parallel  to  one  of  its  sides. 

Ex.  11.    Construct  a  polygon  equivalent  to  two  thirds  of  a  given 
polygon  and  similar  to  it. 

Ex.  12.    Construct  an  equilateral  triangle  equvMlent  to  the  sum  of  txo 
given  equilateral  triangles. 

Ex.  13.    Construct  an  equilateral  triangle  equivalent  to  the  difference 
of  two  giien  equilateral  triangles. 

Ex.  14.    Construct  an  isosceles  right  triangle  equivalent  to  the  sum 
of  two  given  isosceles  right  triangles. 

Ex.  15.    Construct    an    isosceles    right    triangle    equivalent    to    the 
difference  of  two  isosceles  right  triangles. 

Ex.  16.    Construct  a   triangle  similar  to  tico  given  similar  triangles 
and  equivalent  to  their  sum. 

Ex.  17.    Construct  a  polygon  similar  to  two  given  similar  polvgons 
and  equivalent  to  their  simi. 

Ex.  18.    Construct  a  polygon  similar  to  two  given  similar  polygons 
and  equivalent  to  their  difference. 

Ex.  19.    Construct   an   equilateral  triangle  equivalent   to   the  sum 
of  three  given  equilateral  triangles. 

Ex.  20.    Two  corresponding  sides  of  two  similar  polygons  are  12  feet 
and  5  feet  respectively.     Find  the  corresponding  side  of  a  similar 

polygon  equivalent  to  their  sum. 


228  PLANE   GEOMETRY 

MISCELLANEOUS   EXERCISES 
THEOREMS 

Ex.  1.  If  ^  is  any  point  in  the  diagonal  AC  of  the  parallelogram 
ABCD,  prove  that  AAEB  =  AADE. 

Ex.  2.  A  straight  line  passing  through  the  intersections  of  the  diag- 
onals of  a  parallelogram  divides  the  figure  into  two  equivalent  parts. 

Ex.  3.  The  area  of  a  circumscribed  polygon  is  equivalent  to  one  half 
the  product  of  perimeter  and  radius. 

Ex.  4.  If  through  any  point  in  a  diagonal  of  a  parallelogram  par- 
allels are  drawn  to  the  sides,  four  parallelograms  are  formed,  of  which 
the  two  which  do  not  contain  the  diagonal  are  equivalent. 

Ex.  5.  If  any  point  within  a  parallelogram  be  joined  to  the  four 
vertices,  the  sum  of  either  pair  of  opposite  triangles  is  equivalent  to  one 
half  the  parallelogram. 

Ex.  6.  The  lines  joining  the  mid-points  of  the  sides  of  a  quadri- 
lateral in  succession  form  a  parallelogram  equivalent  to  one  half  the 
quadrilateral. 

Ex.  7.  A  rhombus  and  a  square  have  equal  perimeters.  Compare 
their  areas,  given  one  angle  of  the  rhombus  is  60°. 

Ex.  8.  If  on  the  line  joining  the  mid-points  of  two  sides  of  a  triangle 
a  parallelogram  is  constructed  having  two  of  its  vertices  in  the  base  of 
the  triangle,  the  parallelogram  is  equivalent  to  one  half  the  triangle. 

Ex.  9.  The  nonparallel  sides  of  a  trapezoid  form  with  the  diagonals 
two  equivalent  triangles. 

Ex.  10.  If  from  the  point  of  intersection  of  the  medians  of  any  tri- 
angle lines  are  drawn  to  the  three  vertices,  they  form  with  the  sides  three 
equivalent  triangles. 

Ex.  11.  If  in  the  triangle  ABC,  D  and  F  are  the  mid-points  of  the 
sides  AB  and  AC  respectively,  the  AADC  =  AABF. 

Ex.  12.    The  area  of  an  equilateral  triangle  whose  side  equals  a  is 

H!V3. 
4 

Ex.  13.  The  area  of  a  rhombus  is  equal  to  half  the  product  of  the 
diagonals. 
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PROBLEMS    OF   COMPUTATION 

Ex.  1.    The  side  of  an  equilateral  triangle  is  10  in.     Find  the  area. 

Ex.  2.  Find  the  area  of  an  isosceles  triangle  if  the  base  is  6  and 
an  arm  5. 

Ex.  3.  Find  the  area  of  a  trapezoid  whose  bases  are  9  and  11  re- 
spectively, and  whose  altitude  is  12  ft. 

Ex.  4.  Find  the  area  of  a  rhombus  whose  diagonals  are  9  and  10  ft. 
respectively. 

Ex.  5.  Find  the  area  of  quadrilateral  A  BCD  'd  AB  =  10,  BC  =  24, 
CD  =  30,  AD  =  28,  diagonal  AC  =  26. 

Ex.  6.  A  side  of  equilateral  triangle  ABC  is  8.  Find  the  side  of 
an  equilateral  triangle  equivalent  to  three  times  triangle  ABC. 

Ex.  7.  The  perimeter  of  a  rectangle  is  20  m.,  one  side  is  6  m.  Find 
the  area. 

Ex.  8.  What  is  the  side  of  a  square  whose  area  is  900  sq.  m.?  n 
sq.  m.? 

Ex.  9.  The  area  of  a  rhombus  is  equal  to  m,  and  one  diagonal  is 
equal  to  d.     Find  the  other  diagonal. 

Ex.  10.  The  area  of  a  trapezoid  is  400  sq.  m.,  its  altitude  is  8  m. 
Find  the  length  of  the  line  joining  the  mid-points  of  the  nonparallel 
sides. 

Ex.  11.  The  hypotenuse  of  a  right  triangle  is  20,  and  the  projection 
of  one  arm  upon  the  hypotenuse  is  4.     What  is  its  area? 

Ex.  12.  A  farmer  wishes  to  determine  the  area  of  a  pentagonal 
field.  He  measures  the  lines  AB  =  4:  rods,  BC  =  13  rods,  CD  =  14 
rods,  DE  =  5  rods,  EA  =  12  rods,  AC  =  15  rods,  and  AD  =  13  rods. 
How  many  square  rods  does  the  field  contain? 

Ex.  13.  The  base  and  altitude  of  a  triangle  are  12  and  20  respec- 
tively. At  a  distance  of  6  from  the  base,  a  parallel  is  drawn  to  the  base. 
Find  the  areas  of  the  two  parts  of  the  triangle. 

Ex.  14.  Find  the  area  of  a  rectangle  having  one  side  equal  to  6  and 
a  diagonal  equal  to  10. 
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Ex.  15.  A  polygon  with  perimeter  of  20  ft.  is  circumscribed  about  a 
circle  whose  radius  is  3  ft.     Find  the  area  of  the  polygon. 

Ex.  16.  Find  the  area  of  a  triangle  whose  base  is  10  inches  and 
whose  base  angles  are  120°  and  30°  respectively. 

Ex.  17.  Find  the  side  of  an  equilateral  triangle  equivalent  to  a 
rectangle,  whose  base  and  altitude  are  10  and  15  respectively. 

Ex.  18.  The  chord  of  an  arc  is  42  in. ;  the  chord  of  one  half  that  arc 
is  29  in.     Find  the  diameter  of  the  circle. 

Ex.  19.  The  base  of  a  triangle  is  15  ft.,  its  area  is  60  sq.  ft.  Find 
the  area  of  a  similar  triangle  whose  corresponding  altitude  is  6  ft. 

Ex.  20.  An  arm  of  an  isosceles  trapezoid  is  13  in.  and  its  projection 
on  the  longer  base  is  5  in. ;  the  longer  base  is  17  in.  Find  the  area  of  the 
trapezoid. 

Ex.  21.  The  arms  of  two  isosceles  right  triangles  are  3  and  2  re- 
spectively. Find  the  arm  of  an  isosceles  right  triangle  equivalent  to 
their  difference. 

Ex.  22.  The  sides  of  a  triangle  are  as  8 :  15 :  17.  Find  the  sides  if 
the  area  is  960  sq.  ft. 

Ex.  23.  The  sides  of  a  triangle  are  8,  15,  and  17.  Find  the  radius  of 
the  inscribed  circle. 

Hint.  Express  in  the  form  of  an  equation  the  fact  that  the  area  of 
the  triangle  is  equal  to  the  sum  of  the  three  triangles  whose  vertex  is  the 
incenter,  and  whose  bases  are  the  sides  of  the  triangle. 

Ex.  24.  Find  the  area  of  an  equilateral  polygon  of  12  sides  inscribed 
in  a  circle  whose  radius  is  4  in. 

Ex.  25.  The  sides  of  a  triangle  are  6,  7,  and  8  ft.  Find  the  areas  of 
the  two  parts  into  which  the  triangle  is  divided  by  the  bisector  of  the 
angle  included  by  6  and  7. 

Ex.  26.  Find  the  area  of  an  equilateral  triangle  whose  altitude  is 
equal  to  h. 

Ex.  27.  Find  the  area  of  a  rhombus  if  the  sum  of  its  diagonals  is 
24  feet  and  their  ratio  is  as  3  :  5. 

Ex.  28.  Upon  the  diagonal  of  a  rectangle  16  ft.  by  12  ft.,  a  triangle 
equivalent  to  the  rectangle  is  constructed.     What  is  its  altitude? 


AREAS    OF    POLYGOSS 


2:31 


PROBLEMS    OF    CONSTRUCTION 

Ex.  1.  To  construct  a  rectangle  equivalent  to  a  given  square,  hav- 
ing the  sum  of  its  base  and  altitude  equal  to  a  given  line. 

Hint.  If  FE  is  the  given  line  and  A  BCD  the  given  square,  make 
EK  =  A  B. 


m 


m 


u  t- 


Ex.  1 


Ex.  2.    To  construct  a  rectangle  equivalent  to  a  given  square,  hav- 
ing the  difference  of  its  base  and  altitude  equal  to  a  given  line. 

G 


J^ 

; 

.H_^ 

^^^     >i 

w 

m^^^ 

- 

Ex.  2 

Hint.  If  ABCD  is  the  given  .sqTiare  and  EF  the  giv^i.  !:--.  niake 
EG  =  AB. 

Ex.  3.  To  transform  a  rectangle  into  another  one.  having  a  given 
side. 

Ex.  4.  To  transform  a  square  into  an  isosceles  triangle,  having  a 
given  base. 

Ex.  5.  To  transfonn  a  rectangle  into  a  parallelogram  having  a 
given  diagonal. 

Ex.  6.  To  divide  a  triangle  into  three  eq'iivalent  parts  by  lines 
parallel  to  a  median. 

Ex.  7.    To  bisect  a  parallelogram  by  a  line  perpendicular  to  a  side. 

Ex.  8.  To  divide  a  parallelogram  into  three  equivalent  parts  by 
lines  drawn  through  a  vertex. 

Ex.  9.    To  bisect  a  trapezoid  by  a  line  drawn  through  a  vertex. 

Ex.  10.  Divide  a  pentagon  into  four  equal  parts  by  lines  drawn 
through  one  of  its  vertices. 
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MISCELLANEOUS 

Ex.  1.  Show  how  to  construct  a  line  making  an  angle  of  60°  with  a 
given  line  and  tangent  to  a  given  circle. 

Ex.  2.  One  side  of  a  rhombus  is  20 ;  the  longer  diagonal  is  32.  Find 
the  other  diagonal  and  the  area. 

Ex.  3.  Prove  that  the  bisectors  of  the  angles  of  a  rectangle  inclose 
a  square. 

Ex.  4.  Through  a  given  point  outside  a  given  line  to  draw  two  lines, 
each  making  an  angle  of  45°  with  the  given  line. 

Ex.  5.  A  tower  casts  a  shadow  120  feet  long  when  a  vertical  15-foot 
pole  casts  a  shadow  10  feet  long.     How  high  is  the  tower? 

Ex.  6.  Find  the  locus  of  the  centers  of  all  circles  tangent  to  two 
concentric  circles. 

Ex.  7.  How  far  is  a  man  from  his  starting  point,  if  he  first  travels 
5  miles  north,  then  12  miles  east,  and  then  4  miles  south? 

Ex.  8.  Prove  that  the  bisector  of  the  right  angle  in  any  right  tri- 
angle, if  produced,  passes  through  the  center  of  the  square  having  the 
hypotenuse  as  a  side. 

Ex.  9.    Construct  a  square  equivalent  to  a  given  hexagon. 

Ex.  10.  Two  equilateral  triangles  have  a  side  of  one  equal  to  the 
altitude  of  the  other.     Find  the  ratio  of  their  areas. 

Ex.  11.  Find  the  locus  of  the  mid-points  of  all  parallel  chords  in  a 
circle. 

Ex.  12.  On  the  base  of  a  given  triangle  to  construct  an  isosceles 
triangle  equal  in  area  to  the  given  triangle. 

Ex.  13.  Prove  that  the  area  of  a  triangle  having  an  angle  of  30" 
is  equal  to  one  fourth  the  product  of  the  two  sides  including  the  angle 
of  30°. 

Ex.  14.  Through  a  given  point  construct  a  line  equidistant  from  two 
given  points  (2  sol.). 

Ex.  15.   Find  the  side  of  an  equilateral  triangle  whose  area  is  25^3. 

Ex.  16.  Divide  a  given  arc  of  a  circle  into  two  parts  which  shall 
have  their  chords  in  a  given  ratio. 
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Ex.  17.  Two  chords  intersect  within  a  circle;  the  segments  of  one 
are  each  4,  the  total  length  of  the  other  is  10.  Find  the  length  of  its 
segments. 

Ex.  18.  A  house  is  40  feet  long,  30  feet  wide,  and  25  feet  high  to  the 
roof  and  35  feet  to  the  ridgepole.     Find  the  area  of  its  exterior  surface. 

Ex.  19.  To  construct  a  square  which  shall  have  a  given  ratio  to  a 
given  square. 

Ex.  20.  Prove :  If  the  two  diagonals  of  a  quadrilateral  divide  each 
other  in  the  same  ratio,  the  quadrilateral  is  a  trapezoid. 

Ex.  21.  The  radius  of  a  circle  is  13  inches.  Through  a  point  5 
inches  from  the  center  any  chord  is  drawn.  What  is  the  product  of  the 
two  segments  of  the  chord  ? 

Ex.  22.  The  altitude  upon  the  base  of  a  triangle  is  12.  The  two 
segments  of  the  base  made  by  the  altitude  are  9  and  16  respectively. 
Show  that  the  triangle  is  a  right  triangle. 

Ex.  23.  A  side  of  a  rhombus  is  13  meters  and  one  of  its  diagonals 
is  24  meters.     Find  its  area. 

Ex.  24.  AB  is  any  chord.  AC  is  a  tangent  and  CDE  is  a  secant 
parallel  to  AB  and  cutting  the  circle  in  D  and  E.  Prove  AC  :  AE  = 
DC  :  BE. 

Ex.  25.  Divide  a  given  line  so  that  the  product  of  its  two  segments 
equals  a  given  square. 

Ex.  26.  On  one  side  of  a  triangle  construct  a  rhombus  equivalent 
to  the  given  triangle. 
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REGULAR  POLYGONS.     MEASUREMENT   OF  THE 

CIRCLE 


REGULAR  POLYGONS 

384.  Def.     a  regular  polygon  is  a  polygon  which  is  both 
equiangular  and  equilateral. 

Proposition  I.     Theorem 

385.  An  equilateral  polygon  inscribed  in  a  circle 
is  regular.  a 


Given  circle  0  and  inscribed  equilateral  polygon  ABODE. 
To  prove         polygon  ABODE  is  regular. 

Proof 

STATEMENTS 

1.  AB  =  BO  =  OD  =  DE  ' 

2.  AB  =  BO  =  OD  =  DE  • 


3.  ABO   =  BOD  =  ODE  =  DEA  - 

4.  /.    ZB  =  ZO  =  ZD  =  ZE  =  ZA. 
6.   The  polygon  is  regular. 

[Practical  applications,  pages  297-300. 
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REASONS 
1.    Hyp. 


2.  (187). 

3.  Ax.  2. 

4.  Why? 

5.  (384). 
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Proposition  II.     Theorem 


2.3o 


386.    .4.    circle    can    he    circumscribed   about   any 
regular  polygon.  a 


Given  the  regular  polygon  ABCDE. 

To  prove  that  a  circle  can  be  circumscribed  about  ABCDE. 


Proof 


STATEMENTS 

1.  Construct  a  circle 
through  A,  B.  and  C  and  let 
O  be  its  center. 

2.  Draw  OA,  OB,  OC,  OD. 

3.  ZABC  =  A  BCD. 

4.  OB  =  OC. 

5.  Z2  =  Z3. 

6.  Zl  =  Z-i. 

7.  -4B  =  CD. 

8.  A0.45  ^  AOCD. 

9.  OA  =  Oi). 

10.  The  O  passes  through  D. 

11.  In  hke  manner  it  can 
be  proved  that  the  circle 
passes  through  the  other 
vertices    of   the    polygon. 

12.  A  circle  may  be  cir- 
cumscribed about  the  given 
polygon. 


REASO>-S 
1.    To  pass  a  circle  through 
three  points  not  in  a  same  st, 

line. 

2.  Why? 

3.  Hyp. 


4. 

Why? 

5. 

(71). 

6. 

Why? 

7. 

H\T). 

8. 

s.  a.  5.    =  5. 

9. 

Why? 

10. 

Why? 

11. 

Steps  ri-10) 

12.    Whv 
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Proposition  III.     Theorem 


387.   A   circle  can  he  inscribed  in  any  regular 
"polygon.  o 


Given  regular  polygon  ABODE. 

To  prove  a  circle  can  be  inscribed  in  the  polygon. 


Proof 

STATEMENTS 

1.  Let  a  circle  be  circumscribed  about 
the  given  regular  polygon. 

2.  From  center  0  of  circumscribed 
circle  draw  perpendiculars  to  each  of 
the  sides. 

3.  AB  =  BC  =  CD  =  DE  =  EA. 

4.  OG  =  OH  =  OF,  etc. 

5.  With  0  as  center  and  with  OG  as  a 
radius  describe  a  circle. 

6.  The  circle  passes  through  points 
F\  G,  H,  I,  J. 

7.  Sides  AB,  BC,  CD,  etc.  are  tangents 
to  the  circle  having  OG  as  radius. 

8.  Hence  a  circle  has  been  inscribed 
in  the  given  regular  polygon. 


REASONS 


1. 

(386). 

2. 

Why? 

3. 

Hyp. 

4. 

(197). 

5. 

T\Tiy? 

6.  Why? 

7.  (203). 

8.  Each  side  of 
the  polygon  is  a  tan- 
gent to  the  O- 
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388.  Def.  The  center  (0)  of  a  regular  polygon  is  the 
:omnion  center  of  the  circumscribed  and  inscribed  circles  of 
the  polygon. 

389.  Def.  The  radius  of  a 
regular  polygon  is  the  radius  of 
the  circumscribed  circle,  as  OA.     E^/ 

390.  Def.  The  central 
angle  of  a  regular  polygon  is 
the  angle  between  two  radii 
dra^m  to  the  ends  of  one  side, 
as  AOB. 

391.  Def.  The  apothem  of  a  regular  polygon  is  the  radius 
of  the  inscribed  circle,  as  OF. 

392.  Cor.     The  central  angle  of  a  regular  polygon  of  n 

sides  is  equal  to  -  right  angles. 

n 


Ex.  1.    If  ABC  DEF  is  a  regular  hexagon,  then 
ZADC  =  ZAEC  =  ZAFC. 

Ex.  2.  If  two  diagonals  AC  and  BE  of  a  regular  polygon  ABCDEFG 
intersect  in  Q.  then  AQ  X  QC  =  BQ  X  QE. 

Ex.  3.  If  in  the  regular  heptagon  ABCDEFG.  the  prolonga- 
tions of  AB  and  the  diagonal  of  EC  meet  in  H.  then  EB  X  HA  = 
EC  X  EE. 

Ex.  4.  Any  central  angle  of  a  regular  polygon  is  the  supplement 
of  an  angle  of  the  polygon. 

Ex.  5.  A  triangle  is  regular  if  its  circumscribed  and  inscribed  circles 
are  concentric. 

Ex.  6.  A  polygon  is  regular  if  its  circumscribed  and  inscribed  circles 
are  concentric. 

Ex.  7.  How  many  degrees  are  there  in  a  central  angle  of  a  regular 
triangle?     In  a  regular  octagon?     In  a  regular  hexagon? 

Ex.  8.  Find  the  apothem  of  a  regular  hexagon  having  each  of  its 
sides  6  inches. 
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Proposition  IV.     Theorem 

393.    If  a  circle  is  divided  into  any  number  of  equal 
parts : 

(1)  The  chords  joining  the   successive  points  of 
division  form  a  regular  inscribed  polygon ; 

(2)  Tangents  drawn  at  the  points  of  division  form 
a  regular  circumscribed  polygon. 


I 

Given  the  circle  ACE  divided  into  the  equal  arcs  AB,  BC, 
CD,  etc.,  and  chords  AB,  BC,  CD,  etc.,  and  tangents  FG,  GH, 
HI,  etc.,  at  points  of  division. 

(1)  To  prove         ABCDE  is  a  regular  polygon. 

Proof.     1.    AB  =  BC  =  CD,  etc.  (Why?) 

2.  AB  =  BC  =  CD,  "■  (Why?) 

3.  ABCDE  is  a  regular  polygon  (385) 

(2)  To  prove         FGHIK  is  a  regular  polygon. 

Proof.     1.     Z  GAB  =  Z  GBA  =  Z  CBH  =  Z  HCB,  etc.  (Why?) 

2.  AB  =  BC  =  CD,  etc.  (Why?) 

3.  AABG,  CBH,  -  are  isos.  and  ^  (Why?) 

4.  AG  =  Z.H  =  AI,  etc.  (Why?) 

5.  AG  =  GB  =  BH  =  HC,  etc.  (Why?) 

6.  GH  =  HI  =  IK,  etc.  (Ax.  2.) 

7.  .*.  FGHIK  is  a  regular  polygon.  (384) 
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Proposition  V.     Problem 
394.    To  inscribe  a  square  in  a  given  circle. 
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Given  circle  0. 

Required  to  inscribe  a  square  in  the  circle. 

Construction.  Draw  any  diameter  AC.  Construct  the 
diameter  DB  _L  AC  Join  A,  B.  C,  D  in  order.  ABCD  is  the 
required  square. 


Proof 


REASONS 

1.  Why? 

2.  (125). 

3.  '3So). 


STATEMENTS 

1.  DBA.  AC. 

2.  AD  =  DC  =  CB  =  BA. 

3.  ABCD  is  a  regular  quadrilateral ; 

i.e.  a  square. 

395.  CoR.  1.  By  bisecting  the  central  angles,  the  arcs  AB, 
BC,  etc.,  will  be  bisected,  and  a  regular  octagon  can  be  inscribed 
in  the  circle.  By  repeating  the  process,  regular  polygons  of 
16.  32,  •••,  sides  can  be  constructed. 

396.  CoR.  2.  7/  R  is  the  radius  of  a  circle,  the  side  of  the 
inscribed  square  equals  rV2. 


Ex.  1.  Circumscribe  a  square  about  a  circle. 

Ex.  2.  Circumscribe  a  regular  octagon  about  a  given  circle. 

Ex.  3.  Construct  a  regular  octagon  having  a  given  side. 

Ex.  4.  Find  the  area  of  a  sauare,  if  its  radius  is  equal  to  r 
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Proposition  VI.     Problem 


397.     To  inscribe  a  regular  hexagon  in  a   given 
circle.  c  ^ ^b 


Given  circle  0. 

Required  to  inscribe  a  regular  hexagon  in  the  circle. 

Construction.     In  the  given  circle  ACD,  draw  the  radius  AO, 

From  A  as  a  center,  with  a  radius  equal  to  OA,  draw  an  arc 
meeting  the  circle  in  B.  Draw  AB.  Then  arc  AB  will  go 
exactly  six  times  in  the  circle.  Chord  AB  goes  six  times 
also  as  a  chord. 

Proof 

STATEMENTS 

Draw  OB. 

OA  =  OB  =  AB. 

ZO  =  Z60°. 

AB  =  60°. 
AB  goes  exactly  6  times  in  the  O . 
.*.  AB  =  BC  =  CD,  etc. 
ABCDEF  is  a  regular  inscribed 

hexagon. 
Cor.  1.     The  side  of  a  regular  inscribed  hexagon  is 
equal  to  the  radius  of  the  circle, 

399.  Cor.  2.  By  joining  the  alternate  vertices  of  an  in- 
scribed regular  hexagon,  an  inscribed  equilateral  triangle  is 
formed. 


1. 
2. 
3. 
4. 
5. 
6. 
7. 

398. 


REASONS 

1.  WTiy? 

2.  Why? 

3.  Why? 

4.  Wliy? 

5.  Why? 

6.  (187). 

7.  (385). 
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400.  Cor.  3.     Regular  polygons  of  3,  6,  12,  24,  etc.,  sides 
can  he  inscribed  in  and  circumscribed  about  a  given  circle. 

401.  Cor.  4.  If  R  is  the  radius  of 
a  circle,  the  side  of  the  inscribed  equilat- 
eral triangle  is  R\^S. 

Hint.  If  ^  B  is  a  diameter  and  AC  =  R, 
then  BC  is  the  required  side. 


Ex.  1.    //  the  radius  of  a  circle  is  R,  the 
apothem  of  the  inscribed  hexagon  is  equal  to 

2 

Ex.  2.    Circumscribe  a  regular  hexagon  about  a  given  circle. 

Ex.  3.  Construct  a  regular  polygon  of  twelve  sides,  having  given  a 
side. 

Ex.  4.    Find  the  area  of  a  regular  hexagon  if  its  radius  is  equal  to  R. 

Ex.  5.    The  apothem  of  an  equilateral  triangle  is  equal  to  one  half 

its  radius. 

Ex.  6.  The  area  of  an  inscribed  equilateral  triangle  is  equal  to  one 
half  the  area  of  the  inscribed  regular  hexagon. 

*  Ex.  7.  The  areas  of  triangles  inscribed  in  equal  circles  are  to  each 
other  as  the  products  of  their  three  sides.  (342) 

Ex.  8.  A  square  constructed  on  a  diameter  of  a  circle  is  equivalent 
to  twice  the  area  of  the  inscribed  square. 

402.  Def.  a  straight  line  is  said  to  be  divided  in  extreme 
and  mean  ratio  when  it  is  divided  into  two  segments,  such 
that  the  greater  is  the  ynean  proportional  between  the  smaller  and 
the  whole  line. 

Thus,  AB  is  divided  by  C  in   y^  C  B 

extreme  and  mean  ratio,  if  ' 

AB:AC  =  AC:  CB. 


H 1 


242  PLANE   GEOMETRY 

Proposition  VII.     Problem 
403.    To  divide  a  line  in  extreme  and  mean  ratio, 

A  X  C  B 


±==» 


Given  line  AB  =  a. 

Required  to  divide  a  in  extreme  and  mean  ratio. 

Analysis.     Suppose  AC,  or  x,  is  the  greater  of  the  required 
segments,  then  CB  =  a  —  x. 

Hence,  a\  x  =  x\  a  —  x. 

:.  x'^  =  a~  —  ax. 
Transposing,         x"^  -\-  ax  =  a~. 

Completing  the  square,  x-  +  ax  +  ( -  j  =  a-  +  [  -  )  • 

Extracting  the  root,  .r  +  ^  =  ^«"+  (^)  * 

But  since  -^a-  +( - )    is  the  hypotenuse  of  a  right  triangle 
whose  arms  are  a  and  -,  x  is  easily  constructed. 
Construction.     At  B  draw  CB  =  -  and  _L  AB. 
[Then,4C  =^fl-+(^^y.J 
On  CA  lay  off  CD  =  CBi=^' 
[Then  AB  =  yja^  +  Q'  -  ^  or  x.'j 
On  AB  lay  off  AF  =  AD.     Then  AB  is  divided  as  required. 
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Propositiox  VIII.     Problem 

404.    To  construct  the  side  of  a  regular  decagon  in- 
scribed in  a  given  circle. 


Given  O  0.  AD 

Required  to  construct  the  side  of  a  regular  inscribed  decagon. 

Construction.    Divide  a  radius  OA  in  extreme  and  mean  ratio. 
Draw  chord  AD  equal  to  OC,  the  greater  segment  of  OA. 
AD  is  a  side  of  the  required  decagon. 

Proof.     Draw  DO  and  DC. 

AO:OC  =  OC:  CA,  (Con.) 

or  since  OC  =  AD, 

AO:AD  =  AD:  AC.  (Sub.) 

.-.   AOAD~  ACAD.  (311) 

.'.    ZO  =  ACDA.  (Why?) 

But  since  AOAD  is  isosceles,  the  similar  triangle  DAC  must 

be  isosceles, 

or,  CD  =  AD  =  CO, 

whence  10  =  ACDO.  (Why?) 

But  AO  =  ICDA. 

:.  2Z.0  =  A  ADO  =  /.A.  (Ax.  2.) 

But  /.O  +ZD  +ZA  =  2  rt.  A. 

.:  5Z0  =  2rt.  A, 
or  Z  0  =  I  rt.  Z  ,  or  yV  of  4  rt.  Z  . 

.*.  AD  is  yV  of  the  circle,  and  AD  is  a  side  of  an  inscribed 
regular  decagon. 
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405.  Cor.  1.     By  joining  the  alternate  vertices  A,  E,  G,  etc., 
a  regular  inscribed  pentagon  is  formed. 

406.  Cor.  2.     Regular  polygons  of  5,  10,  20,  etc.,  sides  can 
he  inscribed  in  and  circumscribed  about  a  given  circle. 


Ex.  1.    If  i2  is  the  radius  of  a  circle,  the  side  of  the  inscribed  regular 

decagon  equals  —("^5  —  1). 

A 

Hint.     Simplify  the  value  of  x  found  in  the  anal}  sis  of  Prop.  VII. 

(a  =  R.) 

Ex.  2.   Construct  an  angle  of  36°. 

Ex.  3.   Construct  a  regular  decagon,  having  given  a  side. 

Ex.  4.    Divide  a  right  angle  into  five  equal  parts. 

Ex.  5.    The  diagonals  of  a  regular  pentagon  are  equal. 

Ex.  6.  The  diagonals  of  a  regular  pentagon  divide  each  other  in 
extreme  and  mean  ratio. 

Ex.  7.  The  area  of  a  regular  inscribed  hexagon  is  a  mean  propor- 
tional between  the  areas  of  the  inscribed  and  circumscribed  equilateral 
triangles. 

Ex.  8.    Any  radius  of  a  regidar  polygon  bisects  an  angle  of  the  polygon. 

Ex.  9.  The  diagonals  drawn  from  the  vertex  of  a  regular  decagon 
divide  that  angle  into  eight  equal  parts. 

Ex.  10.   Construct  a  regular  pentagon,  having  given  a  side. 

Ex.  11.  Explain  a  method  by  which  we  could  construct  an  angle 
of  3°. 

Ex.  12.  Prove :  The  square  on  a  side  of  a  regular  inscribed  pentagon 
equals  the  square  of  a  radius  and  the  square  of  a  side  of  the  regular 
inscribed  decagon. 

Ex.  13.  Find  the  side  of  a  regular  inscribed  pentagon  in  terms  of 
the  radius  (R)  of  its  circumscribed  circle. 

Ex.  14.  Find  the  area  of  a  regular  pentagon  if  one  side  is  equal  to 
4  inches. 

Ex.  15.   Find  the  area  of  a  regular  decagon  having  side  4". 
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Proposition  IX.     Theorem 
407,   Regular  polygojis  of  the  same  number  of  sides 


are  similar. 


£  D  ^' 

Given  I  and  II,  two  regular  polygons,  each  of  n  sides. 
To  prove  I  ~  II. 


Each  Z  of    I 


Each  Z  of  II  = 


Proof 

STATEMENTS 

n  -2 


n 


St.  Z. 


St.  Z 


2.  Each     Z  of  I  =  each  Z  of  II. 

3.  I  and  II  are  mutually  equianglar. 
I     AB  =  BC  =  CD  =  DE  =  EA. 

4.  <  ^/^r  _  ^'^f  ^  c'D'  =  D'E'  =  E'A'. 


5. 


AB 


BC 


CD 


DE 


EA 


A'B'       B'C 
6.      /.  I  -  11. 


C'D'       D'E'       E'A 


REASONS 

1.  (157). 

2.  ^Tiy? 

3.  ^Miy? 

4.  (384). 

5.  Why? 

6.  (303). 


Ex.  1.  Construct  a  regular  hexagon  equivalent  to  one  half  a  givea 
regular  hexagon. 

Ex.  2.  Construct  a  regular  pentagon  equivalent  to  the  sum  of  two 
given  regular  pentagons. 
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Peoposition  X.     Theorem 


408.  The  perimeters  of  regular  polygons  of  the 
same  number  of  sides  have  the  same  ratio  as  their 
radii,  or  as  their  apothems. 

D 


A  D  B  A'       D'      B' 

Given  P  and  P',  the  perimeters  of  two  regular  polygons  of 
the  same  number  of  sides,  having  the  radii  OA  and  O'A',  and 
the  apothems  OD  and  O'D'  respectively. 

To  prove         P\P'  =  OA\  O'A'  =  OD  :  0'D\ 

Proof 

STATEMENTS  REASONS 

1.  ABODE  '^  A'B'C'D'E'. 

2.  P\P'  =  AB\A'B'. 

3.  AAOB  =  ZA'O'B'. 

4.  AO  =  OB,  A'O'  =  O'B'. 
AO    ^    0B_^ 

A'O'        O'B' 
AAOB  '^AA'O'B'. 
AB    ^    0A_  ^    OD  ^ 

A'B'        O'A'        O'D' 
.  P:P'  =  OA:  O'A'  =  OD :  O'D'. 


1. 

(407). 

2. 

(318). 

3. 

(392). 

4. 

Why? 

5. 

T\Tiy? 

6. 

.(311). 

7. 

(303,  314) 

8. 

Why? 

409.  Cor.  The  areas  of  regular  polygons  of  the  same  num- 
ber of  sides  are  to  each  other  as  the  squares  of  their  radii,  or 
as  the  squares  of  their  apothems. 
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410.  Def.  a  constant  is  a  quantity  that  maintains  the 
same  value  throughout  a  given  discussion.  A  variable  is  a 
quantity  whose  value  changes  during  the  same  discussion. 

411.  Def.  If  a  variable  x  approaches  a  constant  I  so 
that  the  difference  between  I  and  x  becomes  and  remains  less 
than  any  assignable  quantity  different  from  zero,  then  I  is 
said  to  be  a  limit  of  x. 

1.  For  example;  suppose  a  point  p  to  take  the  positions  C,  D,  E, 
etc.,  in  succession,  where  AC  =  ^  AB,  CD  =  ^CB,  DE  =  I  DB, 
and  so  on,  then  the  segments 

AC,  AD,  AE  approach  AB  as     a  C  DEB 

a  limit. 

2.  Inscribe  a  square  in  a  circle,  then  inscribe  an  octagon  by  joining 
the  mid-points  of  the  four  equal  arcs  to  the  vertices,  and  by  continuing 
this  process  obtain  regular  inscribed  polygons  of  16,  32, 
64,  etc.  sides.  Obviously  the  area  of  the  circle  C  is 
larger  than  the  area  of  any  of  these  pobrgons  A,  but  the 
difference  between  these  two  areas,  C-A,  becomes  less 
if  we  increase  the  number  of  sides  of  the  polygon.  By 
continually  increasing  the  number  of  sides  of  the  polygon, 
the  area  of  the  polygon  will  approach  the  area  of  the  circle  more  and  m.ore, 
or  C-A  can  be  made  less  than  any  assignable  quantity,  however  small. 

The  area  of  the  circle  is  defined  as  the  limit  of  the  area  of  the  polygon. 

3.  Similarly  the  perimeter  of  an  inscribed  polygon  increases  with  the 
number  of  sides  and  approaches  a  limit.  We  define  this  limit  to  be 
the  length  of  the  circle  (i.e.  the  circumference). 

4.  The  sequence  of  fractions  .9,  .99,  .999,  •••,  .9999, •••,  approaches 
a  limit  equal  to  1,  since  we  can,  by  going  along  far  enough  in  the  set  of 
numbers,  find  that  all  that  follow  it,  differ  from  1  by  as  small  a  number 
as  we  please  to  choo.se. 

412.  The  symbol  for  "  approaches  a  limit  "  is  represented 
by  a  horizontal  arrow,  — >-.  "  x  approaches  I  as  a  limit '' 
is  represented  by  x  — >■  I. 

Note.  In  elementary  geometry  the  variables  that  approach  a  limit  as 
a  rule  cannot  become  equal  to  this  limit.  There  are,  however,  cases  in 
which  variables  become  equal  to  their  limits. 
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Ex.  1.  What  is  the  hmit  of  the  fractions  represented  by  -,  if  n  in- 
creases indefinitely  ? 

Ex.  2.    AVhat  is  the  limit  of  the  sum  2  +  l+i+i  +  ---? 

Ex.  3.  What  is  the  limit  of  the  areas  of  regular 
circumscribed  poh^gons  of  n  sides  if  n  assumes  the 
values  4,  8,  16,  •••  to  infinity? 

Ex.  4.  What  is  the  limit  of  the  perimeters  of  regular 
circumscribed  polygons  of  n  sides,  if  n  assumes  the 
values  4,  8,  16,  •••  to  infinity?  Ex.  3 

Ex.  5.  If  the  number  of  sides  of  regular  inscribed  polygons  is  in- 
creased indefinitely,  what  is  the  limit  of  (a)  the  apothems?  (b)  the 
sides  ? 

Ex.  6.  If  the  number  of  sides  of  regular  circumscribed  polygons  is 
increased  indefinitely,  what  is  the  limit  of  the  radii  ? 

413.  Theorem.  If  two  variables,  x  and  y,  are  always 
equal  and  x  approaches  a  as  a  limit,  then  y  approaches  a  as  a 
limit. 

Since  a  —  x  =  a  —  y,  and  a  —  x  can  be  made  less  than 
any  conceivable  number, 

a  —  y  can  be  made  less  than  any  conceivable  number. 

414.  Cor.  If  two  variables  are  always  equal,  and  each 
approaches  a  limit,  their  limits  are  equal.  (Principle  of 
Limits.) 

415.  The  following  theorems  are  true : 
(A)    If  X  — >-  a,  then  nx  — >■  na. 


(B)    lix — ^a,  then  i a;- 

(C)    If  x  — >-  a,  and  y  — 

>-  b,  then  (x  =b  y)  — >-  (a  =t  h). 

(D)  If  X — ^a,   and   y- 

-^h,   then  ^—^l     [6^0]. 

y        0 

^  h,  then  xy  — >-  ah. 

(E)    If  X  — >-  a,  and  y 

Proof  of  (A) :    (a  -  x) — 

>-  0,  n(a  —  x) — >-  0,  {na  —  nx) 

0.     .'.  nx  — >-  na. 
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416.  Def.  The  length  of  a  circle  (or,  brie6y,  a  ciiTum- 
ference)  is  the  hniit  of  the  perimeters  of  regular  inscribed 
polygons,  the  number  of  whose  sides  is  increased  indefinitely. 

Ha\-ing  defined  a  circumference,  the  meaning  of  the  length  of  an  arc 
is  determined  by  §  22S. 

Note.  It  can  be  demonstrated  that  the  limit  of  the  perimeter  of 
regular  circumscribed  polygons  is  the  same  as  that  of  the  inscribed  ones. 
Hence  a  circumference  can  be  defined  as  a  common  limit  of  the  {perime- 
ters of  regular  inscribed  and  circumscribed  polygons.  For  the  purposes 
of  this  textbook,  however,  it  is  sufficient  to  consider  the  regular  inscribed 
polygons  only. 

417.  Teachers  may  desire  to  use  the  foUoTv-ing  assumption 
in  place  of  the  theory  of  hmits.  Any  property  of  a  regular 
polygon  which  does  not  depend  upon  the  number  of  sides  of  the 
polygon,  is  also  a  property  of  circles. 

418.  Def.  A  sector  of  a  circle  is  a  figure  foi-med  by 
an  arc  and  the  two  radii  drawn  to  the  ends  of  the  arc. 

419.  Def.  Similar  arcs,  segments,  and  sectors  are  those 
which  correspond  to  equal  central  angles. 

420.  Def.  The  area  of  a  circle  is  the  limit  of  the  area  of. 
regular  circumscribed  polygons  whose  sides  are  increased 
indefinitely. 

XoTE.  It  can  be  proved  that  the  areas  of  regular  inscribed  polygons 
approach  the  same  limit  as  the  areas  of  the  circumscribed  polygons. 
For  the  purposes  of  this  book,  however,  it  is  more  convenient  to  consider 
the  circumscribed  polygon  only. 


Ex.  1.   Prove  theorems  I'B.    C  .    D  .  and  iT.)  in  section  41.5. 

Ex.  2.    Prove  the  lengths  of  similar  arcs  are  in  the  same  ratio  as  their 
radii. 

Ex.  3.    Show  that  the  areas  of  similar  segments  are  in  the  same  ratio 
as  the  squares  of  their  radii. 
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Proposition  XL     Theorem 
421.    Circumferences  are  to  each  other  as  their  radii. 


Given  circles  0  and  O'  in  which  C,  C'  and  R,  R'  represent 
their  circumferences  and  radii  respectively. 
To  prove  C:C'  =  R\R'. 


Proof 

STATEMENTS 

1.    In  each  circle  inscribe  regular  polygons 
of  n  sides  having  perimeters  P  and  P' . 


REASONS 

1.   Whv? 


2. 
3. 
4. 


P\P'  =  R'.R'. 
P\R  =  P'\  R'. 

■>-  C  and  P'  — >-  C\ 


P'_ 
R' 

R' 


c 


R 


7.   ^.  =  ^ 


R" 


i.e.  C  :C'  =  R  :  R' . 


(408). 
(279). 
(416). 


Alternate  Proof 

1.  Statement  (1)  above. 

2.  P:P'  =  R:R'. 

3.  .'.  C:C'  =  R:  R' . 


5.    (415  B) 


6.    (414). 


7.    (279). 


1.  Why? 

2.  (408). 

3.  (417). 


422.    Circumferences  are  to  each  other  as  their  diameters. 
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Proposition  XII.     Theorem 


!51 


423.    The  ratio  of  the  circumference  of  any  circle  to 
its  diameter  is  constant. 


Given  any  circle  0  with  circumference  C  and  diameter  d. 
To  prove  that  C  -^  d  =  a.  constant. 

Proof 

STATEMENTS  I  REASONS 

1.  Construct   a   fixed   circle   O'   with]    1-   ^M'^ 
circum.  =  C'    and    diameter  =  cV. 

2.  C-.C  =  d-.rV.  2.    (421), 

3.  C:d  =  C':  d'.  3.    f279). 


4.  But  ~7  =  ^  constant. 

r 

5.  .*.   —  =  a  constant. 

d 


4.  Circle  0'  is  fixed. 

5.  Sub. 


424.  The  constant  -  is  represented  bv  the  Greek  letter  x. 

d 

Approximate  values  of  tt  are  3-f,,  3.14,  3.1416. 

Since  -,  =  t,  then  C  =  ird  =  2  ttR. 
a 

425.  An  arc  of  m°  in  a  circle  of  radius  R  has  its  length 

equal  to  — —  X  2  irR. 
360 
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Proposition  XIII.     Theorem 


426.  The  area  of  a  regular  polygon  is  equal  to  one 
half  the  product  of  its  perimeter  and  apothem. 


Given  S  the  area,  P  the  perimeter,  and  r  the  apothem  of  the 
polygon  ABODE,  having  n  sides. 
To  prove  s  =  i  P  X  r. 

Proot 


STATEMENTS 

REASONS 

1.    Draw  all  the  radii  of  the  circum- 

1. 

Why? 

scribing  circle  :  OA,  OB,  OC,  etc.,  dividing 

the  polygon  into  n  A  with  0  as  vertex. 

2.    These  A  are  all  equal  A. 

2. 

s.  s.  s.  =  s. 

3.   Every  triangle  has  its  alt.  equal 

3. 

(178). 

to  r. 

4.        AAOB  =  i  (AB)  X  r. 

4. 

(358). 

5.                 s  =  n  X  AAOB. 

5. 

Why? 

6.                 S  =  i  X7iX  {AB)  X  r. 

6. 

Sub. 

7.    But  71  X  (AB)  =  P. 

7. 

Why? 

8.    /.  S  =  i  P  X  r. 

8. 

Sub. 

Ex.  1.    Find  the  area  of  a  square  circumscribed  about  a  circle  of 
radius  12". 

Ex.  2.    Find  the  area  of  a  regular  hexagon  having  a  side  of  6". 
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Proposition  XIV.     Theorem 


!53 


427.    The  area  of  a  circle  is  equal  to  one  half  the 
product  of  its  circumference  and  radius. 


Given  S  the  area  of  a  circle  of  radius  R  and  circumference  C. 
To  prove  S  =  \  C  X  R. 


Proof 

STATEMENTS 

1.  Circumscribe  a  regular  polygon  about 
the  circle,  and  let  P  be  its  perimeter.  A  its  area. 

2.  A  =  ^  P  X  R. 

3.  Let  the  number  of  sides  be  increased 
indefinitely,  then 

4.  But  P  — >-  C. 

5.  ^  P  X  R  — >•  *  C  X  P. 

6.  .'.  S  =  he  X  R. 

Alternate  Proof 

1.  Same  as  (1)  above. 

2.  A  =  1  P  X  P. 


REASONS 
1.    Whv? 


'426). 
(420). 


416). 
415  A). 
414). 


3. 


S  =^C  X  R. 


1.  Why? 

2.  (426). 

3.  (417). 


428.    CoR.  1.     The  area  of  a  circle  is  equal  to  -  times  the 
square  of  its  radius. 

For  S  =  hC  X  R  and  S  =  ^'2  -R)R  =  -R-. 
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429.  Cor.  2.  The  areas  of  circles  are  to  each  other  as  the 
squares  of  their  radii,  or  of  their  diameters. 

430.  Cor.  3.     The  area  of  a  sector  whose  central  angle  is  n° 

is  equal  to X  ttR-. 

^  360 

431.  Cor.  4.  Similar  sectors  are  to  each  other  as  the  squares 
of  their  radii. 

Ex.  1.  Construct  a  circle  whose  circumference  shall  equal  the  sum 
of  the  circumferences  of  two  given  circles. 

Hint.  Let  a  and  b  be  the  radii  of  the  given  circles  and  let  x  equal  the 
radius  of  the  required  circle. 

Then  2  ttx  =  2  Tra  +  2  7r6  =  2  7r(a  +  b) 

or  X  =  a  -\-  b. 

Ex.  2.  Construct  a  circle  whose  area  shall  equal  the  sum  of  the 
areas  of  two  given  circles. 

Hint.  irx-  =  tto.-  +  irb-  =  Tr(a^  +  ¥) 

or  x'  =  a2  +  b\     See  §  368,  (8). 

Ex.  3.  Construct  a  circle  whose  circumference  equals  the  difference 
of  the  circumference  of  two  given  circles. 

Ex.  4.  Construct  a  circle  that  has  its  area  equal  to  the  difference 
between  the  areas  of  two  given  circles. 

Ex.  5.  Construct  a  circle  having  its  area  three  times  that  of  a  given 
circle. 

Ex.  6.  Construct  a  circle  so  that  its  circumference  equals  twice  that 
of  a  given  circle. 

Ex.  7.  Construct  a  circle  having  its  area  equal  to  the  area  bounded 
by  two  given  concentric  circles. 

Ex.  8.  Construct  a  circle  whose  circumference  shall  be  equal  to  the 
semicircumference  of  a  given  circle. 

Ex.  9.  Find  the  difference  of  the  areas  of  the  circles  circumscribed 
about  and  inscribed  in  a  square. 

Ex.  10.  What  is  the  radius  of  a  circle  having  an  area  of  616  sq.  in.  ? 
(^  =  ^.) 

Ex.  11.    Find  the  area  of  a  32°  sector  in  a  circle  of  radius  7  in. 


KEGULAR    POLYGONS 
Proposition  XV.     Problem 
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432.  The  side  and  the  radius  of  a  regular  polygon 
being  given,  to  compute  the  side  of  a  regular  polygon 
of  the  same  radius  and  double  the  number  of  sides. 


Given  AB  equal  to  a  side  s  of  a  regular  polj^gon  inscribed  in 
O  0  with  radius  OA  =  R. 

Required.     To  compute  AC,  the  side  of  a  regular  polygon  of 
double  the  number  of  sides,  inscribed  in  the  same  circle. 


Construction.     Draw  CO  meeting  AB  in  D. 
OC  bisects  AB  at  right  angles. 


AC    =  0A~  +  0C~  -  2  OC  X  OD, 


or 


AC' 


But 


OD"  =  R^ 


2  R~  -  2  R  X  OD, 

2 


©■ 


(Why?) 
(79) 

334) 

(Sub.) 

(330) 


OD 


v^. 


or 


Hence 


OD  =  iV4  R^  -  §2. 
AC'^  =  2R'~  -  rVA:  R'^  - 


AC  =  V2  R'^  -  rV4:  R^ 


s\ 


433.    CoR.     If  72  =  1,  and  the  side  of  a  polygon  on  n  sides 
equals  s„,  then 


S27 


=   V2  -  \/4  - 
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Proposition  XVI.     Problem 

434.    To  compute  the  ratio  of  the  circumference  of  a 
circle  to  the  diameter. 

Let  R  =  1,  then  Se  =  1, 

and  according  to  (433),  we  have 

Length  of        Length  of 
Side  Perimeter 

si2  =  V2  -V4^^  =  0.51764     6.21166 

S24  =  V2  -V4~^(0.51764)'-^  =  0.26105     6.26526 
S48  =  V2  -V4^ (0.26105)-  =  0.13081     6.27870 


.S96  =  V2  -\/4^ (0.13081)2  =  0.06534     6.28206 

Si92  =  V2  -\/4^(0.06534)2  =  0.03272     6.28291 

S384  =  V2  -V4^0.03272)2  =  0.01636     6.28312 

S768  =  V2  -VT^ (0.01636)2  =  0.00818     6.28317 
Taking  the  last  perimeter  as  the  approximate  value  of  the 
circmnference, 

.  =  ^  =  6,28317  ^  3  14159 
2R  2 

435.  Method  XXI.  Most  computations  referring  to  the 
circle  involve  the  use  of  the  two  formulae  C  =  2tR  and 
S  =  ttR-.     If  i?  is  not  given,  compute  R  first. 


Ex.  1.  Find  the  circumference  of  a  circle  whose  radius  is  5. 

Ex.  2.  The  diameter  of  a  circle  equals  10  in.  Find  the  length  of 
an  arc  of  (a)  60°,  (6)  1°,  (c)  5°. 

Ex.  3.  Find  the  area  of  a  circle  whose  radius  is  10. 

Ex.  4.  Find  the  radius  of  a  circle  whose  area  is  100  sq.  in. 

Ex.  6.  Find  the  radius  of  a  circle  whose  circumference  equals  m 
inches. 

Ex.  6.  Find  the  circumference  of  a  circle  whose  area  equals  100  r. 
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Ex.  7.    Find  the  area  of  a  circle  whose  circumference  equals  4. 

Ex.  8.    Find  the  circumference  of  a  circle  who.se  area  equals  .S'. 

Ex.  9.    Find  the  area  of  a  circle  who.se  circumference  equals  C. 

Ex.  10.    Find  the  radius  of  a  circle  equivalent  to  a  .square  who.se  side 
equals  6. 

Ex.  11.    The  circumference  of  a  circle  equals  10.     Find  the  circum- 
ference of  a  circle  having  twice  the  area  of  the  given  circle. 

Ex.  12.    Two  concentric  circles  have  their  circumferences  equal  to 
30  and  -iO  respectively.     Find  the  area  bounded  by  the  two  circles. 

Ex.  13.    Find    a    semicircle    equivalent    to    an    equilateral    triangle 
whose  side  equals  5. 

Ex.  14.    Find  the  area  of  a  sector  whose  radius  equals  5.  and  whose 
central  angle  equals  40°. 

Ex.  15.    A  square  is  inscribed  in  a  circle  of  radius  10.     Find  the  area 
of  a  segment  having  a  side  of  the  square  as  its  chord. 

Ex.  16.    The  radius  of  a  circle  is  4.     What  is  the  area  of  a  segment 
whose  arc  is  (a)  120°,  (6)  60°? 

Ex.  17.    In  the  diagram  given  here,  ^  C 

AB  =  BC  =  CA  =  4.  B  is  the  center  of 
arc  AC,  and  A  is  the  center  of  arc  BC. 
Find  the  total  area. 

Ex.  18.    A  is  the  center  of  arc  BC, 
B  the  center  of  AC,  and  C  the  center  of         Ex.  17  Ex.  IS 

AB.     Find  the  total  area,  if  AB  =  6  in. 

Ex.  19.    A  circle  has  an  area  of  60  sq.  ft.     Find  the  length  of  an  arc 
of  60". 

Ex.  20.    Show  how  to  inscribe  a  circle  in  a  given  sector. 

Ex.  21.    The  radius  of  a  circle  is  20  ft. ;   the  area  of  a  sector  of  that 
circle  is  25  tt  sq.  ft.     What  is  its  arc  in  degrees? 

Ex.  22.    The  area  of  a  sector  is  IS  tt;  the  angle  of  the  sector  is  80°. 
Find  the  radius  of  the  .sector. 

Ex.  23.    The  altitude  of  an  equilateral  triangle  is  6  in.      Find  the 
area  of  the  circumscribed  and  inscribed  circles. 

Ex.  24.    The  areas  of  two  circles  are  as  9  :  4 ;   the  radius  of  the  larger 
is  6  in.     Find  the  circumference  of  the  smaller  circle. 
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Ex.  26.    Find  the  area  of  a  circle  inscribed  in  a  square  whose  area  is 
12J  sq.  in. 

Ex.  26.    If  the  apothem  of  a  regular  hexagon  is  4,  what  is  the  area 
of  its  circumscribed  circle  ? 

Ex.  27.    It  requires  41|  rd.  of  fencing  to  inclose  a  semicircular  field. 
Find  the  area  of  the  field.     (Assume  tt  =  3|.) 

Ex.  28.    Prove  that  the  star-shaped  polygon  formed  by  producing 
the  sides  of  a  regular  hexagon  is  equivalent  to  twice  the  hexagon. 


Ex.  29.    li  AB  and  BC  are  tangents, 
Z  CO  A  =  60°,  and  OA  =  10  in 
Find  (a)  area  OABC,  (b)  area 
bounded  by  arc  AC  and  the 
two  tangents. 

Ex.  30.  Find  the  area 
bounded  by  the  arcs  MN, 
NO,  and  OM,  if  each  arc  = 
60°  and  their  common  radius  Ex.  29 

equals  10. 

Ex.  31.  On  the  sides  of  a 
square  whose  side  is  4  in.,  semi- 
circles are  constructed.  Find 
the  total  area. 

Ex.  32.  On  the  sides  of  a 
regular  hexagon  whose  side 
equals     2     in.,    semicircles    are  Ex.  31 

dra-WTi.     Find  the  total  area. 


^'O 


\  / 

V 

C 
Ex.  30 


Ex.  32 


Ex.  33.    Find  the  radius  of  a  circle  whose  circumference  numeri- 
cally equals  its  area. 

Ex.  34.    Find  the  central  angle  of  a  sector  whose  area  is  equal  to  the 
square  of  the  radius. 


Ex.  35.   The  area  of  a  square  inscribed  in  a  circle  is  16  sq.  in. 
the  area  of  the  circle. 


Find 


Ex.  36.    Find  the  diameter  of  a  wheel  which,  in  going  a  mile,  makes 
500  revolutions. 
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MISCELLANEOUS   EXERCISES 

Ex.  1.  Find  the  radius,  the  apothem,  and  the  area  of  the  following 
regular  polygons : 

(a)  A  square  whose  side  equals  4 
(6)  A  square  whose  side  equals  s 

(c)  A  hexagon  whose  side  equals  2 

(d)  A  hexagon  whose  side  equals  s 

(e)  A  triangle  whose  side  equals  6 
(/)    A  triangle  whose  side  equals  s 

Ex.  2.  A  side  of  a  regular  circumscribed  triangle  is  equal  to  twice 
a  side  of  a  regular  inscribed  triangle. 

Ex.  3.  The  square  of  a  side  of  an  inscribed  equilateral  triangle  is 
three  times  the  square  of  a  side  of  the  regular  inscribed  hexagon. 

Ex.  4.  An  equilateral  polygon  circumscribed  about  a  circle  is  regular 
if  the  number  of  its  sides  is  odd. 

Ex.  5.  An  equiangular  poh'gon  inscribed  in  a  circle  is  regular  if  the 
number  of  sides  is  odd. 

Ex.  6.  The  area  of  an  equilateral  triangle  is  36 v3  units.  Find  the 
area  of  the  inscribed  circle. 

Ex.  7.  Prove  that  an  exterior  angle  of  a  regular  polygon  made  by 
producing  one  side  is  equal  to  the  angle  at  the  center  of  the  polygon. 

Ex.  8.  A  radius  of  a  circle  is  12  in.  Find  the  area  and  the  perimeter 
of  a  segment  of  this  circle  whose  chord  equals  the  radius. 

Ex.  9.  Find  the  number  of  square  inches  of  tin  fhat  would  be 
wasted  in  cutting  the  largest  possible  circular  disk  from  a  piece  in  the 
form  of  an  equilateral  triangle  12  in.  on  a  side. 

Ex.  10.  The  side  of  a  square  is  12.  Find  the  area  included  between 
the  square  and  the  circumscribed  circle. 

Ex.  11.  A  \dllage  has  two  standpipes  each  50  feet  high,  one  10  feet 
in  diameter  and  the  other  16  feet  in  diameter.  These  two  standpipes 
are  to  be  replaced  by  one  of  the  same  height  and  capacitj^  Find  the 
diameter  of  the  new  standpipe. 
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GENERAL   REVIEW   EXERCISES 

£x.  1.  Prove  that  the  medians  drawn  to  the  legs  of  an  isosceles  tri- 
angle are  equal, 

Ex.  2.  The  triangle  ABC  has  a  right  angle  at  C  and  D  trisects  AC, 
so  that  AD  =  2  DC.  It  is  found  that  AD  =  BD.  Find  the  size  of 
£A. 

Ex.  3.  Prove  that  two  lines  drawn  from  the  extremities  of  a  side  of 
a  triangle  and  limited  by  the  other  sides  cannot  bisect  each  other. 

Ex.  4.  Show  how  to  divide  a  right  triangle  into  two  isosceles  tri- 
angles. 

Ex,  5.  In  a  regular  poh^gon  of  15  sides,  find  the  number  of  degrees 
in  (1)  each  interior  angle,  in  (2)  each  exterior  angle. 

Ex.  6,  In  a  quadrilateral  the  diagonals  are  equal  and  also  one 
pair  of  opposite  sides  are  equal.  Prove  that  two  of  the  triangles  into 
which  the  quadrilateral  is  divided  by  the  diagonals  are  isosceles. 

Ex,  7.   The  median  of  a  trapezoid  bisects  the  two  diagonals. 

Ex.  8,  If  a  diagonal  of  a  parallelogram  bisects  one  angle,  the  figure 
is  a  rhombus. 

Ex,  9,  Draw  a  line  terminated  by  the  sides  of  a  given  angle,  so  that 
it  shall  be  equal  to  a  given  line  and  parallel  to  another  given  line. 

Ex.  10.  Draw  a  circle  concentric  with  a  given  circle  and  having  a 
given  chord  in  the  given  circle  as  a  tangent. 

Ex.  11.  What  is  the  locus  of  the  vertex  of  a  60°  angle  the  sides 
of  which  ahvays  pass  through  two  fixed  points? 

Ex.  12.  Three  consecutive  sides  of  an  inscribed  quadrilateral  sub- 
tend arcs  of  70°,  85°,  and  98°  respectively.  Find  each  angle  of  the 
quadrilateral,  an  angle  between  its  diagonals,  and  the  angles  formed  by 
producing  the  opposite  sides  until  they  meet. 

Ex,  13,  Prove  that  if  a  trapezoid  be  inscribed  in  a  circle,  the  non- 
parallel  sides  produced  will  meet  on  the  perpendicular  bisector  of  the 
parallel  sides. 
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Ex.  14.  Find  the  locus  of  the  centers  of  all  circles  of  a  given  radius 
that  cut  off  a  given  distance  on  a  given  line. 

Ex.  15.  Upon  a  given  line  construct  accurately  with  ruler  and 
compasses  a  segment  of  a  circle  that  contains  an  angle  of  30^. 

Ex.  16.  Given  two  diagonals  of  a  regular  pentagon  intersecting 
within  it.     Find  the  number  of  degrees  in  an  angle  between  them. 

Ex.  17.  Through  a, point  P  within  a  circle  a  variable  chord  APB  is 
drawn  meeting  the  circle  in  A  and  B.  Find  the  locus  of  the  middle 
point  of  AB. 

Ex.  18.  Show  how  to  draw  to  a  given  circle  two  tangents  which  shall 
form  a  given  angle. 

Ex.  19.  If  two  polygons  are  similar  to  a  third  polygon,  they  are 
similar  to  each  other. 

Ex.  20.  From  a  point  without  a  circle  two  tangents  are  drawn  making 
with  each  other  an  angle  of  60°.  The  length  of  each  tangent  is  15 
inches.     Find  the  diameter  of  the  circle. 

Ex.  21.  Two  chords  intersect  within  a  circle;  the  segments  of  one 
are  each  6,  the  total  length  of  the  other  is  13.  Find  the  length  of  its 
segments. 

Ex.  22.  A  rod  8  feet  long  is  free  to  move  within  a  rectangle  8  feet 
long  and  6  feet  wide.  Describe  accurately  the  boundary  of  the  region 
mthin  which  the  middle  point  of  the  rod  will  be  found. 

Ex.  23.  Construct  an  equilateral  triangle  given :  (\  >  the  radius  of  its 
inscribed  circle ;    (2)  the  radius  of  its  circumscribed  circle. 

Ex.  24.  The  chord  of  a  segment  of  a  circle  is  34  in.  in  length,  and  the 
radius  of  the  circle  is  60  in.     Find  the  height  of  the  segment. 

Ex.  25.  The  hypotenuse  of  a  right  triangle  is  10  inches  long  and  one 
angle  is  30°.  Find  the  lengths  of  the  segments  into  which  the  shorter 
leg  is  divided  by  the  bisector  of  the  opposite  angle. 

Ex.  26.  The  altitude  of  a  triangle  is  12  feet,  and  it  divides  the  base 
into  segments  that  are  5  feet  and  9  feet.  Find  the  perimeter  of  the 
triangle. 
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Ex.  27.  Prove  that  if  two  equivalent  triangles  have  two  sides  in  each 
respectively  equal  then  the  included  angles  are  either  equal  or  sup- 
plementary. 

Ex.  28.  From  a  given  point  on  a  circle  draw  the  chords  that  are 
bisected  by  a  given  chord.     When  is  this  impossible  ? 

Ex.  29.  The  radii  of  two  circles  are  7  inches  and  2  inches,  and  their 
centers  are  13  inches  apart.     Find  the  length  of  their  common  tangents. 

Ex.  30.  Prove  that  if  a  point  move  about  within  a  regular  polygon, 
the  sum  of  the  perpendiculars  let  fall  upon  the  sides  (or  the  sides  pro- 
duced) will  be  constant. 

Ex.  31.  The  bases  of  a  trapezoid  are  29  feet  and  37  feet  respectively, 
and  its  area  is  247.5  square  feet.     Find  its  altitude. 

Ex.  32.  The  sides  of  a  triangle  are  5  6,  and  6.  Fina  (1)  its  area, 
(2)  the  area  of  its  inscribed  circle,  (3)  the  altitude  upon  one  of  the  sides 
5,  (4)  the  diameter  of  its  circumscribing  circle. 

Ex.  33.  The  hypotenuse  of  an  isosceles  right  triangle  is  10  inches. 
What  is  the  length  of  a  side  of  the  square  whose  area  is  three  times 
that  of  the  triangle  ? 

Ex.  34.  Given  an  irregular  hexagon  to  construct  an  equivalent 
square. 

Ex.  35.  One  diagonal  of  a  rhombus  is  -^  of  the  other,  and  the  dif- 
ference of  the  diagonals  is  14.  Find  the  area  and  the  perimeter  of  the 
rhombus. 

Ex.  36.  In  a  circle  of  area  275  square  feet  there  is  inscribed  a  rec- 
tangle of  150  square  feet.     Find  the  lengths  of  the  sides  of  the  rectangle. 

Ex.  37.  The  base  of  a  triangle  is  20  and  its  altitude  is  30.  Find  the 
area  of  the  trapezoid  cut  off  by  a  line  parallel  to  the  base  at  a  distance 
of  10  from  it. 

Ex.  38.  What  equal  regular  polygons  will  exactly  cover  a  plane 
surface  when  they  are  of  the  same  number  of  sides?  when  any  com- 
bination is  allowed  ? 

Ex.  39.  Express  the  area  of  a  regular  hexagon  in  terms  of  one  of  its 
sides  (a). 
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SOLUTION     OF     PROBLEMS     BY     MEANS     OF     ALGEBRAIC 

ANALYSIS 

436.  If  a  problem  requires  the  construction  of  lines,  it  is 
often  possible  to  state  the  condition  in  the  form  of  an  equa- 
tion. The  solution  of  the  equation  gives  the  unknown  line  in 
an  algebraic  form,  which  may  be  constructed. 

Ex.  A.     From   a   triangle    ABC,  to  cut   off 
an  isosceles  triangle  AXY,  equivalent  to  one 
half  of  ABC. 
Analysis.     Let 

AX  =  AY  =  X, 

AB  =  c.  X^ 

and  AC  =  h. 

A  AXY  :  iLABC  =  x^-:hc  =  I:  2.    (Why 
.-.  2  x2  =  he. 

Construction.  Construct  x,  a  mean  proportional  between  -  and  5, 
and  on  AB  and  AC  respectively,  lay  off  AX  and  AY  equal  to  x. 

Ex.  B.  From  a  point  outside  a  circle,  to  draw  a  secant  which  is 
bisected  by  the  circle. 

Analysis.  Let  PAB  be  any  secant.  Suppose  PCD  is  the  required 
secant. 

Then  PC  =  CDot  PD  =  2  PC. 

Designate  PB  and  PA  by  kno\^Ti  letters  b  and  a. 


Then,  by  §  322, 

PC ■  PD  = 

PB- 

PA 

or,  putting     PC  = 

X. 

x-2x  = 

h-a, 

2x2  = 

ha, 

X2    = 

ba  _ 
2 

1- 

Thxis  becomes 

l-  = 

x:a. 

Construction.     Construct  x,  a  mean  proportional  between  -  and  a. 
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Ex.  C.     To  inscribe  a  square  in  a  given  triangle. 

A 


Given  A  ABC  to  inscribe  a  square  in  this  A. 
Analysis.     Let  x  =  a  side  of  the  required  square. 


Let  the  altitude 
and  the  base 

By  similar  A, 
>r 

Then 

and 


AK  =  h 
BC  =  a. 
BC-.GF  =  AK.AH, 

a:  X  =  h:h  —  X. 
xh  =  ah  —  ax, 

ah  a 


a  +  h       (a  +  h) 
In  the  form  of  a  proportion,  a  +  h:a  =  h:  x. 
Constniction.     Construct  x  as  the  fourth  proportional  to  a  -}-  h,  a, 

and  h.  

Ex.  1.  To  divide  the  longer  side  of  a  rectangle  into  two  parts  so  that 
the  difference  of  their  squares  equals  the  area  of  the  rectangle. 

Ex.  2.  In  a  given  square,  to  inscribe  another  square,  having  a  given 
side. 

Ex.  3.    To  inscribe  a  square  in  a  semicircle. 

Ex.  4.  To  transform  a  given  square  into  a  rectangle  having  a 
perimeter  equal  to  twice  the  perimeter  of  the  given  square. 

Ex.  5.  Given  two  concentric  circles,  to  draw  a  chord  in  the  larger 
circle  so  that  it  equals  twice  the  chord  formed  in  the  smaller  circle. 

Ex.  6.    In  the  line  AB,  to  find  a  point  C  so  that  AC'^  =  S'CB^. 

Ex.  7.  To  construct  a  square  equivalent  to  the  difference  between  a 
given  square  diminished  by  one  half  a  second  given  square. 

Ex.  8.  Through  a  given  point  within  a  circle,  to  draw  a  chord  so  that 
the  given  point  is  a  trisection  point  of  the  required  chord. 
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MAXIMA  AND    MINIMA   OF  PLANE   FIGURES 

437.  Def.  The  greatest  of  all  magnitudes  that  satisfy 
given  conditions  is  called  the  maximum ;  the  least  is  called 
the  minimum. 

438.  Def.  Isoperimetric  figures  are  those  which  have 
equal  perimeters. 


Proposition  I.     Theorem 

439.  Of  all  triangles  having  given  two  sides,  that  in 
which  those  two  sides  are  perpendicular  to  each  other 
is  a  maximum. 

c 


Given  in  A  ABC  and  DFE,  AB  =  DF,  AC  =  DE,   ZA  =  rt. 
Z ,  and  Z  D  oblique. 
To  prove  area  ABC  >  area  DEF. 

Proof.     From  E  draw  EG  JL  DF. 

Then  EG  <  DE,  (Why?) 

or  EG  <  AC. 

.'.  A  ABC  and  DEF  have  equal  bases  and  unequal  altitudes. 
/.   AABC  >  ADEF.  (Why?) 

.*.  AABC  is  a  maximum. 


Ex.  1.  Of  all  triangles  having  given  the  base  and  the  median  to  the 
base,  which  is  the  maximum? 

Ex.  2.  Of  all  parallelograms  having  given  the  diagonals,  which 
has  the  maximum  area? 

Ex.  3.  To  divide  a  given  line  into  two  parts  such  that  the  rectangle 
contained  by  the  segments  is  a  maximum. 


266 


PLANE   GEOMETRY 
Proposition  II.    Theorem 


440.  Of  all  triangles  having  the  same  base  and 
equal  areas,  the  isosceles  triangle  has  the  minimum 
perimeter. 


Given  AADC  =  AABC,  and  AB  =  EC. 

To  prove    AB  +  EC  +  AC  <  AD  -\-  DC  +  AC. 
Proof.     Produce  AB  by  its  own  length  to  E.     Draw  BD  and 
DE. 

ED  II  AC 

(for  otherwise  AABC  would  not  he  =  AADC). 


AEED  =   ABAC. 

ABAC  =   A  EC  A. 

ABC  A  =   ACBD. 

:.    AEED  =   ACBD. 

EC  =  BE, 

ED  is  common. 

.-.   AEDC  ^  ABDE. 

.'.  DC  =  DE. 
AD  -{-  DE  >  AB  -\-  BE. 
.'.  AD  +  DC  >  AB  -\-  EC, 
or  adding  AC, 

AC  -\-  AD  +  DC  >  AB  -{■  EC  -{-  AC. 


But 
and 


But 


(Why?) 
(Why?) 
(Why?) 
(Ax.  1.) 
(Why?) 


(Why?) 
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441.  The  maximum  of  isoperimetric  triangles  on 
the  same  base  is  the  one  whose  other  tiro  sides  are 
equal. 


Given  A  ABC  and  ABD  ha\'ing  equal  perimeters. 
men  base  AB,  and  AC  =  CB. 

To  prove  area  ACB  >  area  ADB. 

Proof.  Draw  median  CE,  and  DF  AB.  meeting 
Draw  FA  and  FB. 

Then  CE  is  the  perpendicular  bisector  of  AB. 

.-.  AF  =  FB. 
^AFB  =  ^ADB. 
.  perimeter  AFB  <  perimeter  ADB. 

.'.  AF  —  FB   <  AD  —  DB. 
AB  ^  DB  -r  DA  =  AB  —  BC  ^  CA. 
.'.   DB  —  DA  =  BC  —  CA. 
.'.  AF  +  FB  <  Br  —  CA. 
AF  =  FB  and  BC  =  CA. 
AF  <  Ar. 
.'.  FE  <  CE. 
:.  area  AFB  <  area  ACB, 
or  area  ADB  <  area  ACB. 


But 


But 


But 

Hence 


the  com- 
er in  F. 
iTVhy?) 

(359) 

AAO) 

Hyp.) 

,.\x.  S.) 

(Sub.) 


(330) 
(361) 


442.    Cor.     Of  all    isoperimetric  triangles,    the   equilateral 
has  the  maximum  area. 
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Proposition  IV.     Theorem 

443.  Of  all  polygons  having  all  sides  given  in  order 
but  one,  the  polygon  having  the  maximum  area  can  he 
inscribed  in  a  semicircle  having  the  undetermined  side 
as  diameter.  e 


A  B 

Given  polygon  ABCDEF,  the  maximum  of  all  polygons, 
having  given  the  sides  AF,  FE,  ED,  DC,  and  CB. 

To  prove  ABCDEF  can  be  inscribed  in  a  semicircle  whose 
diameter  is  AB. 

Proof.     Join  any  vertex,  as  D,  with  A  and  B. 

Then  AADB  must  be  the  maximum  of  all  triangles  that  can 
be  formed  with  sides  AD  and  DB  ;  i.e.  Z  ADB  must  be  a  rt.  Z  , 
For  otherwise  by  making  ZADBsl  right  one  without  changing 
the  sides  AD  and  DB,  we  could  increase  AADB  without  alter- 
ing the  remaining  parts  AFED  and  DCB  of  the  polygon.  Or 
polygon  ABCDEF  would  be  increased,  w^hich  is  contrary  to  the 
hypothesis,  since  ABCDEF  is  a  maximum. 
.*.  Z^DB  is  a  right  angle, 
and  D  is  on  a  semicircumference  that  can  be  constructed  on  AB, 

For  the  same  reason  every  vertex  of  the  polygon  must  he 
on  the  semicircumference. 

Note,     We  assume  (1)  a  maximum,  and  (2)  but  one  maximum. 


Ex.  1.  In  quadrilateral  A  BCD,  AB  =  BC  =  CD  =  a  given  line. 
Determine  the  angles  A,  B,  C,  and  D  so  that  A  BCD  becomes  a 
maximum. 

Ex.  2.  To  inscribe  an  angle  in  a  given  semicircle  so  that  the  sum 
of  its  arms  is  a  maximum. 
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Propositiox  V.     Theorem 

444.  Of  all  polygons  constructed  irith  the  same 
given  sides  in  a  given  order,  that  which  can  be  in- 
scribed in  a  circle  has  the  maximum  area. 


Given  polygon  ABCDE  inscribed  in  a  circle,  mutually  equi- 
lateral with  polygon  a'B'C'D'E',  which  cannot  be  inscribed  in 
a  circle. 

To  prove       area  ABCDE  >  area  A'B'C'D'E'. 

Proof.  From  A  draw  diameter  AE,  and  join  F  to  the  two 
nearest  vertices  C  and  D. 

On  C'D\  construct  AC'D'F'  congruent  to  l^CDF.  and  join 

A'F'. 

Area  ABCF  >  area  A'B'C'F'.  {4AZ) 

Area  FDEA  >  area  F'D'E'a'.  (443) 

.*.  area  ABCFDE  >  area  a'B'C'F'D'E'. 

But  ACFD  ^  AC'F'D', 

Then  area  ABCDE  >  SiTes.  a' B'r'D'E' .  'Ax.  o.") 


Ex.  1.  In  quadrilateral  A  BCD,  AB  =  2  mches.  BC  ==  CD  =  DA 
=  1  inch.  What  must  be  the  angles  A,  B,  C,  and  D  to  make  the  area 
A  BCD  a  maximum? 

Ex.  2.  Determine  the  angles  of  pentagon  ABCDE,  if  its  area  is  a 
maximum  and  AB  =  BC  =  CD  =  2  inches,  and  DE  =  EA  =  2v2 
inches. 
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Proposition  VI.     Theorem 

445.  Of  all  isoperimetric  polygons  of  the  same 
number  of  sides,  the  equilateral  has  the  maximum 
area. 


Given  ABODE  the  maximum  of  all  isoperimetric  polygons  of 
the  same  number  of  sides. 

To  prove         ab  =  BC  =  CD  =  DE  =  EA. 

Proof.  Suppose  polygon  AB'CDE,  containing  the  two 
unequal  sides  CB'  and  AB' ,  were  the  maximum. 

Then  construct  on  the  diagonal  AC  the  isosceles  triangle 
AB'C,  isoperimetric  with  ABC.  (441) 

Area  AB'C  is  less  than  area  ABC. 

.'.  polygon  AB'CDE  is  less  than  the  isoperimetric  polygon 
ABCDE. 

Hence  polygon  AB'CDE  cannot  be  the  maximum. 

Or  in  the  maximum  polygon  AB  =  BC.  Therefore  all  sides 
of  the  maximum  polygon  are  equal. 

446.  Cor.  Of  all  isoperimetric  polygons  of  the  same  num- 
ber of  sides,  the  maximum  is  regular.  (444,  445) 


Ex.     In  a  given  semicircle  to  inscribe  a  trapezoid  whose  area  is 
a  maximum. 
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Proposition  VII.     Theorem 

447.  Of  two  isoperimetric  regular  polygons,  that 
ichich  has  the  greater  number  of  sides  has  the  greater 
area. 


E 


Given  regular  pentagon  ABODE  isoperimetric  with  regular 
hexagon  H. 

To  prove  area  H  >  area  ABCDE. 

Proof.     Let  F  be  any  point  in  CD. 

ABCFDE  may  be  considered  a  hexagon,  having  one  of  its 
angles  equal  to  a  straight  angle. 

ABCFDE  is  not  an  equilateral  polygon.  H  is  an  equilateral 
polygon. 

.-.  area  H  >  area  ABCDE.  (445) 

448.  Cor.  The  area  of  a  circle  is  greater  than  the  area  of 
any  polygon  whose  perimeter  equals  the  circumference  of  the 
circle. 


Ex.  1.    In  a  given  segment  to  inscribe  an  angle  so  that  the  sum  of 
its  arms  is  a  maximum. 

Ex.  2.    In  a  given  circle  to  inscribe  a  triangle,  having  a  maximum 

perimeter. 

Ex.  3.    The  circumscribed  regular  polygon  has  a  smaller  area  than 
any  other  polygon  circumscribed  about  the  same  circle. 

Ex.  4.    Of  all  equivalent  parallelograms  on  the  same  base,  which 
has  the  minimum  perimeter? 
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Proposition  VIII.     Theorem 


449.  Of  two  equivalent  regular  polygons,  that  which 
has  the  greater  number  of  sides  has  the  smaller  perim- 
eter. 


(447) 


Given  square  A  =  regular  pentagon  B. 
To  prove        perimeter  of  A  >  perimeter  of  B. 
F^oof .     Construct  square  C  isoperimotric  with  B. 
Area  C  <  area  B, 
or  area  C  <  area  A. 

.'.  perimeter  of  C  <  perimeter  of  A. 
.'.  perimeter  of  5  <  perimeter  of  A. 

450.    CoR.     The  circumference  of  a  circle  is  less  than  the 
-perimeter  of  any  equivalent  polygon. 
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SYMMETRY 

451.    Two  points  A  and  A'  are  symmetric  with  respect 
to  a  point  0,  if  0  is  the  mid-point  of  AA'. 


t 1 1 

A  0  A' 

452.    A  figure  is  symmetric  with  respect  to  a  point  0,  if 

any  point  in  the  figure  is  symmetric  to  another  point  in  the 
figure  witli  respect  to  0.  I^j^ 

Thus,  ABCDEF  is  a  figure  sym- 
metric to  O.  Obviously  any  line  drawn 
through  0  and  terminated  by  the  fig- 


^.YP 


N 

ure,  as  XOX',  is  bisected.  If  the  figure  consists  of  two  parts,  as 
AMNP  and  AM'N'P',  the  two  parts  {i.e.  the  two  triangles)  are  sym- 
metric with  regard  to  0. 


453.  Two  points  A  and  A' 
are  symmetric  with  regard 
to    an   axis    AT,    if    XY   is 

tlie  perpendicular-bisector  of 
AA'. 

454.  Two  figures  are  sym- 
metric with  regard  to  an 
axis  A'}',  if  to  every  point  in 
the  figure  Q,  there  exists  a 
corresponding  point  in  the  other,  Q 
symmetric  with  respect  to  XY. 


A 

■f 

I 

^ 

E 

dW 

A' 

\ 

II 

^ 

E' 

so  that  Q  and  Q'  are 
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Thus,  ADEF  and  AD'E'F'  are  sym- 
metric with  respect  to  XY.  The  two 
figures  may  also  form  parts  of  one  figure, 
as  GHIK.  Then  the  entire  figure  G  HIK 
is  said  to  be  symmetric  with  respect  to 
XY. 

455.  If  two  figures  I  and  II  are  symmetric  with  regard  to 
an  axis  XY  and  one  figure  I  is  turned  about  XY  until  it  lies  on 
the  same  side  of  XY  as  the  other  figure  II,  then  I  and  II  will 
coincide. 

Conversely,  if  such  a  rotation  produces  a  coincidence  of  the 
figures,  they  are  symmetric  with  respect  to  XY. 

456.  Theorem.  //  a  figure  is  symmetric  with  respect  to 
two  axes  perpendicular  to  each  other,  it  is  symmetric  with 
respect  to  their  point  of  intersection. 

Let  A  be  a  point  in  the  figure.  There  must 
exist  another  point  A'  so  that  A  A'  _L  XT'  and 
AB  =  A'B.  Similarly  there  must  be  another 
point  A"  so  that  A' A"  ±  XY  and  A'C  =  A"C. 
Obviously  AA'  \\  XY  and  A' A"  ||  XY. 

Draw  A  A". 

Then  X'  Y'  bisects  A  A".  (148) 

Similarly  XY  bisects  AA" .  (148) 

.*.  XY  and  X'Y'  meet  AA"  xw.  its  mid-poin,t. 

Or  fine  A  A"  is  bisected  by  O,  the  point  of  intersection  of  XF  and 
X'Y' .  Or  to  any  point  {A)  there  exists  another  A"  so  that  A  and  A" 
are  symmetric  with  regard  to  O. 


Ex.  1.  A  parallelogram  is  symmetric  with  respect  to  the  point  of 
intersection  of  its  diagonals. 

Ex.  2.  An  isosceles  triangle  is  symmetric  with  respect  to  the  median 
drawn  to  the  base. 

Ex.  3.  Quadrilateral  A  BCD  is  symmetric  with  respect  to  the 
diagonal  AC,  if  AB  =  AD,  and  BC  =  CD. 

Ex.  4.   A  regular  hexagon  is  symmetric  with  respect  to  its  center. 

Ex.  5.    Two  figures  symmetric  with  respect  to  an  axis  are  congruent. 

Ex.  6.   Two  figures  symmetric  with  respect  to  a  point  are  congruent. 
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THE    IXCOMMEXSURABLE    C.ISE    B.\>SED    UPOX    LIMITS  i 

457.  A  constant  is  a  quantity  that  maintain-  thp  same 
value  throughout  the  same  discussion.  A  vaxiable  is  a 
quantity  whose  value  changes  dming  the  same  discussion. 

Two  quantities  are  commensurable  if  they  have  a  common 
measiu*e.  Two  quantities  are  inconimensurable  if  they  have 
no  common  measure. 

458.  If  a  variable  x  approaches  a  constant  a  so  that  the 
difference  between  a  and  x  becomes  and  remains  less  than  any 
conceivable  number  (not  zero),  then  a  is  called  the  limit  of  x. 

For    example,    suppose    a      , 

point  P  to  move  from  A  to  B     '^  ^  -       z       3 

in  such  a  way  as  to  move  in 

the  first  second  over  half  of  AB  to  C.  in  the  second  second,  over  half  of 
the  remainder.  CB,  to  D,  in  the  third  second  over  hah"  of  the  re- 
mainder. DB,  to  E,  and  so  on  indefinitely. 

It  is  e\ident  that  the  distance  from  .-1  to  the  mo\^g  point  P  is  a 
variable  whose  value  can  be  made  to  differ  from  AB  by  less  than  anv 
assigned  quantity,  although  it  never  can  be  made  equal  to  AB. 

AB  is  therefore  the  limit  of  the  variable. 

Ex.    (a)  What  is  the  limit  of  .9^9  ■■•  ? 

(6)  What  is  the  limit  of  6  ^  3  —  f  —  J  —  •  ■  ■  to  infinity? 

459.  Theorem.  If  two  variables,  x  and  y.  are  always 
equal  and  x  approaches  a  as  a  limit,  then  y  approaches  a  as  a 
limit. 

Proof,  a  —  X  =  a  —  y.  and  a  —  x  can  be  made  le.ss  than 
any  assignable  nimiber. 

Hence,  a  —  y  can  be  made  smaller  than  any  assignable 
number. 

460.  Cor.  If  two  variables  are  always  equal  and  each 
approaches  a  limit,  the  limits  are  equal. 

1  This  section  is  given  for  teachers  who  wish  to  introduce  limits  in  connec- 
tion with  Book  II.     Otherwise  it  should  be  omitted.     See  note.  p.  124. 
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Proposition  I.     Theorem 

461.    In  the  same  circle,  or  in  equal  circles,  two 
central  angles  have  the  same  ratio  as  their  arcs. 


Given  in  the  equal  circles  ABC  and  A'B'C,  two  central  angles  AOB 
and  A'O'B',  having  the  arcs  AB  and  A'B'  respectively. 

ZAOB  AB 

To  prove  ~ZIWW  ^  ~^=^' 


Proof.     Case  I.     When  the  arcs  are  commensurable. 
Let  arc  a  be  a  common  measure  contained  in  AB  m  times  and  in 
A'B'  n  times. 

AB        m 


Then, 


rB'       '' 


Connect  the  points  of  division  with  the  center.     Then  Z  AOB  will 
have  been  divided  into  m  parts  and  Z  A'O'B'  into  n,  all  being  equal.  (183) 


Whence 

A  AOB 

_  ??z_ 

A  A'O'B' 

n 

Hence  if 

AB 

.fs' 

m 

ZAOB 

AB 

en 

Z  A'O'B' 

jfS' 

(Ax.  1.) 


Note.  If  the  student  cannot  see  the  proof  clearly  by  using  the 
numbers  m  and  n,  let  him  use  some  such  ratios  as  4  to  5,  and  then 
generalize  his  results. 
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Case  II.     When  the  arcs  are  incommensurable. 
Divide  A  B  into  any  number  of  equal  parts,  and  apply  one  of  those 
part-s  to  A'B'  as  many  times  as  possible. 


Since  AB  and  A'B'  are  incommensurable,  there  must  be  a  remainder 
C'B'  less  than  one  of  the  equal  parts. 
Draw  O'C. 
Since  the  arcs  AB  and  A'C"  are  commensurable. 

AT"      ZA'O'C" 


AB        ^-^^^ 

By  increasing  the  number  of  parts  into  which  AB  is  divided,  we 
can  diminish  the  length  of  each  part.  and.  therefore,  the  length  of  C'B' 
indefinitely. 

Hence  A'C"  approaches  A'B'  as  a  limit,  and  /.A'O'C'  approaches 
ZA'O'B' as  a  limit. 

Therefore 

^  ^  ZAOB  AAOB 

The  variables  - — -  and      ;       ^    being  alwavs  equal,  must  have 
AB  ^-^^^ 

equal  limits.  (460) 


462.    Cor.     A  central  angle  is  measured  by  its  intercepted 
arc. 
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Proposition  II.     Theorem 


463.    A  line  parallel  to  one  side  of  a  triangle  divides 
the  other  two  sides  into  segments  that  are  proportional. 


B  C 

Given  in  AABC,  DE  parallel  to  BC. 
To  prove  AD  :  DB  =  AE  :  EC. 

Proof.     Case  I.     AD  and  DB  are  commensurable. 
Let  w  be  a  common  measure  contained  in  AD  a  times  and  in  DB 
b  times. 

rru  AD_a 

Then  ^-■^' 

Through  the  points  of  division  oi  AB  draw  parallels  to  BC.     These 
lines  divide  AE  into  a  parts  and  EC  into  b  parts,  all  being  equal.       (148) 

AE  _  a 
EC       b' 


Whence 


AD 
DB 


AE 
EC 


(Ax.  1.) 


Case  II.     A  D  and  DB  are  incommensurable. 

Divide  AD  into  any  number  of  equal  parts, 
and  apply  one  of  those  parts  to  DB  as  many 
times  as  possible. 

As  the  lines  AD  and  DB  are  incommensu- 
rable, there  must  be  a  remainder,  B'B,  less  than 
one  of  the  equal  parts. 

Draw  B'C  parallel  to  BC. 

The  lines  A  D  and  DB'  are  commensurable. 
.    AD   _  AE 
"  DB'       EC' 
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By  increasing  the  number  of  parts  into  which  .4 D  is  divided,  we  can 
diminish  the  length  of  these  parts,  and  therefore  the  length  of  B'B 
indefinitely. 

Hence  DB'  approaches  DB  as  a  limit,  and  EC"  approaches  EC  as  a 

limit. 

The  variables  ^—-—  and  ^——,  being  always  equal,  must  have  equal 
1-    •,  DB  EC 

linuts. 


Propositiox  III.     Theorem 

464.    Rectangles  having  equal  altitudes  are  to  each 
other  as  their  bases. 

D  C  D'  C 


A  3  A'  3' 

Given  in  rectangles  ABCD  and  A'B'C'D',  altitude  AD  =  altitude 
A'D\ 

^  ABCD  AB 

^''''''  a^b^cd'^Tb- 

Proof.     Case  I.     .4.5  and  .4. '5'  are  conmiensurable. 
Let  )n  be  a  common  measure  contained  in  ABa  times  and  in  A'B' 
h  times. 

[To  be  completed  by  the  student.     Compare  ''4:63).] 

Case  II.     AB  and  A'B'  are  incommensurable. 

Di\-ide  A  B  into  anv  number 
of  equal  parts,  and  lay  off  one 
of  these  parts  on  A'B'  as  many 
times  as  possible. 

As  AB  and  A'B'  are  incom- 
mensurable, there  must  be  a  remainder.  EB' ,  less  than  one  of  the  equal 
parts. 

Draw  EF  L  A'B'. 

As  A  B  and  A  'E  are  commensurable. 

ABCD   ^   A^ 
A'EFD'      ae' 
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By  increasing  the  number  of  parts  into  which  AB  is  divided,  we  can 
diminish  the  length  of  these  parts,  and,  therefore,  the  length  of  EB' 
indefinitely. 

Hence,  A'E  approaches  A'B'  as  a  limit,  and  A'EFD'  approaches 
A'B'C'D'  as  a  limit. 

The  variables         i,      and  -— — ,  being  always  equal,  must  have  equal 
A  EFD  A'E 

limits. 

A BCD  AB 


Whence 


A'B'C'D'       A'B' 
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BOOK   I 

1.  In  order  to  determine  the 
distance  across  a  river  AB,  we 
measure  A  A'  at  right  angles  to 
AB.  and  place  a  stake  at  C,  the 
mid-point  of  AA'.  From  A'  we 
walk  in  a  direction  perpendicu- 
lar to  A  A'  until  we  reach  the 
point  B'.  which  is  in  a  straight 
line  with  B  and  C.  Which  dis- 
tance must  we  measure  in  order 
to  obtain  the  width  of  the  river?    Why? 

2.  Show  what  line  we  have  to  measure  in  order  to  determine  the 
width  of  a  lake  AB.  if  we  make  Z  ACB  =  Z  ACB'  and  BB'  _  AC. 

3.  In  order  to  measure  the  distance 

of  a  tree  from  a  steeple  »?.  both  on  the  ^"        ^ 

other  side  of  a  river,  I  locate  a  point  A 


Ex.  1 


Ex.  2 

^  It  is  strongly  recommended  that  students  measiixe  some  ang.es  in  '~e 
field  by  means  of  a  transit,  a  plane  table,  a  sextant,  etc.  It  is  not  necessary 
that  such  instruments  be  ver\-  elaborate,  and  even  very  cmde  ones,  made  of 
tvo  paper  protractors,  a  ruler,  and  a  few  pins,  are  ser\-ic«able. 
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in  the  prolongation  of  ST,  take  a  line  AB,  and  place  a  stake  at  its 
mid-point  C.     From  B,  I  walk  in  a  direction  BS'  so  that  ZB  =  ZA, 
and  put  stakes  at  point  T'  which  lies  in  the  prolongation  of  TC,  and 
B  at  the  point  S',  which  lies  in  the  pro- 

longation of  SC.     ^\^lich  line  must 
I  measure?     Prove  your  statement. 


Ex.  6 


B 


4.  Show  how  the  annexed  Angle  Divider  can  be  used  to  obtain  the 
bisector  BD  oi  any  angle  ABC. 

5.  Show  how  a  ruler  and  a  triangle  can  be  used  to  draw  a  line  CD 
parallel  to  a  given  line  AB. 

6.  A  triangle  is  placed  against  a 
ruler  in  the  two  positions  which  are 
indicated  in  the  diagram,  and  the  po- 
sition of  ^5  is  in  both  cases  the  same. 
How  many  degrees  are  in  angle  B  ? 

7.  To  measure  the  distance  AB,  we  walk  from  B  toward  D  so  that 
ZB  =  60°,  until  we  reach  C,  a 
point  at  which  ZACB  =  60°. 
What  line  must  we  measure 
to  obtain  A5?    Why? 

8.  Atapoint  C,  SOft.from 
the  foot  of  a  pole  AB,  the 
angle  ACB  was  found  to  be 
45°.     How  high  is  the  pole? 

9.  Walking  along  the  bank  of  a 
river  from  ^  to  C,  a  surveyor  meas- 
ures at  B  the  angle  ABS,  and  walk-     — 
ing  800  ft.  further  to  C,  he  found 
angle  BCS  to  be  one  half  of  angle  ABS. 


/ 


Ai' 


Ex.  7 


Ex.  8 

S 


B  Ex.  9  C 

What  is  the  distance  BS'i 
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10.  Find  the  length  AB  of  a  lake  from 
the  following  measurements  :  Z  DAB  =  138°, 
ZC  =  42°,  AC  =  610  yd.,  BC  =  400  yd. 

11.  A  man  in  a  balloon  B  measures  the 
angles  which  a  horizontal  Une  HH'  forms 
with  the  lines  d^a^^Tl  to  two  towns  T  and  T' 
as  follows:  ZHBT  =  40°,  ZH'BT  =  70°. 
If  the  distance  between  the  towns  is  two 
miles,  and  if  the  balloon  is  directly  above 
the  hne  TT' ,  what  is  the  distance  of  the 
balloon  from  T  ? 

12.  A  ship  sailing  north  at  the  rate  of 

10  mi.  per  hour  occupied  at  8  a.m.  the  position 
S.  and  at  10  a.m.  the  position  *S'.  How  far  was 
the  ship  at  10  a.m.  from  a  lighthouse  Z,  if 
Z.S  =  43°  and  Z.V.S'L  =  86° ? 


Ex.  11 


S' 


'"/ 


SV      Ex.12 

\iP  Piil.M'M, 


13.  In  the  diagram  given  here  (and  in  the 
diagram  of  similar  exercises)  MM'  represents  a 
mirror  perpendicular  to  the  plane  of  the  paper,  and 
aU  other  lines  represent  lines  in  the  plane  of  paper. 
/P  is  a  ray  of  light  and  PPi.  is  the  reflected  ray,  then  Z  /  {angle  of  in- 
cidence) always  equals  Zr  {angle  oj  P 
reflection ) ,  hence  Za=  Zb.                 A 


Ex.  13 


If  rays  emitted  from  a  point  A  are  reflected  by  a  mirror  MM', 
prove  that  we  obtain  the  reflected  rays  {i.e.  make  the  necessary 
angles  equal)  by  the  following  construction  :  Draw  AB  J_  MM'  and 
produce  AB  by  its  own  length  to  A'.  Draw  A' P.  PR,  the  pro- 
longation of  AP.  is  the  reflected  rav. 
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14.  A  billiard  ball  is  reflected  by  a  cushion  according  to  the  same 
law  as  a  ray  of  light  is  reflected  by  a  mirror,  i.e.  the  angle  of  inci- 
dence equals  the  angle  of  reflection.     (Ex.  13.) 

The  billiard  ball  A  is  to  hit  a  point  P  in  the 
cushion  CD,  and  be  reflected  therefrom  so  as 
to  strike  B.  Determine  the  location  of  P  by 
a  construction. 

15.  If  the  bah  A  shall  first  strike  cushion     ^ 
CD,  then  cushion  DE,  and  finally  hit  B,  con- 
struct the  path  of  the  billiard  ball. 

16.  The  ray  IP  is  reflected  by  MM  in 
the  direction  PR,  and  if  the  mirror  is 
turned  10°  in  the  position  M'M'  ( Z  MPM' 
=  10°),  the  same  ray  is  reflected  in  the 
direction  PR'.     Find  Z  RPR'. 

17.  Solve  the  same  problem  if 

Z  MPM'  =  n°. 
Note.     The  result  of  this  problem  forms 
the  principle  of  the  sextant,  an  instrument 
used  chiefly  by  sailors,  for  measuring  angles. 

18.  Two  mirrors  MO  and  NO  form  an  angle 
O  equal  to  45°.  If  a  ray  ^5  is  reflected  in  the 
direction  BC,  and  BC  in  the  direction  of  CD, 
find  the  angle  form.ed  by  the  first  and  last  ray 
{i.e.  Z.t),  if 

(a)    ZABM  =  70°. 

(6)    ^ABM  =  n°. 
Note.     The  preceding  exercise  explains  the  prin- 
ciple of  an  instrument  (cafled  optical  square)  which 
is  used  to  lay  off  right  angles. 

19.  The  annexed  diagram  represents  a 
portion  of  a  map,  A  and  B  two  towTis,  and 
CD  a  railroad. 

It  is  proposed  to  build  a  station,  S,  which 
is  just  as  far  from  A  as  from  B.  Locate  S 
by  a  construction.  Ex.  19 
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Ex.  20 


20.  A,  B,  and  C  represent  the  locations  of  three  towns  (on  a  map). 
[t  is  proposed  to  build  a  common  schoolhouse,  S,  which  is  ecjually 
far  from  A,  B,  and  C.  By  a  construction 
locate  S. 

21.  From  a  ship  which  sails  N.E.  {i.e. 
northeast)  at  the  rate  of  6  mi.  an  hour,  a 
lighthouse  is  observed.  At  9  p.m.  the  light- 
house appears  exactly  East,  at  11  p.m.  it  ap- 
pears exactly  South.  At  what  hour  was  the  ship  nearest  to  the 
lighthouse  and  what  was  the  distance  between  them  at  this  hour  ? 

22.  Explain  how  the  instrument     CM  N  D 
represented  in  the  figure  can  be 
used  to  draw  lines  {e.g.  CD)  par- 
allel to  a  given  line  AB  [M, 
N,    0,^^and    P    are    pivots, 
MO  = 'iVP,  and  MN  =  OP]. 

23.  To  measure  the  : 
distance  from  A  to  B, 
two  points  on  opposite 
sides  of  a  hill,  lay  off 
two  lines,  AC  and  BD, 
both  running  due  north, 
and  make  AC  =  BD. 
Which  line  must  be 
measured  to  obtain  the 
length  of  AB?    Why? 

24.  Explain  how  an  ordinary  ruled  sheet  can  be  used  to  divide 
a  given  line  .45  in  5  equal  parts.  Under  what  conditions  is  it  im- 
possible to  use  this  method? 

25.  To  divide  a  strip  AB  into  5 
equal  strips  by  lines  parallel  to  A  and 
B,  apply  a  ruled  sheet  as  indicated  in 
the  figure  and  obtain  the  4  points  a,  b, 
c,  d.  In  like  manner  obtain  a' ,  b',  c', 
and  d',  and  join  the  corresponding 
points.     Prove  this  construction.  ^V  "      Ex,  25 


Ex.  24 
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26.  Show  how  to  determine  the  distance  be- 
tween two  points  A  and  B,  which  are  separated 
by  a  house,  by  measuring  the  following 
lines  :  AD  =  9  yd.,  AC  =  18  yd.,  EC  =  11 
yd.,  CB  =  22  yd.,  and  DE  =  10  yd. 

27.  To  measure  the  distance  AB,  sl 
man  walks  in  the  direction  AD,  so  that 
ZBAD  =  60°,    and   stops    at   a   point 

If  AC  =  200  yd 


C,    where  Z  BCD  =  90°. 
what  is  the  length  oi  AB? 
28.   The  top  of  a  flagstaff,  75  ft.  high,  is 
partly  broken  and  touches  the  ground  at  B. 
Find  the  height  of  AC,  ii  ZB  =  30°. 
B 


^.D 


Ex.  28 

29.  To  measure  the  height,  AB,  of  a  tower,  a  man  walks  on  a  level 
straight  road  DC  A  that  leads  directly  to  the  foot  of  the  tower.  At 
D,  Z  BDA  =  15°,  and  at  C,  Z  BCA  =  30°.    Find  AB,  if  DC  =  300ft. 

30.  AB  is  a  perpendicular  chff 
rising  at  one  side  of  a  river. 
An  observer  at  a  point  C,  20  ft. 
from  the  opposite  bank,  measures 
ZACB  =  60°,  and  walking  200  ft. 
further  away  from  the  river  to  D, 
he  measures  Z  BDA  =  30°.  Find 
the  breadth  of  the  river. 

31.  A  straight  railway  A  B  meets  a  moun- 
tain at  C,  and  a  tunnel  is  being  driven  at  C 
in  the  direction  AC.  It  is  proposed  to  com- 
mence this  work  at  the  other  side  of  the 
mountain  also.  Angle  ABD  is  made  equal 
to  150°,  BD  =  S  km.,  and  Z  D  =  60°.  How 
far  from  D  in  DE  must  the  tunnel  be 
driven,  and  what  is  its  direction? 


Ex.  30 


Ex.  31 
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Ex.  32 


BOOK  II 

32.  The  figure  represents  an  instrument 
used  for  locating  the  center  of  circular  disks. 
Three  pieces  of  metal  are  so  joined  that  the 
edge  AB  bisects  the  angle  formed  by  BD  and 
BE,  BD  and  BE  being  equal.  Prove  that 
AB  passes  through  the  center  of  the  circle. 

33.  The  next  figure  represents  the 
same  instrument  appHed  to  a  much 
larger  disk.  Prove  that  AB  passes 
through  the  center. 

34.  The  angle  of  elevation  or  angle 
of  depression  of  any  object  A  as  ob- 
served from  0,  is  the  angle  which  the 
line  from  the  eye  of  the  observer  0  to 
the  object  makes  with  a 
horizontal  line  in  the  same 
vertical  plane.  ^^-"^ 

If    the    object  ^^'-"' 

lies    higher    than   o^^^-^ 

the  observer,  the 

angle  is  an  angle  of  elevation,  as  Z  e.     If  the  object  hes  lower  than 

the  observ'er,  the  angle  is  an  angle  of  depression,  as  Z  d. 

Prove  that  the  angle  of  elevation  of  an  object  may  he  measured 
as  foUows  :  A  quadrant  is  placed  in  vertical  position  so  that  the  pro- 
,  A 


Ex,  34 
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Ex.  35 


Ex.  36 


longation  of  BO  passes  through  A.  (This  is  done  by  means  of 
"sights"  attached  at  BO.)  A  phunb  hne  OD,  held  by  a  pin  at  0, 
intersects  the  arc  BC  at  E.  The  angle  of  eleva- 
tion is  measured  bj^  arc  EC.  Similarly  arc  C'E' 
measures  the  angle  of  depression  d. 

35.  Prove  that  a  diameter  of  a  circular  disk 
may  be  drawn  from  A  as  follows  :  Place  a  rectan- 
gular sheet  of  paper  so  that  one  vertex,  B,  lies  on 
the  circle,  and  the  adjacent  side  passes  through 
A.     C  is  the  other  end  of  the  required  diameter. 

36.  Justify  the  following  method  for 
testing  the  accuracy  of  a  semicircular 
groove :  Place  a  carpenter's  square  in 
the  position  indicated  in  the  figure.  If 
its  vertex  touches  every  point  of  the 
groove  as  the  square  slides  around,  the 
groove  is  a  true  semicircle. 

37.  If  A  and  B  are  two  lighthouses, 
and  dangerous  rocks  lie  within  the 
circle  ABC,  while  all  points  without 
the  circle  are  navigable,  prove  that  a 
ship  S  is  not  in  danger  of  striking  the 
rocks  as  long  as  ZS  is  less  than  Z  C. 

Note.     The    following  six   construc- 
tions (38  to  43)  should  be  carried  out  by 
means    of    protractor    and    ruler.     The 
required  lines,  or  angles,  should  be  found  (approximately)  by  measure- 
ment.    (See  p.  303,  Ex.  19.) 

38.  A  vertical  pole  25  ft.  high  casts  a  shadow  40  ft.  long.  \^liat 
is  the  angle  of  elevation  of  the  sun?     (Let  1  in.  represent  20  ft.) 

39.  A  perpendicular  cliff  rises  from  the  bank  of  a  river.  The 
angle  of  depression  of  the  other  bank,  as  observed  from  the  top  of 
the  cliff,  is  40°.  If  the  cliff  is  120  ft.  high,  what  is  the  breadth  of  the 
river?     (Let  1  in.  represent  60  ft.) 

40.  At  a  horizontal  distance  of  80  ft.  from  the  foot  of  a  tower,  the 
angle  of  elevation  of  its  top  is  50°.     Find  the  height  of  the  tower. 
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41.  From   a  window  60   ft.  above   the    Vv' 
ground,  the  angles  of  depression  of  the  top 
and  the  bottom  of  a  monument  are  ob- 
served to  be  20°  and  40°.     Find  the  height 

of  the  monument. 

42.  From  two  stations  A  and  B.  on  opposite 
sides  of  a  cloud,  the  angles  of  elevation  are 
found  to  be  A  =  60°,  B  =  70\  Find  the  height 
of  the  cloud  if  .4B  =  2  mi. 

43.  If  the  radius  of  the  equator  is  4000  mi., 
what  is  the  radius  of  the  parallel  40°  X.? 
(Make  2000  mi.  =  1  in.)  A 


44.  On  a  map  CD  represents  a  road  and 
A  and  B  two  steeples.  A  man  walking  on 
the  road  from  C  to  D  measured  at  a  certain 
point  X,  the  angle  AXB  =  45^  He  als^j 
noticed  that  X  was  nearer  to  B  than  to  .4. 
Locate  the  point  A'  on  the  map. 

45.  A,  B,  and  C  are  three  points  on  a  map. 
At  a  certain  point  A',  a  surveyor  measured 
ZAXB  =  90°  and  ZAXC  =  60°.  Locate 
the  point  A'  on  the  map, 

46.  At  the  rectangular  intersection  of  two 
streets  the  corner  of  the  sidewalk  is  some- 
times ''rounded  off."  Construct  the  arc 
representing  the  rounded  corner  if  its  radius 
equals  25  ft.  and  if  we  assume  the  scale  1  :  50C 
{i.e.  in  the  dra'^ing  1  in.  represents  500  in.). 

47.  Solve  the  preceding  problem  if  the 
streets  intersect  at  an  acute  angle. 


--H 


Ex.- 41 
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48.  A  wheelman  riding  in  the  direction  AB  (||  DH)  wishes  to  turn 
the  corner  by  moving  in  a  circular  path  so  that  the  nearest  approach 
to  the  sidewalk  is  indicated  by  the  point  C.  He  continues  his  ride  in 
the  direction  EF  ( ||  HG) .  If  CH  bisects  Z  H,  and  the  distance  of  the 
first  parallel  lines  (AB  and  DH)  is  equal  to  the  distance  of  the  second 
pair  (HG  and  EF),  construct  the  arc  representing  his  path. 


A  D^ 


'1/ 


t 


Ex.  48 


Ex.  49 


Ex.  50 


49.  Solve  the  analogous  problem  for  the  track  of  a  street  car  line. 

50.  "  Round  off  "  the  corner  C,  made  by  a  straight  street  and  a  cir- 
cular one,  by  constructing  a  circle  whose  radius  equals  a  given  line  r. 

51.  Construct  a  Gothic  arch  similar  to  the  one  in  the  diagram,  if 
the  span  AB  and  the  height  CD  are  given.  (The  unknown  centers 
of  the  arcs  AD  and  BD  lie  in  AB.) 


Ex.  53 


52.  A  Gothic  arch  ABC  is  equilateral,  if  A  is  the  center  of  BC 
and  C  is  the  center  oi  AB. 

Inscribe  a  circle  in  an  equilateral  arch. 

53.  Construct  the  annexed  figure,  which  consists  of  three  equi- 
lateral arches  and  a  circle  touching  the  three,  if  AB  is  given. 
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54.  The  shadow  of  a  steeple  upon  level  ground  i<  120  ft.,  while  a 
pole  8  ft.  long  casts  a  shadow  3  ft.  long.     How  liigh  is  the  steeple? 

55.  To  determine  AB,  the  width  of  a  river, 
measure  AC  at  right  angles  to  AB,  and  CD  at 
right  angles  to  AC.  By  sighting  from  D  to 
B  locate  the  point  E.  ^Miat  is  the  length  of 
AB  if  AE  =  200  ft.,  EC  =  25  ft.,  DC  =  20  ft.  ^ 


56.  Show  how  the  distance  AB,  wliich  can- 
not be  measured  directly,  may  be  determined 
by  the  following  measurements  :  AE  =  SO  ft., 
EC  =  20  ft.,  DB  =  100  ft.,  DC  =  25  ft., 
ED  =  30  ft. 


57.  The  location  of  the  image  A'  of  a  point 
A,  formed  in  a  photographer's  camera,  is  ap- 
proximately found  by  drawing  a  straight  line 
AA'  through  the  center  of  the  f^ 
lens  L.  U  CE  is  the  position 
of  the  photographic  plate,  then 
A'B'istheimageoiAB.  How 
large  is  A'B'  if  A5  =  6  ft.. 

LD  =  12ft.,  and  LF  =  6  in.? 

B 


Ex.  .56 


Ex.  57 


58.  The  top  of  a  tower  AB  appears  in 
a  straight  hne  ^\ith  D,  the  top  of  a  pole 
DC,  when  viewed  from  E.  If  EA  is 
horizontal,  £'C  =  4  ft.,  DC  =  3  ft.,  and 
CA  =  36  ft.,  what  is  the  height  of  the 
tower? 


•-^D 


IH:^ 


Ex.  58 
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59.  An  observer  sees  the  re- 
flected image  of  the  top  of  a  tree 
formed  by  a  pool  of  water  in  thp 
direction  ET'.  If  FPA  is  a  hori- 
zontal straight  line,  both  EF 
and  TA  are  perpendicular  to 
FPA,  EF  =  5  ft.,  FP  =  8  ft., 
and  PA  =  30  ft.,  find  the  height 
of  the  tree. 

60.  If  the  side  of  the  square  in  the 
diagram  (diagorial  square)  is  unity, 
show  how  we  may  measure  .1,  .2,  .65, 
.34,  etc. 

61.  A  pantograph  is  a  machine  for  drawing  a  figure  MNO  similar 
to  a  given  figure  mno.  It  is  used  for  enlarging  and  reducing  maps 
and  drawings.  It  consists  of 
four  bars,  which  are  jointed 
SitA,B,  C,  and  D,  and  which 
are  made  parallel  by  making 
AB  =  DC  and  AD  =  BC. 
P  turns  about  a  fixed  pivot, 
and  pencils  are  carried  at  D 
and  E.     The  length  of  PA 

P  4       DC 

and  CE  is  so  adjusted  that— ^  =  ——• 

AD       L  E 

PD       PA. 

E  are  in  a  straight  fine,  ^-^  ^^  y^ 


Ex.  61 


Prove  that  {D  P,  D,  and 
,  (3)  any  straight  line  MN 


mn 
MN 


—  ,  (4)  any  triangle  MNO  drawn  by 
PB 


is  parallel  to  rmi  and 

the  pantograph  is  similar  to  the  given  triangle  mno. 

62.  The  figure  represents  an  instrument  {propor- 
tional compasses)  for  obtaining  a  line  CD  which  is  any 
given  fraction  of  a  given  line  AB.  By  adjusting  the 
length  of  OC,  OD  we  may  make  this  fraction  equal  to  f 
of  AB,  etc.  Prove  that  CD  =  |  of  AB,  if  OC  =  f  OB 
and  OD  =  i  OA. 


Ex.  62 
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Ex.  64 


63.  A  map  is  drawn  to  the  scale  of  1  in.  to  100  mi.     How  far 
apart  are  two  places  that  are  3^  in.  apart  on  the  map  ? 

64.  A  man  walking  at  the  rate  of  3  mi. 
per  hour  on  a  straight  road  ab  which  is  paral- 
lel to  a  straight  railroad  RR'  observes  that  a 
pole  P  appears  in  the  same  line  of  sight  with 
a  point  C  of  a  moving  train.  If  the  distance 
of  P  from  ab  is  10  ft.  and  the  distance  be- 
tween RR'  and  ab  is  100  ft.,  what  is  the  rate 
of  the  moving  train?  Does  it  move  at  uni- 
form speed  ? 

Note.  The  following  examples  which  relate  to  the  earth  can  often 
be  simplified  bv  bearing  in  mind  that  some  numbers  are  only  approxima- 
tions. Thus,  if  a  secant  equals  SOOO^ffo  mi.,  we  may  drop  the  fraction 
and  make  it  equal  to  8000,  since  the  error  in  assuming  the  diameter  of 
the  earth  as  8000  is  much  greater  than  the  small  fractions.  Similarly 
we  may  measure  the  distance  between  two  points  on  the  earth's  surface 
by  a  straight  line  instead  of  an  arc,  etc. 

65.  If  the  diameter  of  the  earth  is  SOOO  mi., 
how  far  can  you  see  (a)  from  a  hghthouse  96  ft. 
high?     {b)  From  a  mountain  2400  ft.  liigh? 

66.  Prove  that  n,  the  number  of  miles  one 
can  see  at  sea  from  an  elevation  of  h  it.,  can  be 
found  approximately  by  the  formula 

Ex.  Go 


67.  A  s^-immer  places  his  eye  at  the  surface 
of  a  smooth  lake  and  finds  that  the  top  of  a 
sailboat  4  mi.  away  is  just  visible.  How  high 
is  the  top  of  the  sailboat  above  the  water  ? 

68.  From  the  deck  of  a  steamer  24  ft.  above 
the  sea,  the  top  of  a  Hghthouse  that  is  40  ft. 
high  can  just  be  seen  beyond  the  horizon. 
Find  the  distance  {SL)  between  steamer  and 
lighthouse. 


Ex.  68 
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69.  From  the  deck  of  a  steamer  which  is  54 
ft.  above  sea  level,  the  top  of  the  mast  of  a  sail- 
boat appears  in  line  with  the  horizon.  If  the 
sailboat  is  2  mi.  distant  from  the  steamer,  find 
the  height  of  its  mast. 

70.  From  the  deck  of  a  steamer  which  is  54 
ft.  above  sea  level,  an  iceberg  is  sighted  and  the 
height  of  its  visible  part  is  divided 
by  the  line  of  the  horizon  HH'  into 
two  parts  a  and  b  so  that  a  =  Sb. 
If  the  distance  of  the  iceberg  from 
the  steamer  is  3  mi.,  find  the  height 
of  the  iceberg. 


Ex.  70 


71.  From  a  point  6  ft.  above  sea  level  the  visible  horizon  has  a 
radius  of  3  mi.     Find  the  diameter  of  the  earth.  5 

72.  The  Harder  funicular  railway  near  Inter- 
laken  (Switzerland)  has  a  length  of  1593  yd.,  and 
an  inclination  of  30°.  If  the  lower  station  has  an 
elevation  of  1900  ft.  above  sea  level,  find  the  eleva- 
tion of  the  upper  station. 

73.  A  skyrocket  is  seen  to  explode  at  an  angle  of 
elevation  A  =  45°.  If  the  flash  is  seen  |  sec.  before 
the  report  of  the  explosion  is  heard,  find  the  height 
of  the  skyrocket  when  it  exploded.  (Assume  ve- 
locity of  sound  equal  to  330  meters  per  second.) 


74.  The  strongest  beam  that  can  be  cut  from  a 
given  round  log  is  the  one  in  wMch  the  height 
AB  is  to  the  width  BC  asV2:l.  Draw  a 
diameter  AC  and  construct  B_so  that 

AB:BC  =  V2:l. 

75.  What  is  the  distance  between  two  points 
A  and  B  on  opposite  sides  of  a  hiU  if  AC  =  20  rd., 
BC  =  32rd.,  and  ZC  =  60°? 


Ex.  74 
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76.  A  vertical  pole  on  a  horizontal  plane  easts  a  shadow  50  ft. 
long  when  the  angle  of  elevation  (usually  called  altitvde)  of  the 
sun  equals  30°.     Find  the  height  of  the  pole. 

77.  From  a  cHff  300  ft.  high,  the  angle  of  de- 
pression of  a  ship  is  45°.  Find  the  distance  of  the 
ship  from  the  top  of  the  cliff. 

78.  A  sailing  vessel  is  propelled  by  the  ^^ind  in 
an  easterh'  direction  at  the  rate  of  10  mi.  per  hour. 
At  the  same  time  a  current  carries  it  N.E. 
at  the  rate  of  8  mi.  per  hour.     WTiat  is 
the  true  speed  of  the  vessel  per  hour  ? 


Ex.  7- 


79.  The  angle  of  elevation  of  an  inac- 
cessible point  P,  measured  at  A,  equals 
45°.  At  a  point  B,  500  ft.  more  distant, 
the  angle  of  elevation  of  P  equals  22°  30'. 
If  BAC  is  a  horizontal  line,  what  is  the 
elevation  of  P  above  A  {I.e.  PC)  ? 


W 


Ex. 


.^NE 


B 


A 

Ex.  79 


80.  From  a  balloon  which  is  directlj' 
above  one  town  the  angle  of  depression 
of  another  towTi  is  found  to  be  30°.     Find  the  height  of  the  balloon 
if  the  to^vTis  are  3  mi.  apart. 

81.  Two  observers  on  opposite  sides  of  a  cloud  measure  the  angles 
of  elevation ;  A  =  45°  and  B  =  67°  30'.  Find  the  height  of  the 
cloud  if  .45  =  3  mi. 


82.  A  flagstaff  30  ft.  high  stands  on  top  of 
a  mound,  and  the  angles  of  elevation  of  the  top 
and  the  bottom  of  the  pole  are  respectively  60° 
and  30°.     Find  the  height  of  the  mound. 

83.  The  track  ABC  consists  of  a  straight  line 
AB  and  the  arc  BC.  Find  the  radius  of  arc  BC 
if  line  BC  =  50  yd.,  and  the  perpendicular  CD 
dropped  upon  the  prolongation  of  AB  equals 
4yd.^ 


Ex.  83 
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84.  A  circular  track  is  to  be  constructed  so 
as  to  pass  through  the  points  A,  B,  and  C.  If 
AB  =  50  yd.,  BC  =  30  yd.,  and  AC  =  70  yd., 
find  the  radius  of  the  arc  ABC. 


Ex.  84 


BOOK  IV 

85.  To  measure  the  area  of  a  quadran- 
gular field  ABCD,  a  surveyor  measures 
the  perpendiculars  drawn  to  a  line  NS  and 
the  segments  made  on  A' 5  as  follows : 
AD'  =  6  rd.,  AC  =  5  rd.,  C'B'  =  4  rd., 
D'D  =  7  rd.,  C'C  =12  rd.,  and  B'B  =  4:  rd. 
Find  the  area  of  ABCD. 


Ex.  85 


86.   Determine  the  area  of  a  pentagonal  field  ABCDE,  ii  AB  =  18, 
BC  =  24,  CD  =  28,  DE  =  24,  EA  =  10,  AC  =  30,  and  AD  =  26. 


87.  An  irregular  quadrangular  field  ABCD  must 
be  divided  into  three  equivalent  parts  by  lines  pass- 
ing through  .4.     Construct  the  lines  of  division. 


Ex.  87 


88.   On  a  map  whose  scale  is  1 :  500,  how  many  square  feet  are 
represented  by  a  polygon  equivalent  to  3  sq.  in.  ? 

0^ — -^C 


89.  From  a  given  round  log  a  rectangular  beam 
is  to  be  cut  so  as  to  make  its  cross  section  ABCD 
as  large  as  possible.     Construct  ABCD. 


Ex.  89 


90.   A  triangular  field  must  be  divided  into  4  equivalent  parts 
by  lines  parallel  to  one  side.     Construct  the  lines  of  division. 
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BOOK   V 
91.   Construct  the  following  patterns. 


92.  It  is  claimed  that  a  rectangle  ^e.g.  an  envelope,  a  window,  a 
picture,  etc.)  is  most  pleasing  to  the  eye  if  its  length  and  its  width 
have  the  same  ratio  as  the  segments  of  a  line  which  is  di\-ided  in 
extreme  and  mean  ratio.  If  a  window  is  4  ft.  wide,  what  should  be 
its  height,  if  the  two  dimensions  have  the  above-mentioned  ratio? 


93.  The  side  of  a  tower  whose  base  is  a 
regular  hexagon  measures  10  ft.  Find  the 
area  of  the  ground  occupied  by  the  tower. 


94.  AB,  the  side  of  the  base  of  a  regular 
octagonal  tower,  equals  S  ft.  Find  CD,  the 
distance  between  two  opposite  walls. 

95.  Find  the  area  of  the  ground  covered  by 
the  tower  described  in  the  preceding  exercise. 


Ex.  94 


96.  The  linoleum  pattern  in  the  figure  consists  of  regular  octagons 
(white)  and  squares  ''blackj.  If  the  side  of  the  squares  equals  2  in.. 
what  is  the  length  of  AB.  the  distance  between 
tvro  opposite  sides  of  an  octagon? 

97.  In  the  same  figiu-e  find  the  area  of  an  oc- 
tagon (AD  =  2  in.). 


98.   If  the  length  of  AB  is  given,  construct  the 
pattern  of  the  preceding  exercise. 


Ex.  9<3 


99.    If  the  length  of  AB  (preceding  figure;  equals  6  in.,  calculate 
the  side  of  a  square. 
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Ex.  100 


100.  The  floor  of  a  room  whose  length  is  AB  is  covered  w^th 
regular  hexagonal  tiles.  How  many  tiles  are  in  one  row  thai  ex- 
tends over  the  entire  length  {AB)  of  the 
room,  if  each  side  of  the  hexagons  equal 
2  m.,  A B  =  10  ft.,  and  the  tiles  are  placed 
in  the  position  indicated  in  the  figure? 

101.  The  approximate  value  of  the 
circumference  of  a  circle  is  sometimes 
found  by  carpenters  as  follows :  Draw 
the  equilateral  triangle  AOB  and  produce  its  altitude  OD  to  E. 
The  circumference  equals  6  AO  -\-2  DE.  Find  the  error  if  tt  is 
equal  to  3.1416. 

102.  Two  wheels  A  and  B  ~ 
are  connected  by  a  belt,  and 
their  radii  are  respectively 
2  ft.  and  9  ft.  If  the  larger 
wheel  (B)  makes  40  revolu- 
tions per  minute,  how  many 
revolutions  per  minute  will 
the  smaller  wheel  make  ? 

103.  In  the  figure  of  the  preceding  exercise  find  the  length  of  the 
belt  if  AB  =  14  ft.     (Radii  are  2  ft.  and  9  ft.) 

104.  The  gauge  of  an  automobile  {i.e.  the  distance  between  two 
wheels  on  the  same  axis)  equals  4  ft.  8i  in.     How  many  inches  more 


Ex.  102 


TOTK 


than  an  inner  wheel  does  an  outer 
wheel  travel  when  the  car  turns 
around  a  rectangular  corner? 

105.  The  circumference  of  the 
equator  is  (approximately)  25,000 
mi.  Imagine  a  concentric  circle 
whose  circumference  is  1  ft.  longer. 
What  is  the  difference  of  the  radii 
of  the  two  circles  ? 

106.  The  figure  above  represents  a  small  wdre  fence  used  to 
protect  flower  beds,  etc.  How  many  feet  of  wire  are  needed  per 
running  foot  of  fence  ii  AB  =  1  ft.,  CD  =  9  in.,  DE  =  3  in.? 


Ex.  106 
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Ex.  108 


Exs.  110-112 


107.  If  two  streets  meet  at  an  angle  of  120°,  and  an  automobile 
turns  from  one  into  the  other,  what  is  the  difference  between  the  dis- 
tances traveled  by  an  outer  and  an  inner 
wheel  of  an  automobile  ?  (Gauge  4  ft.  8^  in.) 

108.  The  span  of  a  circular  arch  AB 
equals  10  ft.,  and  its  height  CD  =  2  ft. 
Find  the  radius  of  the  arch. 

109.  If  the  earth's  orbit  be  assumed  to  be  a  circle  whose  radius  = 
93,000,000  mi.,  and  the  year  =  365  da.,  how  many  miles  per  hour 
does  the  earth  travel? 

110.  Find  the  area  of  an  equilateral  Gothic 
arch  ABC,  if  AC  =  4  ft. 

111.  In  the  same  figure,  what  is  the  area 
of  each  of  the  smaller  equilateral  arches  if 
AD  =^  DC  =  2  ft.? 

112.  In  the  same  diagram,  what  is  the 
area  of  the  circle  that  touches  the  three  equi- 
lateral arches  ? 

113.  A  sidewalk  5  ft.  wide  turns  a  corner. 
Find  the  area  of  the  curved  portion  of  the  side- 
walk if  the  radius  AB  =  8  ft.  and  Z  A  =  60°. 

114.  Determine  the  area  of  the  curved  por- 
tion of  the  road  drawn  in  the  figure,  ii  AB  = 
90  ft.,    BC  =  50  ft.,    CD  =  90  ft., 
ZA  =  45°,  and  ZD  =  60°. 

115.  How  many  miles  per  hour 
does  a  point  whose  latitude  equals  45° 
travel  in  consequence  of  the  earth's 
rotation  about  its  axis  P  if  we  assume 
the  diameter  of  the  earth  equal  to 
8000  mi,,  and  the  time  of  one  rotation 
equal  to  23  hr.  56  min.  ? 

116.  It  is  found  that  a  water  pipe  whose  diameter  is  2  in.  sup- 
phes  half  the  amount  of  water  that  is  needed  in  a  building.  WTiat 
would  be  the  diameter  of  a  pipe  that  would  supply  the  entire  required 
amount  of  wat^r  " 


Ex.  113 


Ex.  114 
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117.  What  should  be  the  diameter  of  a  water  pipe  that  supplies 
the  same  amount  of  water  as  both  an  S-in.  and  a  6-in.  pipe,  if  we 
assume  that  all  other  conditions,  as  pressure,  etc.,  are  the  same  in  the 
three  pipes? 

118.  A  rail  50  ft.  long  must  be  bent  through 
what  angle  {i.e.  Z  0  formed  b}'  perpendiculars  at         \  / 
its  end)  if  the  radius  of  curvature  equals  360  ft.?            \      / 

119.  In  laying  a  curved  track,  a  rail  55  ft.  long  V 
is  bent  through  an  angle  of  17°  30'.  Find  the  0 
radius  of  curvature. 

120.  If  0  is  the  center  of  arc  AB,  BC  ±  OA,  and  ZO  is  small, 
then  the  difference  between  AB  and  BC  is  very  small.     If  we  have  to 
find  the  value  of  BC,  we  may,  in  such  cases,  g 
find    the    length    of    arc    AB   instead.     If 
Z  0  =  -4°,  the  error  due  to  this  simplification 
equals  .00005  of  the  result,  and  for  smaller 
angles  the  error  is  much  smaller,  since  it  is 
approximately  proportional  to  the  cube  of    *^          ek  I'^o 

the  angle. 

If  BC  is  a  tower  standing  on  a  horizontal  plane  AO,  BO  =  2000  ft. 
and  ZO  =  2°.     Find  the  height  of  the  tower. 

121.  The  apparent  diameter  of 
the  moon  equals  30',  i.e.  a  line  EM 
drawn  from  earth  (E)  to  the  cen- 
ter of  the  moon  (M)  and  a  tangent 
EA  include  an  angle  of  15'.  If 
EM  =  243,000  mi.,  find  the  radius  ^^  j2i 
of  the  moon. 

122.  The  apparent  diameter  of  the  sun  is  approximately  the  same 
as  that  of  the  moon  (preceding  problem).  What  is  the  diameter  of 
the  sun  if  its  distance  from  the  earth  equals  93,000,000  mi.  ? 

123.  Appljdng   Trigonometric   Functions    (pp.   301-304),   solve 

problems  75-82. 

124.  By  the  same  method,  solve  problems  designated  in  123, 
first  replacing  Z30°  by  Z33°,  Z60°  by  Z64°,  and  Z45°  by  Z40°. 
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465.  In  order  to  be  able  to  solve  many  problems  involving 
angles  different  from  60°  and  90°  and  their  multiples  and 
siibmultiples,  we  have  to  turn  to  the  trigonometric  functions 
of  angles.  A  trigonometric  function  of  an  angle -is  a  ratio 
that  depends  upon  the  angle  for  its  value. 

Let  ZA  be  given  and  BC  B'^ 

a  fixed  Hne  drawn  from  a 
point  in  one  side  of  the 
angle  perpendicular  to  the 
other  side  (BC  _L  .4C).  From 
any  other  point  as  B'  draw 
the  line  B'C'  _L  AC. 

Then  right  A  ABC  ~  right  AAB'C'. 

BC  :  B'C'  =  AB  :  AB' 
and  BC:AB  =  B'C'  \  AB' 


or 


BC 
AB 


B'C 
AB'' 


BC 


(Why?) 


But  — '■  is  constant  for  a  fixed  Z  A. 
AB 

b'c' 

Hence  -——  =  the  same  constant  for  everv  position  of  B' . 
A'B'  "    ' 

(\Vhy?) 
466.    This  ratio  is  called  the  sine  of  angle  A. 

Likewise  the  ratio  ^—  is  called  the  cosine  of  an2;le  B. 
AB  "^ 

RC 
Also  the  ratio  —   is  called  the  tangent  of  angle  A. 

Aiy 


The  numerical  values  of  these  ratios  have  been  found  by  more  ad- 
7anced  mathematics  and  placed  in  tables  convenient  for  our  use. 
/^cute  angles  only  are  considered  in  this  textbook. 


302  PLANE  GEOMETRY 

467.   Def.    The  Sine  of  an  angle  equals  ?i%2PPitheangle_ 

hypotenuse 

The  cosine  of  an  angle  equals  side  adjacent  to  the  angle. 

hypotenuse 

The  tangent  of  an  angle  equals    side  opp.  the  angle  . 

Side  adj.  to  the  angle 

Using  the  table  (p.  304),  work  out  the  following  exercises: 

Ex.  1.    What  angle  has  its  sine  equal  to  .326?    To  .500?    To  .946? 
To  .993?    To  .755? 

Ex.  2.    What  angle  has  its  cosine  equal  to  .970?  To  .707?  To  .309? 
To  .883?  To.  438? 

Ex.  3.    What  angle  has  its  tangent  equal  to  .158?    To  2.145?    To 
5.671?     To  .625?     To  .249? 

Ex.  4.    Find,  to  the  nearest  degree,  the  angle  having  its  sine  equal  to 
.450. 

Ex.  5.    Find,  to  the  nearest  degree,  the  angle  having  its  cosine  equal 
to  .450. 

Ex.  6.    Find,  to  the  nearest  degree,  the  angle  having  its  tangent 
equal  to  .290. 

Ex.  7.    From  the  table,  as  the  angle  increases,  how  do  its  three  func- 
tions behave? 


Ex.  8.  The  angle  of  elevation  (see  p.  287, 
Ex.  34)  of  the  top  of  a  tower  200  feet  from 
its  base  is  36°.     Find  the  height  of  the  tower. 

Hint. 

200 

Ex.  9.    The  angle  of  depression  (see  p.  287,  Ex.  34)  of  a  boat  from 
the  top  of  a  lighthouse  84  feet  high  is  17°.     How  far  is  the  boat  from 

the  foot  of  the  lighthouse?     Hint,     tan  17°  =        ^^ 


(i(istance^ 


TRIGONOMETRIC  FUXCTIOXS  303 

Ex.  10.  A  bal'oon  is  held  to  the  ground  by  a  taut  wire  rope  that  is 
328  feet  long.  If  the  rope  makes  an  angle  of  67°  with  the  ground,  how 
high  is  the  balloon? 

Ex.  11.  In  the  following  problems,  the  right  triangle  has  its  right 
angle  at  C.  a  and  b  are  the  sides  opposite  angles  A  and  B  respectively, 
and  c  is  the  hypotenuse.     Substitute  for  the  question  marks. 


ZA 

ZB 

a 

h 

C 

48° 

? 

9 

9 

2S0 

? 

37= 

14.2 

9 

9 

9 

9 

S.3 

10.2 

9 

9 

9 

9 

6.-5 

12.4 

TV 

9 

H 

9 

9 

Ex.  12.  Find  the  area  of  a  right  triangle  given  the  hj-potenuse  18 
and  one  acute  Z40°. 

Ex.  13.  How  many  square  feet  are  there  in  the  area  of  a  triangle 
ha\-ing  two  sides  and  their  included  angle  respectively  41  feet,  36  feet, 
and  Z38°? 

Ex.  14.  From  a  point  C  on  one  bank  of  a  river,  exacth'  opposite  a 
tree  B  on  the  other  bank,  I  walk  at  right  angles  to  CB  to  a  point  .-1  so 
that  CA  equals  120  yards.  I  find  the  angle  CAB  is  28°.  TMiat  is  the 
width  of  the  river? 

Ex.  15.  From  a  point  P  two  tangents  are  drawn  to  a  circle.  The.se 
tangents  are  each  45  feet  long  and  form  an  angle  of  68°.  Find  the 
diameter  of  the  circle. 

Ex.  16.  The  base  angles  of  an  isosceles  triangle  are  each  34^  If  the 
base  is  80  ft.,  what  is  the  altitude  of  the  triangle? 

Ex.  17.  The  angle  formed  by  the  two  radii  drawn  to  the  extremities 
of  a  chord  is  130°.     If  the  radii  are  11  feet,  how  long  is  the  chord? 

Ex.  18.  The  altitude  on  the  hypotenuse  of  a  right  triangle  is  14  feet. 
One  angle  of  the  triangle  is  24°.     Find  the  length  of  the  hypotenuse. 

Ex.  19.  Solve  problems  38-42  in  Practical  Applications  ('pages 
288-289). 

Ex.  20.   Solve  problems  123,  124,  on  page  300. 
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VALUES  OF  TRIGOXOMETRIC  FUNCTIONS 


Degree 

SiXE    Z 

Cos  Z 

Tax  Z 

Degree 

SiXE    Z 

Cos  Z 

Tax  Z 

0 

.000 

1.000 

.000 

45 

.707 

.707 

1.000 

1 

.017 

.999 

.017 

46 

.719 

.695 

1.036 

2 

.035 

.999 

.035 

47 

.731 

.682 

1.072 

3 

.052 

.998 

.052 

48 

.743 

.669 

1.111 

4 

.070 

.997 

.070 

49 

.755 

.656 

1.150 

5 

.087 

.996 

.087 

50 

.766 

.643 

1.192 

6 

.105 

.995 

.105 

51 

.777 

.629 

1.235 

7 

.122 

.993 

.123 

52 

.788 

.616 

1.280 

8 

.139 

.990 

.140 

53 

.799 

.602 

1.327 

9 

.156     ■ 

.988 

.158 

54 

.809 

.588 

1.376 

10 

.174 

.985 

.176 

55 

.819 

.574 

1.428 

11 

.191 

.982 

.194 

56 

.829 

.559 

1.483 

12 

.208 

.978 

.213 

57 

.839 

.545 

1.540 

13 

.225 

.974 

.231 

58 

.848 

.530 

1.600 

14 

.242 

.970 

.249 

59 

.857 

.515 

1.664 

15 

.259 

.966 

.270 

60 

.866 

.500 

1.732 

16 

.276 

.961 

.287 

61 

.875  ■ 

.485 

1.804 

17 

.292 

.956 

.306 

62 

.883 

.469 

1.881 

18 

.309 

.951 

.325 

63 

.891 

.454 

1.963 

19 

.320 

.946 

.344 

64 

.899 

.438 

2.050 

20 

.342 

.940 

.364 

65 

.906 

.423 

2.145 

21 

.358 

.934 

.384 

66 

.914 

.407 

2.246 

22 

.375 

.927 

.404 

67 

.921 

.391 

2.356 

23 

.391 

.921 

.424 

68 

.927 

.375 

2.475 

24 

.407 

.914 

.445 

69 

.934 

.358 

2.605 

25 

.423 

.906 

.466 

70 

.940 

.342 

2.748 

26 

.438 

.899 

.488 

71 

.946 

.326 

2.904 

27 

.454 

.891 

.510 

72 

.951 

.309 

3.078 

28 

.469 

.883 

.532 

73 

.950 

.292 

3.271 

29 

.485 

.875 

.554 

74 

.961 

.276 

3.487 

30 

.500 

.866 

.577 

75 

.966 

.259 

3.732 

31 

.515 

.857 

.601 

76 

.970 

.242 

4.011 

32 

.530 

.848 

.625 

77 

.974 

.225 

4.332 

33 

.545 

.839 

.649 

78 

.978 

.208 

4.705 

34 

.559 

.829 

.675 

79 

.982 

.191 

5.145 

35 

.574 

.819 

.700 

80 

.985 

.174 

5.671 

36 

.588 

.809 

.727 

81 

.988 

.156 

6.314 

37 

.602 

.799 

.754 

82 

.990 

.139 

7.115 

38 

.616 

.788 

.781 

83 

.993 

.122 

8.144 

39 

.629 

.777 

.810 

84 

.995 

.105 

9.514 

40 

.643 

.766 

.839 

85 

.996 

.087 

11.430 

41 

.656 

.755 

.869 

86 

.997 

.070 

14.300 

42 

.669 

.743 

.900 

87 

.998 

.052 

19.081 

43 

.682 

.731 

.933 

88 

.999 

.035 

28.636 

44 

.695 

.719 

.966 

89 

.999 

.017 

57.290 
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A  SKETCH   OF   THE   HISTORY   OF   GEOMETRY 

468.  Of  course,  the  history  of  geometry  cannot  be  traced 
actually  to  its  beginning.  Xo  records  were  made  at  first  and. 
no  doubt,  most  of  the  earUest  records  are  entirely  lost  to  the 
world.  Painstaking  investigations  make  probable  most  of 
the  statements  that  follow  here. 

469.  The  ancient  Babylonians  and  Chaldeans,  on  account 
of  their  rehgious  observances,  made  some  study  of  geometrv'. 
Most  of  their  knowledge  was  got  merely  through  experi- 
ences in  a  practical  way. 

470.  It  is,  however,  to  the  ancient  Egyptians  that  we  owe 
the  beginnings  of  geometry'  that  spread  thi'ough  the  countries 
of  Europe,  Western  Asia,  and  the  Americas.  The  necessity 
of  building  pyramids  and  temples,  of  the  re-di^dsion  of  land 
after  an  overflow  of  the  Xile,  caused  their  engineers  to  collect 
empirical  rules,  which  they  apphed  in  their  various  labors. 

The  oldest  known  manuscript  dates  back  possibly  to  170C 
B.C.  It  was  written  by  Ahmes,  who  says  it  was  based  upon 
an  earher  work.  Among  other  mathematical  ideas,  it  con- 
tains rules  on  mensuration. 

These  Eg^-ptians  knew  how  to  find  the  area  of  a  rectangle 
exactly,  but  they  thought  the  area  of  an  isosceles  triangle 
could  be  found  by  taking  one  half  its  base  times  one  of  its 
legs.  They  used  3.16  as  a  value  for  tt.  They  knew  how  to 
lay  off  a  right  angle  by  using  a  right  triangle  having  its  three 
sides  in  the  ratio  of  3  :  4  :  5.  Of  the  logical  foundations  of 
geometry,  they  knew  very  httle  indeed. 

471.  The  ancient  Chine^  and  Japanese  probably  assumed 
T  to  equal  either  3  or  v'lO.  They  had  a  few  simple  rules 
for  mensuration  based  upon  observation. 

Likewise  the  ancient  Hindus  knew  but  httle  of  geometry-. 
most  of  which  they  probably  got  in  the  same  manner  as  other 
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ancient  races.  In  later  times  the  Hindus  imported  their  ideas 
from  the  Greeks  and,  although  they  used  the  elementary 
principles  of  geometry,  they  gave  no  real  logical  proofs. 

472.  For  the  beginnings  of  demonstrative  geometry  we 
are  indebted  to  the  spirit  of  Greek  investigation.  The  Greeks 
studied  in  Egypt,  became  acquainted  with  their  simple  rules 
in  their  applications,  but  went  further  and  gave  to  the  world 
the  logical  principles  underlying  elementary  geometry. 

To  Thales  (c.  575  B.C.),  although  he  left  no  written  records, 
is  attributed  the  introduction  of  geometry  into  Greece.  He 
knew  that  (1)  vertical  angles  are  equal,  (2)  the  base  angles 
of  an  isosceles  triangle  are  equal,  (3)  two  triangles  are  con- 
gruent if  they  have  a  side  in  each  equal  and  the  angles  at 
the  extremities  of  these  sides  respectively  equal,  (4)  the 
diameters  of  a  circle  bisect  the  circle,  (5)  and,  possibly, 
triangles  that  are  mutually  equiangular  are  similar. 

He  was  the  first  Greek  known  to  apply  geometry  to  prac- 
tical problems. 

To  Pythagoras  (c.  540  b.c.)  is  ascribed  the  Pythagorean 
theorem :  The  square  on  the  hypotenuse  equals  the  sum  of 
the  squares  on  the  other  two  sides.  However,  the  earliest 
proof  of  this  theorem  that  has  come  down  to  us  is  to  be 
found  in  Euclid.  The  School  of  Pythagoras  made  geometry 
the  foundation  of  their  teachings.  Of  the  various  theorrtxis 
that  they  proved  may  be  mentioned :  (1)  the  sum  of  the 
angles  of  a  triangle  equals  two  right  angles,  (2)  to  construct 
a  parallelogram  equivalent  to  a  triangle,  and  (3)  the  diagonal 
of  a  square  is  incommensurable  with  a  side.  They  did  not 
add  anything  to  the  knowledge  of  the  circle. 

This  school  proved  the  various  theorems  by  the  deductive 
method. 

The  Sophists  studied  the  circle  and  attempted  to  sohe 
the  so-called  three  famous  problems  of  antiquity:    (1)  the 
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trisection  of  any  angle,  (2)  the  duplication  of  the  cube,  and 
(3)  the  squaring  of  a  circle.  Although  they  failed  completely 
in  using  elementary  methods,  they  were  led  to  discover  many 
properties  of  circles. 

Hippocrates  (c.  460  b.c.)  contributed  much  to  the  geom- 
etry of  circles,  apphed  logic  in  his  proofs,  and  added  theorems 
on  similar  figures  and  proportion.  He  ^Tote  a  textbook 
called  the  Elements. 

Plato  (c.  3S0  B.C.)  and  his  school  trained  men's  minds  for 
correct  and  \4gorous  thinking,  demanded  that  the  straight 
edge  and  compasses  be  the  only  instruments  for  constructions, 
and  introduced  analysis  as  a  method  to  be  used  in  geometrical 
proofs. 

Aristotle  (c.  340  B.C.),  although  not  much  interested  in 
mathematics  as  such,  gave  principles  for  forming  logical 
definitions. 

Euclid  (c.  300  B.C.)  is  the  author  of  the  greatest  textbook 
in  the  world.  Other  textbooks  had  been  written  on  geome- 
try', but  it  remained  for  Euchd  to  systematize  the  work  of 
his  predecessors,  to  remove  imperfections,  and  to  put  on  a 
firm  logical  basis  the  propositions  in  elementary-  geometry-. 

Archimedes  ^c.  225  B.C.)  was  the  greatest  mathematical 
physicist  of  antiquity.  In  his  works  we  find  the  beginnings 
of  much  of  the  modern  mathematics.  He  found  that  tt  must 
he  Tsithin  the  limits  of  34  and  ;34^. 

473.  The  Romans  carried  on  almost  no  independent  study 
of  theoretical  geometry.  What  they  obtained  from  the 
Greeks  they  apphed  to  their  practical  problems  in  engineer- 
ing. They  even  used  3|-  as  a  value  for  tt,  since  it  fitted  in 
with  their  duodecimal  system  of  notation  of  numbers. 

474.  The  Arabs  added  httle  to  the  geometry  known  in 
their  day.     However,  by  translating  many  textbooks  into 

their  language  and  thereafter  transmitting  into  Europe  the 
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Greek  geometry,  they  did  a  signal  service  for  mankind.  In  a 
later  period  the  Arabs  reduced  many  geometric  problems 
to  the  solution  of  algebraic  equations.  This  helped  to 
unify  mathematics. 

475.  During  the  Middle  Ages  Euclid  held  sway,  and  it  was 
not  until  Legendre,  a  Frenchman,  in  1794  wrote  his  Elements 
of  Geometry,  that  the  world  began  to  use  textbooks  in 
geometry  simply  enough  written  to  be  understood  by  the 
students  of  lower  schools.  To-day  we  find  many  new  kinds 
of  geometry ;  such  as  non-Euclidean,  projective,  descriptive, 
hyper-space,  and  analytic. 

476.  It  is  hoped  that  many  students  may  become  sufl&- 
ciently  interested  through  this  sketch  to  desire  to  read  more 
about  the  history  of  mathematics.  Excellent  material 
will  be  found  in  Cajori's  A  History  of  Mathematics. 

NUMERICAL    COMPUTATION 

477.  Approximation  to  nearest  hundredth. 

Ex.     Find  to  nearest  hundredth  the  values  of  |,  If,  .63755,  ^'^^'^ 


4 


I  =  .125  and,  to  the  nearest  hundredth,  is  .13. 
If  =  1.666  and,  to  the  nearest  hundredth,  is  1.67. 
.63755  to  the  nearest  hundredth  is  .64. 

^^  =  2.304  and,  to  the  nearest  hundredth,  is  2.30. 


478.   The  square  roots  of  numbers. 
Ex. 


4.97- 

V24.7560 

16 

89J8  75 
8  01 

987 1  6460 

6909 

Ans.  4.97  to  nearest  hundredth. 
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Simplification  of  radicals. 
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Ex.     Rationalize  -^  and  find   approximate  value  to  the  nearest 
v3 
hundredth. 


V3       V  3       \ 3 


2\  3  ^  2r  1.732) 

3  3 

Its  value  to  nearest  h^indredth  i5  1.15. 


3.464 


=  1.1.54- 


479.    The  equation  in  geometn*. 

Ex.  1.    Find  the  angle  whose  supplement  is  32"  more  than  two 
one  half  times  its  complement. 

Sol.  180  -  z  =  2^  90  -  x)  -r  32. 

180  -X  =  f'90  -  X)  -f  .32. 
360  -  2  X  =  4,50  -  .5  X  -  64. 
3  X  =  1.54. 


and 


=  .5H'  or 


il"  20 


Ex.  2.    Given  AB  =  10,  AE  = 

DE  i  BC,  to  find  AD  and  DB  in 


EC  =  .5.  and 
ABC. 

X  =  DB. 


Sol.  Let  X  =  AD.  then  10 

but  AD  :  DB  =  AE  :  EC 

or  X  :  10  —  X  =  8  :  .5. 

5  X  =  8(10  -  x) 
5  X  =  80  -  8  X. 
13  X  =  80. 

X  =  fyj^  =  AD. 
10  -  x  =  3ii  =  DB. 

Ex.  3.    In  circle  0,  CD  is  cut  by  AB  so  that  CE 
U  AB  =  11,  find  segments  AE  and  EB. 
Sol.         CE  •  ED  =  AE  •  EB. 
Let  X  =  AE,  then  U  -  x  =  EB. 

Then         12  X  2  =  x^l  -  x). 
24  =  11  X  -  x2. 
x2  -  11  X  =  -  24. 
x2  -  llx  +  (^)-  =  i|^-24  =  H^-^ 
(X  -  2^y-  =  2^^ 

X  =  =  1  -  if  =  8  or  3. 
11  -  X  =  3  or  8. 

,-.  AE  =  s  and  TS  =  3.  or  AE  =  3  and  EB 
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Ex.  4.  Find  the  radius  of  a  circle  having  its  circumference  equal 
to  the  sum  of  three  circumferences  of  circles  with  radii  3,  4,  and  5  re- 
spectively. 

Sol.  Let  r  =  radius  of  required  circle. 

Then  2  ttt  =  2  7r(3)  +  2  7r(4)  +  2  7r(5), 

and  r  =  3  +  4  +  5  =  12. 

Ex.  5.  Given  a  circle  of  radius  4  in.,  to  find  a  side  of  an  equivalent 
equilateral  triangle. 


Sol.     Let 

a  =  side  of  required  triangle. 

Then 

-V3    =7rr2    =    16  TT. 

«._64x 

V3 

2       64  7rV3      64(3.1416)(1.732) 

3                          3 

a2  =  116.08 

a  =Vii6.08  =  10.8- in. 

TABLE   OF   THE   AIOST   IMPORTANT 
FORMULAS 


NOTATION 

a,h,  c  =  sides  of  A  ABC. 
rria  =  median  to  a. 
ha  =  altitude  to  a. 
s  =  -J(a  +  6  +  c). 
h  =  base. 
c  =  circumference. 
Sn  =  side  of  regular  poly- 
gon of  n  sides. 
h'  =  projection  of  h  upon 

c. 
R  =  radius     of    circum- 
scribed 0. 


tc  =  bisector  of  angle 
opp.  c. 

r  =  radius  of  inscribed 
O ,  or  apothem. 

S  =  area  (surface 

units). 

d  =  diameter  ;  also 
diagonal  of  a 
square  or  rhom- 
bus. 

6i  and  62  =  bases  of  a 
trapezoid. 

p  =   perimeter. 
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FORMULAS  FOR   LINE  VALUES 
Right  A,     a^  -j-  b'^  =  c^  (c  ==  hy.).  (329) 

Oblique  A,         ■  a^  =  b^  -^r  c^  ±  2  b'c,  dependent  upon 

Z  A  being  obtuse  or  acute.     (334,  336) 
Circle,  c  =  2  wR  =  t  d.  (424) 

Diagonal  of  a  square,    d  =  bV2. 
Equilateral  A,  h  =  l^-  (p.  189,  Ex.  4.) 

S3  =  i?V3.  (401) 

§4  =  R^.  (396) 

S6  =  R.  (398) 

K  =  -Vsis  -  a){s  -  b)is  -  c).  (339) 
c 

mc=i  V2{a?  +  62)  -  c\   (340,  Ex.  5) 
2 


io  =  ^Tip^^'^Ks^^.  (341,  ex.  6) 

In  similar  polygons : 

p:p'  =  a:a'  (318) 

and                           a:a'  =  b:b'  =  c:c',  etc.  (303) 

S2n  =  V2  7^2  _  72^/4  R^  -  Si'        (432) 

Anarc=^^l|^X2.i^.  (425) 

In  circles, 

c:c'  =  d:d'  =  r:r'.  (421,422) 
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AREAS  OF  PLANE  FIGURES 

Rectangle, 

hh. 

(350) 

Square, 

h\ 

(351) 

Parallelogram, 

hh. 

(353) 

Triangle, 

i  bh,  or  Vs{s- 

-a){s-b){i 

3-c).             (358) 

Equilateral  A, 

4 

(p.  228,  Ex.  12) 

Trapezoid, 

i  h{h  +  62). 

(363) 

Rhombus, 

i  dl  d2. 

(p.  228,  Ex.  13) 

Regular  polygon, 

ipr. 

(426) 

Circle, 

ttR^  or  i  Re. 

(427,  428) 

Sector  of  circle, 

i  SiYC  X  R  or 

central  Z 

oar\ 

X  tR\            (430) 

Segment  of  O ,  Sector  ±  triangle  formed  by  chord  and  radii 
drawn  to  the  extremities  of  the  chord. 


Similar  polygons,    S  :  S  '  =  a" :  a'^  =  p^ :  v'\ 

(380,  382) 

Two  circles,              S:  S  '  =  R'':  R""  =  d'':  d'\ 

(429) 

TABLES 

Linear  Measure 

12  inches  (in.)  =  1  foot  (ft.) 

3  feet  =  1  yard  (yd.) 
5^  yards  =  1  rod 
320  rods  =  1  mile  (mi.) 

1  mile  =  1760  yd.  =  5280  ft. 

Square  Measure 
144  square  in.  =  1  sq.  ft. 
9  sq.  ft.  =  1  sq.  yd. 
30^  sq.  yd.  =  1  sq.  rod 
160  sq.  rods  =  1  acre 
640  acres  =  1  sq.  mi. 
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METRIC   SYSTEM 
Linear  Measure 
10  millimeters  (mm.)  =  1  centimeter  (cm.) 
10  centimeters  =  1  decimeter  (dm.) 
10  decimeters  =  1  meter  (m.) 

10  meters  =  1  dekameter  (dm.) . 
10  dekameters  =  1  hectometer  (hm.) 
10  hectometers  =  1  kilometer  (km.) 
1  meter  =  39.37  in. 

Square  Measure 
100  sq.  mm.  =  1  sq.  cm. 
100  sq.  cm.  =  1  sq.  dm. 
100  sq.  dm.  =  1  sq.  meter 

Approximations 
\/2  =  1.414  TT  =  3.1416 

V3  =  1.732  TT  =  3.14 

Vs  =  2.236  TT  =  3| 


INDEX  OF  DEFINITIONS 


Alternation    .... 

.     .     156 

Altitude  of  parallelogranr 

!     .       76 

"        of  trapezoid  . 

.     .       76 

"         of  triangle     . 

.     .       22 

Analysis,  algebraical   . 

.     .     263 

"         of  problems  . 

.     .     141 

"        of  theorems  . 

.     .       93 

Angle, 

.     .         4 

"     acute   .... 
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